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ABSTRACT the fusion center naturally forms raultiple access chan-

We devel f K for field estimai . irel nel (MAC)due to the shared nature of the wireless medium.

€ deve Ot\F/)va krame\t/)v_or ttor "?(w ei imation uglng WITEIESS 11e presence of a noisy and possibly fading MAC places
SENSornetworks, subject to nEWork powerand CommuniCa-, goyare constraint on the reliability of distributed estim
tion channel constraints. Each field snapshot is descriped b

Lvalued ; ; dth tion. The performance of centralized estimation stratggie
areal-vaiued parameter vector and the sensor .measu.remenfﬁ which the sensor data is perfectly available at the fusion
are assumed independent and identically distributed,icond

.~ _center, serves as a performance benchmark: the optimal
esquare-error parameter estimate distortion generallsydec
as1/k with the number of sensor nodés The network
power consumed for communication and the nature of sen-
sor data encoding has a direct impact on estimate distortion
in a noisy communication channel. Thus, a key question in
distributed parameter estimation ighat is the fundamental
power-distortion trade-off in distributed parameter esé-
tion subject to network resource constraints (power, numbe
(?f nodes, channel characteristi€s)
An overarching goal of this paper is to study the fea-

sibility and optimality of uncoded communication in gen-

ral parameter estimation problems. This is motivated by

conditions for arbitrary finite alphabet measurementss It i [1] in which estimation of a single random variable (param-
Y P eter) from noisy measurements is considered; it is shown

e o i s ey 1 Uncodedcamminicatonaces 1 oyl s
fading MAC. When reliable phase synchronization is not fcortion s_caling as opposgd to thg log(k) distortion scal- .
possible, a éimple coded strategy is proposed that achieveIng achieved by. cor_lvent|on§! coded methods. We .de_rlve
Iogarithrr’lic distortion reduction with total network power 0 gengral optlmallty condmp_ns on local npde statistics
) The first is a cruciainean conditiorwhich requires that the
mean of local node statistics is a sufficiently faithful repr
1. INTRODUCTION sentation of the parameter space. Under this condition, un-
coded strategy is naturally matched to the additive strectu
An essential function of wireless sensor networks is reli- of the MAC and achieves the optimglk distortion scaling,
able extraction of relevant information about the signddifie ~ even with finite total network power. The second isaaidli-
sensed by the spatially distributed sensor nodes. In this pative propertywhich requires that the global sufficient statis-
per, we formulate the information extraction problem as a tics is the sum of local sufficient statistics. If both coratis
parameter estimation problem in which the parameters carryare satisfied, and the total network power grows unbounded
the relevant signal field information. The parameters may (at a arbitrarily slow sub-linear rate), then uncoded com-
represent different hypotheses in a detection or classifica munication asymptotically achieves the Cramer-Rao lower
tion problem, or more generally arbitrary functions of the bound for distortion (achieves the best pre-constant/in
signal field. The nodes process and encode their local datalistortion scaling).
measurements to facilitate parameter estimation at arfusio Motivated by these general results, we propose a univer-
center. The communication link from the sensor nodes to sal parameter estimation framework for uncoded commu-

appropriate local statistics to a fusion center over a ef®l
multiple access channel (MAC). If the node statistics Batis
a criticalmean conditiona simple uncoded communication
strategy yields the optimal (centralizet}k squared-error
parameter distortion scaling with the number of nodés (
even with finite total network power. If an additionadl-
ditive propertyis satisfied, and the network power grows
unbounded (sub-linearly) with the number of nodes, then
the uncoded strategy achieves the Cramer-Rao lower boun
on distortion. Motivated by these general results, we pro-
pose a universal parameter estimation framework based o
local type/histogram statistics that satisfies both opityna



nication in which the nodes communicate the type or his- mean-squares error (MSEY estimation
togram statistic of their local data [2, 3, 4, 5]. It is shown

that the type statistics satisfy both optimality conditidar E=16-0|? (3)
arbitrary finite alphabet node measurements. The typedbase
framework is particularly attractive for estimation prebls ~ where||la|| = /E[a”a] denotes the L2 norm of random

since the sensors act as dumb counters: the parametric fielgectora.
representation is only used at the fusion center to compute  Denote byp the amplification parameter. The total net-

the final estimate. work power consumption can be written as
Finally we address the impact of channel fading. The
mean condition for uncoded communication is violated by Pyor = kp”. (4)

fading in general, resulting in an error floor. However, if

partial channel phase information is available at the nodes We focus on two extreme cases in terms of network power
phase-coherent uncoded communication (beamforming) cargcaling: 1l)individual power constrain{IPC) where each
achievel /k distortion scaling even over a fading MAC and  sensor node has a constant power budget; atat@)power
with finite total network power. The uncoded strategy breaks constraint(TPC) where the total network power is fixed re-
down in the absence of reliable phase information. In this gardless of the network size. The channel signal equation
case, a simple coded strategy is proposed that achieves #r MAC is given by

1/log Py (k) distortion scaling under a variety of fading

. k
conditions.

Z=p a;y; +w 5)
i=1

2. SYSTEM MODEL

wherew ~ CN(0,1) is thet-dimensional white (complex)
Gaussian channel noise, independent of source data. In this
work we consider both static and fading channels.

In the context of distributed estimation, the MAC chan-
nel induces crucial structure constraint on the problene On
approach is the so-called uncoded strategy, in which certai
statisticsy of sensor local measurement are sent directly
over the channel without additional channel coding and the
transmission is analog in the nature. As a result, the re-
ceiver gets a superposition of all local statistics plusneha
Fig. 1. A schematic illustrating distributed estimation over nel noise. To contrast, the coded strategy calls for the use
multiple access channel. of digital channel coding to guard again adverse channel ef-

fects. Sensor data measurements are digitized and encoded
in a rate that yields a reliable communication link to the

Fig. lillustrates a mathematical formulation of distribdit  fusion center. For brevity, we consider a TDMA scheme
estimation over wireless multiple access channels. The sig where each node takes turn to transmit, each with a fraction
nal field information is characterized by a parameter pro- 1/k of the total channel use. Note that the total channel use
cess{f,} for j = 1,...,n. The paramete6; in the se- is kept the same as the uncoded scheme.
guence is ann-dimensional real-valued vector from a pa- A key bottleneck in distributed estimation is the limited
rameter spac® C R™. Sensor readings are induced by channel capacity, which deprives estimation center of a di-
the parameter process via an underlining parametric fieldrect (error-free) access to the remote sensor measurements
model. Thel-dimensional data measurements are assumedf data measurements are perfectly available, the problem
independent and identically distributed (i.i.d.), coratied then essentially reduces to the conventional centraligéd e

on the parameter values, that is, for# i or j; # 7, mation framework. Although highly unrealistic in wireless
sensor networks, this scenario provides an important perfo
P(xi, 51, %i,5) = Po,, (Xiy,5,) Po, (Xi,5). (1) mance benchmark for studying distributed estimation.

The performance of centralized estimation is governed
by the celebrate€ramer-Rao boundCRB) [6, 7], which
states that the error covariance matrix of ampiasedesti-

We assume identical processing at sensor nodes

Yig = m(%i;) ) matoré of 6 is bounded as follows
wherey; ; is the corresponding-dimensional sensor out- ) R o1
put. The design goal for field estimation is to minimize the R =E[6-6][0 — 0] > 7 (6)



where notationA > B means thatA — B is nonnegative  3.2. Statistical Structure of Uncoded Estimation
definite. Them x m matrixJ in the Cramer-Rao bound is

the (normalizedfisher information matrixFIM) We normalize the received signato get a more convenient

form
1
J=——03gInPp(xy1, -+ ,xz) ~ 1 1 1
k @) V=—rz=—"> yit——w
= —E 30 1n Po(x). E - VE pVE (12)
=Vv+w

Therefore, one can see that the MSE of centralized estima-
tion decays ag with the network size, that i} = tr R > wherev = # >, i, whose variance i&s, irrespective

% tr(J71). For finite k, the Cramer-Rao bound may not o the network size. By the network power constraint (4),
be achievable, but there exist many classes of estimatorsihe equivalent noisé can be written as
including maximal likelihoodestimator, that can attain the

bound asymptotically ak increases. 1

- 1
W= —F--W= ——W.
p\/E \/Ptot

Denote byg the distribution density of the original channel
noisew. The density function of the effective noise is
related top as

(13)

3. OPTIMALITY CONDITIONS FOR UNCODED
STRATEGY

3.1. Static Channel, M ean Condition and Additive Prop-
t - -
i P(W) = (VPu) oV oy - W) (1)

To best exhibit the optimality conditions, we first consider
static MAC channel whose channel coefficiefis} are de- wheret is the dimensionality of the (complex) noise signal.
terministic constants. Later in Section 4, we apply thetheo ~ Forafunctionp onC’ (treated a®*"), scaling bys > 0
retical framework developed in this section to addresschan IS defined as

nel fading. For static channels, one can always re-adjust 9s(x) = s * (s x). (15)
branch amplification/phase to reduce the problem into the ;. qer this terminology,

! the noisg represents a scaling of
case where,; = 1 for all branches. The corresponding sys- &

tem equation can be written as i~ o 1 (16)

W ~ Qg, , S = —F/——

: C T P
z= szz' +w. ®) where the subscript is denoted to emphasize the depen-
i=1 dence on the network size.
The mean and variance gfare given by Let fo 1. denote the distribution density of induced by
parametef. The density function of is given by
Eoy; =dg, Vargy; = g, 9) .
Jo = fo.x * ¢s), (17)
where we have explicitly emphasized the dependence of
these quantities upon the hidden paraméter where the convolution is a result of independence between
A condition that has profound impact on uncoded schemeéoise and data. By central limit theorem, one'has

is the so-calleanean condition

fo.x(0) = ho x(u — Vikdg) (18)

Ogde # 0. (10) )
with
In other words, the mean of the local statisigss a faithful
representation of the parameter space. her — he = CN(0,Xg), ask —oo.  (19)
Furthermore, supposg is a sufficient statistic of local
data and its sum over all locgl’s, 3.3. Cramer-Rao Bound Analysis
k Theorem 1 (Limiting FIM). For uncoded strategy under
y = Z Vi, (11) static MAC channel, the limiting FIM is given by
i=1
T

is also sufficient for the global datf = (xi,...,xz). Joo = / (bes * ¢;°; )* QE?OO - ¢S°°)du (20)

Then, the statisticg;’s are said to satisfy thedditive prop-
erty. Lu is dummy variable.




where
bo = Ouhe - Opde (21)
and
1

_. 22
Ptot(oo) (22)

Soo —

Proof. The proof presented here assumes some familiarity

with differential computation. Readers are referred taof9]
the like for an introduction.

By convention, the paramet@rappears in the subscript,
but a notation likefe (u) should really mearf (6, u) when
differentiation with respect t@ is concerned. We now start
a chain of calculations for the FIM associated with

71 Eé)g@ In fg k({/)
/8 89f9k  Jondu

for - 3ggfe,k - 39J‘:9T,;C -Oofor -
2 . ngcdu
for

3ef9 . - o fo, £
k’/ fook

where the fact thaf 03, fo.. = 03¢ [ fo.rdu = 0 is used

to establish the last equality. Plugging in the densitytieta

(17) and using the rul@ (fo i * ¢s, ) = (s fo.1) * b5, , ONE
(B0 fg . * D) - (Do foi *

has
k/ fo.x * @,

In view of (18), functionfy , can be seen as a composition
of he ; with translationu — (u — vkdg). Hence,

3k:%/<6hT*¢sk>~<ah*¢Sk>

he,k(u - \/EdB) * (bsk
wheredh is a shorthand fobghe 1 (u — Vkdg). Note that
theu — vkdy is also a function of. So, the chain rule
implies that

Jy =

(23)

¢s1)

du.  (24)

(25)

oh = aeh&k(u - \/Edg) — 8uh9(u - \/Ede) . \/Eagdg.
(26)
Now, substituting (26) back into (25) and removing transla-

tion, one has
3= /

dohe x — VkOuhe 1 - Opde
7 .

(bg * ¢Sk> ) (bk * ¢Sk>
he.i * ¢,

du (27)
where

by = —

(28)

Takingk — oo, theby, in the limit is given by
boo = Ouhe - Opdg (29)

wherehg is the Gaussian density 6V (0, 3¢ ), according
to (19). Therefore, the limiting value of FIM is settled as

(bg * ¢s.,) * (boo * ¢Sco)du

Joo = 30
/ he * ¢soc ( )
1 1 ;
wheres,, = limy_, o TR If Piot(k) is unbounded,

thens., = 0 and¢,_ = J, theDirac delta function But
when P;,:(o0) is finite, the functiony,__ is non-trivial un-
der convolution. O

Any distributed estimation scheme is said to first-
orderoptimal, if the estimation MSE asymptotically decays
asl/k. In addition, if the scheme actually achieves the cen-
tralized benchmark, it is callesecond-ordeoptimal since
it has the best decay pre-constant.

Theorem 2 (First Order Optimality). The uncoded strat-
egy is first-order optimal, regardless of network power scal
ing, if and only if the mean condition holds

Ogpdg # 0. (31)
Otherwise, uncoded schemes exhibit error-floor, that is, th
estimation MSE cannot be driven down to zero no matter
how large the network size or the total power is.

In a sense, the mean condition is a primary design fac-
tor for uncoded strategy. When the local statistics satisfy
this condition, the estimation MSE decaysld# with the
number of sensor nodes, even under a finite total network
power constraint (TPC).

Theorem 3 (Second Order Optimality). Assume the mean
condition for local statistics. If, in addition, the addié
property is also satisfied by the same local statistics, then
the uncoded strategy achieves the ideal centralized bench-
mark as the network size increases, provided the total net-
work power growsinbounded with k.

3.4. Universal Estimation Based on Types

As seen from the above analysis, the mean condition and
additive property are essential prerequisites for optimmal
coded strategy over the MAC channel. For discrete random
variables with finite alphabet, there exists a universaissta
tic, thetypeof data measurements, that automatically satis-
fies the optimality conditions. Lefl be the finite alphabet.
The typeT of a sequencg = (z1,...,x;) is its empirical
distribution or histogram:

T(a) = N(alx)/1,

a € A, (32)



where N (a|x) denotes the number of occurrences for al-
phabet symbat in the sequence. For example, a length-
sequencd, 0, 1,1 has a type = (3/4,1/4), that is,3 oc-
currences for alphabet ‘1’ andfor ‘0.

Given an i.i.d. sequence, its (normalized) likelihood
can be written as

1 log Py(x) = [log Pg]"'T

;i (33)

wherelog Py = [log Pg(ay),...,log Pe(a)]” is a vector

of likelihood weights derived fronPs. Since the depen-
dence of data likelihood is via types, the typef x is a suf-
ficient statistic of parametét. Moreover, the type statistic
is sufficient for arbitrary distribution familyPy with finite
alphabet. It is easy to verify that the mean of type statistic
is the corresponding distribution itself

do =E¢ T = Py, (34)

which obviously contains all the information about param-
eteré.

Suppose there arei.i.d. dataX = (x4, ...
global type statistic oX can be computed as

,Xk). The

k .
T(a) = N(alx) _ Zizlg(abc,) ]1C

k
=— Y T;(a), (35
- > Ti(@). 39
or, in other words, the global type statistic is the averdge o
all local type statistical' = %Zi T;. Clearly, type statis-
tics satisfy the additive property.

4.1. NoCsl

We first consider the situation when no CSl is available at
the sensor nodes. The uncoded scheme sends the raw statis-
tic y; over the fading channel. But now, its performance
bifurcates depending on the mean of channel coefficients
E a;. The system equation can be written as

k k
z=pY ayitw=py yi+w
=1 =1

wherey’ = a;y; is the local statistic under an equivalent
static channel. Generally speaking, statiatig; will hardly

be sufficient for paramete? due to the randomness i,

and hence additive property fails to hold for the effective
statisticy,. So, one could not expect uncoded scheme to
achieve the ideal centralized benchmark for fading chan-
nels. But, the following is true

(36)

89Ey£ = (]E ai)agdg. (37)

So, if channel coefficients haven-zeromean, the estima-
tion MSE can still decays ak/k in uncoded scheme ac-
cording to our previous analysis. However, if channel co-
efficients have zero mean, such as in the case of Rayleigh
fading channels, then uncoded strategy would completely
break down.

As a comparison, coded strategy is very resilient under
channel fading. Instead of completely ignoring noise as in
uncoded methods, various coded schemes folleeparate
source-channel coding approach; source are quantized to

Therefore, type statistics are a class of universal suffi- jatch the capacity of the MAC channel. To understand the

cient statistics that enjoy additive property and carry-non
trivial parameter information in the mean. According to

our general analysis on uncoded scheme, type-based un-
coded estimation achieves the optimal asymptotic perfor-

uncoded strategy, we exam a simple scheme using source
quantization and TDMA transmission protocol.

Here we code across different blocks in general. Every
I-dimensional data block; is digitized intolA bits, which

mance. But, most importantly, as we can see from (33), thecorresponds to a siza-quantization alphabet per dimen-

data likelihood value is effectively computed at the fusion

sion. Note that quantization will reduce estimation perfor

center. Therefore, sensor nodes can be oblivion of the demance, however, the estimation MSE can still maintain a

which leads to an attractive solution based on the idea ofgry source parametér

dumb sensof3]. Due to space limitation, we refer read-

The total channel use is fixed to b@er source param-

ers to [2, 3, 4] for more detail about using types in Sensor eter. Thus, for a block of source parameters, every sen-

networks.

4. SCALING LAWSFOR FADING CHANNELS

In this section, we investigate the impact of fading MAC

sor node is allocated witht/k channel uses. We choose a
nominal bit-budgeB for each sensor:

¢
B="log P.;.

’ (38)

channels on distributed estimation. The presence of chan-Since each data block contributes bits, the corresponding
nel fading poses a great challenge, especially for uncodechumber of source symbols is

scheme. To simplify the discussion, we assume the channel

coefficientsa;'s are i.i.d. random variables with unit vari-

ance. As shown in the following, channel statistics and

B nt
D: ZZ = —IOgPtOt.

kIA (39)

channel state information (CSI) have profound impact on Although each sensor can only send the (quantized) data

uncoded strategy.

measurement correspondingfosource symbols, they can



collaborate with each other to cover all thesource sym-

bols, collectively. One simple scheme is as follows: sensor

1 covers source symbal—- D, sensoe covers2 — (D + 1),
and so on, that is, sensor nodes send a lefygtileck in a

5. CONCLUSIONS

We have studied the asymptotic performance of distributed
estimation over MAC channels. The optimality conditions

cyclic fashion. It is easy to check that every source symbol given in this paper provide a good principles to design un-

is covered by equal amount of times

kDt

el mlog Piot, (40)

or, in other words, for every source parametethere are

number of data measurements sent by sensor nodes collec-

tively.

coded strategy for sensor networks. Moreover, type-based
framework is shown to be a universal solution for discrete

random variables. Although we have focused mainly on es-
timation problem, the parallel results can be obtained for

detection problem as well.
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