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ABSTRACT generacy, the importance-sampling-with-resampling (SIR)
. - - or similar approaches such as rejection methods and Hast-
Inthis paper, we present a sample-efficiency-optimized 8X"ihgs independence chain approach [9] has been introduced
iliary particle filter. We show that by computing the weights 9 P P

- . ; S to draw samples for the current time instant based on the

of the auxiliary variable through a simple optimization pro- _. . .
. S . fithess of the samples to all available observations. There-
cedure, the variance of the resulting importance weights can

be considerably reduced, in fact, minimized. In turn, the ef- fore, good samples which can interpret samples well with

fective sample size and therefore the efficiency of the over-srnall prediction errors will be heavily sampled. Meanwhile,

all sampling both increase. Experiments have been eXten_favorable proposal distributions, or also called importance

: . : functions, (both will be used interchangeably without fur-
sively conducted using the bearings-only model. The exper- R .
) . . ther notice in this paper) are selected such that the latest
imental results fully support the theoretical conclusions that

. . L .~ measurements can be used to guide the sampling:, Lck-
the proposed sample-efficiency-optimized auxiliary particle X o
) 2 o . ! note the state to be estimated at current time instantand
filter outperforms the nonoptimized auxiliary particle filter-

: . : . be the measurements from timeo ¢. A favorable choice
ing, producing smaller tracking errors and larger effective o
sample sizes. of the proposal distribution is given by(z¢|z1.4—1, 21.¢),

since it minimizes the variance of the importance weight

1. INTRODUCTION conditioned uporxry..—1 andzy.¢ [5]
A number of sampling strategies have been proposed

Partic'e fi|ters (Or Sequentia| Monte Car|o methods) [4] to achieve SIR with the aforementioned pI’Oposal distribu-
methods have now become very poplar while powerful tools tion. Liu and Chen [9] have extended existing methods
for smoothing, filtering and prediction of the states of dy- and presented a generalized framework for simultaneously
namic system involving non-linearity and non-Gaussianity. Sample drawing and weight evaluation, referred as "local
Particle filters utilize weighted samples, also called particles Monte Carlo method” for SIS. The auxiliary particle filter
(both will be used interchangeably without further notice in (APF)[10] is one of the proposed frameworks and was con-
this paper) drawn from the system state space to represengidered as one way to perform local Monte Carlo in [9]. By
the posterior probability distributions of the states. introducing an auxiliary variablé, APF allows the sam-

In particle filters, Bayesian sequential importance sam- Pling procedure to probe current solution space, considering
pling (SIS)is often used to propagate weighted samplesthe current measurement. Comparing to the SIR filter, APF
from current time instant to the next. In SIS, extra care can generate better estimates of the posterior whenever the
needs to taken to combat against sample degeneracy, ifikelihood is situated in one of the priors tails. In this paper,
which case, most of the Samp|eS, except one carry zero |m_the variance of importance Welghts in APF is analyZEd and
portance weight. Degeneracy prevent the weighted Samp|e§xpressed as a function of the auxiliary variable weights.
from presenting a complete picture of the solution space;The” the optimal auxiliary variable weights are selected to
moreover, it wastes a large portion of the computational re- minimize the importance weights variance. The substantial
sources. Degeneracy is often measured by the variance ofmprovementin bearings-only tracking application is shown
importance weight. When all the samples are drawn from compared with SIR and APF methods.
the tafget distribution, all the samples are equal_ly weighted, 1.1. Existing Improvement upon APF
there is no degeneracy and the importance weight variance
will be zero. On the other extreme point, when all but one A number of methods have been proposed to improve APF.
sample carry zero weight, there is severe degeneracy andn [1], unscented approximation was used to compute auxil-
the importance weight variance is large. To alleviate de- iary index variables so that high computation requirement is



avoided. In [7], a hybrid importance function was proposed
to employ the advantage of the posterior and the prior im-

Let k; = KU). The joint sample set is
}M1 and the corresponding weights are com-

indices k:
{x(j

portance functions. The hybrid importance function can be pyted using (1),

combined with APF when the dynamic noise was small.
The auxiliary index variables are a linear combination of
previous mean estimation and samples. In [3], local lin-

earization techniques are adopted to approximate an optimal

importance function. The auxiliary index variables are gen-
erated according to this optimal importance function. But

all these methods can not guarantee that the variance of thé”t K

weights has the minimum value.

2. REVIEW OF AUXILIARY PARTICLE FILTER

Let z; be the state to be estimated at the current time instant

andzxi.¢, z1.4 be the state sequence and measurements se
guence from the initial time instant to current time instant.

Assume that a first order state space model of a dynamic
system is used. The posterior density of the state sequencg
can be approximated by a set of properly weighted samples

[9] and their welghts{mgkt),wtk)}k 1» Where the normal-
ized importance Weight)t is recursively updated accord-
ing to

(k)
p(zt|w)p(@e|wi7y)

w®
k
q(zelzt?), )

t—1

w® (1)

{xgk)}{f:l is the new sample set, drawn from the proposal
distributiong(z¢|z—1, 2¢).

The auxiliary particle filter (APF) with sam-
pling/importance resampling is introduced by Pitt and
Shephard [10] as a variant of the standard SIR filter to im-
prove sample efficiency. The branch ind&Xxis introduced
as an auxiliary variable. The target joint probability density
function is thus given by

pla, K = k|Zl,:t) & wﬁf)lp(xtlxﬁli)l)p(ztht)

@)

In practice, the joint samples are drawn from the following
importance function:

(k)

(ze, K = K|z1) o< 0l p(ae2)p(z ) @)

where H’tk) k ., N could be the meamgk)

E[ze|z,], the modeu{¥) = argxtmax{p(xt\xilf)l)}, aran-
dom probe;u(k) ~ p(a:t|x§]i)1) or some other statistics of the
the prior density.

The sampling can thus be performed in two steps. First,

draw branch indexs according to the marginal auxiliary
variable weights
Wy = (K = k|z1.4) x )\kwt@l (4)

where \, = p(z|ut™) and 2, @, = 1. Then draw
x¢ from p(xt|a:§]i)1), the prior density based on the branch

(k3) (4)
) (k; yP(zi|w)p(aelzy ) plzz””)
wy” o wy = 5
¢ K 1 (xtak]|zt) )\kj ®
where j = . M and k; = KU denotes index

of partlcle j's parent. Note that the joint sample set

(DM is equivalent to{z/)} 2, when the all of
the branchlng information is stored.

3. SAMPLE-EFFICIENCY-OPTIMIZED
AUXILIARY PARTICLE FILTER

APF naturally generates particles from the samples condi-
tioned on the current measurement, associated with large
predicative likelihoods. In [10], it was showed that the vari-
nce of the importance weights in APF is smaller than that
of SIR in some situations. It is a common practice to evalu-
ate the auxmary variable weight using (4), by looking at the
likelihood ofut , which could be the mean, mode, a draw

of any other statistics of prior densit;(a:tkzzgli)l). How-
ever, there is little attention paid to find out guidelines for
computing)\, leading to the optimal performance, namely,

minimized variances for the importance Welght&é‘f) In
this section, we show that by careful selectiongthrough
a simple optimization procedure, the variances of the stan-

dardized importance weights mfj) can be minimized.
Based on (5), in APF, the true importance weights with

respect to the posterior dlstrlbuthm(w |z1 +) is given by

p(z1:4-1) p(zt]24) (6)
p(Zl:t) )\k:

Consider this importance weight as a random variable,

which is a function ofz,. It is easy to verify that

E{wg(z)} =1 @)
which is required for the true importance weights, instead
of a scaled one. The variance of the importance weight is
given by

var{wy(z)} = B{lw;(z,)]*} — E*{w;(z,)} (8)
B{[wg(z:)]*} -1 )

* k
wi(a) =

Leto? = w , then
P2 (21:¢
" 2 2 = P2(Zt|33t) - (k)
Bz} = o*Y [P dup(onfel) o
k=1 k
w
= QZ L= 1/ Zt|],‘t th|$t 1)d1‘t
M (k)
2 t—1
= X 10
QE:Ak% (10)

k=1



where g pr(zt\xt)p(xthrgli)l)dxt. To optimize the
sample efficiency of the auxiliary particle filter, one needs

tofind A,k =1,..., M such that
1 M (k)
?E (12)
is minimized subject to
M
Zw’f Z/\kwf 1= 12)
k=1

so that the auxiliary variable weights are a mass function
of a discrete random variable. This minimization problem

can be solved using Lagrangian multiplier. L@&tbe the
augmented cost function,
(k)1
Z il 9k + ﬁ Z )\kwt 1 1) (13)
k=
Hence,
oC _ gty Bu®), =0 (14)
Ok o ()\k)z =1
Therefore,
A = % (15)
Using the constraint (12),
M J
ko (k
>, /ﬁwtﬁ)1 =1 (16)
k=1
Hence
M
VE=3w®) (17)
k=1
Substitute (17) into (18), it follows that
A= % 18)
Zk 1 W1V 9k

Therefore, by selecting auxiliary variable weights
Wy, = )\kwgf)l with \;, obtained using (18), the variance of
the importance weight can be minimized. In summary, the

procedures is as follows.

Sample-Efficiency-Optimized Auxiliary Particle Filter

At time ¢t = 0,Initialization
o Fork=1,...,N, samplez{” ~ p(zo) and set = 1.

Attimet > 1, Auxiliary variable resampling step

e Foreachbranchk=1,..., M,
computegy, = [ p?(z|xe)p (:ct|xt 1)d1t using the
empirical expectauon qu(zt|xt) namely,
g~ LY PP (al2lY),
Where:cg " is drawn fromp(xt|x§’i)1).

e Compute auxiliary variable weights for each braich

k=1,...,M,
_ tehy = — VI
compu k= Zk ) w(}‘) -

(k)

— computedy, = p(K = k|z1.4) = Apgw,; .

e Draw new sample fortime Forj =1,... N,

— Draw branch index< = k; according to auxil-
iary variable weightgy } 22, .

Dran(]) p(x |£C(k ))
— Assign weight
(k)

Ak]

4. EXPERIMENTAL RESULTS

Experiments are conducted based on the ship tracking ex-
ample described in [6, 10], using a bearings-only model
with only angular information as observations. Results ob-
tained using the original SIR, APF and sample-efficiency-
optimized APF (SEO-APF) are compared.

The dynamic model of the system is given by

1 1 0 O 0.5 0
01 00 1 0
0 0 0 1 0 1
where X; = [z, 9:,9:]7 is the state vector:x; and

y; denote horizonal and vertical coordinates of the ship at
time ¢, with corresponding velocities; andy,. W; =
[we, wy]T ~ N(0,02l) is a zero mean Gaussian white
noise. The observation model is

= Wt + vt (21)

with p; = tan=(y;/x;). v, is the observation noise. Here
noise distribution is a wrapped Cauchy given by
1 1—p?
= 22
P(ilpe) 2w 14 p2 — 2pcos(z — pt) (22)
(0<z<2m 0<p<l)

The state model was simulated using the following pa-
rameters: o, = 0.001, p = 1 — 0.022. The initial



starting vector is obtained by sampling a Gaussian with the 552 10° ‘ mse ‘
mean[—0.05,0.001, 0.2, —0.055]7 and a diagonal covari- gyl
ance matrix; with diagonal terms given b§.01 x o SR
(0.52,0.0052,0.32,0.012).

Figure 1 illustrates both the ground-truth trajectory 15t
(solid curve) and results obtained using SIR (circles), APF
(squares) and the proposed SEO-APF (dots). In this sim-
ulation, 300 particles were used to track the ship over 20
frames.
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Fig. 1. Ground-truth trajectory (solid curve) and the track-
ing results using SIR (circles), APF (squares) and the pro-

posed SEO-APF (dots). (b) y coordinate
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In order to evaluate the proposed method quantitatively,
the mean square error(MSE) was computed over a number
of runs. By a run, we mean the process of simulating a
ground-truth trajectories over 20 frames using the dynamic
model and parameters described above and then applying
the particle filtering a number of times, say, 20, to obtain
the tracking results. Hence, a total of 400 simulations using
20 sets of ground-truth trajectories were conducted. In this
part of experiment, 2000 particles were deployed.

The MSE is then computed as follows:

Npe K
1 -1 (k) (true)\2
MSEt7m - ch Z ? Z(Xt,m,s - Xt,m,s ) (23)
s=1 k=1
Wherexgﬁzw is the particle mean for rug,simulationk,

(true

state component, at timet. X;
run s, state component, at timet.

All the three versions of particle filters were applied and
the correspondind/ S E were computed. Figure 2 shows
the MSE of different state component using the same leg-
end aforementioned. It can be seen that the proposed SEO-
APF considerably outperformed the both the SIR and the
nonoptimized APF.

The effective sample size(ESS)[8] is used to measure and (d) y velocity

) is the true value for

Fig. 2. MSE obtained using SIR (circles), APF (squares)
and the proposed SEO-APF (dots).



compare the sample efficiency:

N

ESS = 1+ var(wi(z:))

(24)

where N andw?(x;) are sample numbers and true impor-
tance weight. An estimate'S'S of ESS is given by [5]:

1

ASS -+
S (@2

(25)

Wherew,@ are the normalized importance weights. Figure

3 shows the ESS related to the three approaches using re

sults from one of the 400 simulations. It can be seen that

the SEO-APF has a much larger effective sample size than

SIR and the nonoptimized APF. Similar ESS plots are ob-
tained using other simulation results. Roughly speaking, in
over 950f the time through out the entire simulations (20
framesx 20 simulationsx 20 runs), AEO-APF has larger
ESS than the others.
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Fig. 3. Effective sample size corresponding to SIR (cross),
APF (star) and SEO-APF (circle)

Table 1. Computation time (second)

SIR APF APF APF | Optimized
(One Draw) | (Mean) | (Mode) APF
0.1648 0.1535 1.3461| 1.1617| 1.1438

Regarding computational cost, the SEO-APF is much
higher than the SIR, which is expected. The computational
cost of SEO-APF is similar to that of APF, except the case

5. CONCLUSIONS

In this paper, we presented a sample-efficiency-optimized
auxiliary particle filter. Different from the original auxiliary
particle filter, we proposed a optimal way to compute the
auxiliary variable weights to minimize the true importance
weight variance. Simulation results shows that the proposed
SEO-APF considerably improves the tracking results and
the efficiency of the particle filters.
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when a single probe is used. Table 1 shows average time
used to process one frame using 2000 particles for different
approaches. For APF, we implemented a draw, mean and

mode asgu;, respectively. Generally speaking, the proposed
SEO-APF is about 10 times slower than SIR. If either mean
or mode is selected as; in APF, the computation time is
almost the same for APF and SEO-APF.



