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ABSTRACT

This paper addresses the problem of kernel Wiener filter
using kernel Canonical Correlation Analysis (CCA) frame-
work. We solve the Wiener filter problem in the higher di-
mensional mapped domain using the kernel trick. A method
is proposed to find approximate Wiener filtered signal in
the original space by solving an optimization problem in
higher dimensional space. The final form of kernel Wiener
filter that relates to kernel Gram matrices, corresponds to
the mean shift procedure or weighted nearest neighbor re-
trieval. The signal estimation and reconstruction capability
of the kernel Wiener filter is demonstrated on the United
States Postal Service (USPS) digits database. Moreover, a
comparison between the linear Wiener filter and reduced-
rank kernel Wiener filter is also presented.
Keywords: Kernel Wiener Filter, CCA, Mean Shift Proce-
dure, Pre-image.

1. INTRODUCTION

Canonical Correlation Analysis (CCA) was introduced by
Hotelling [1] and further developed by Anderson [2] for the
analysis of linear dependence between two data channels.
CCA decomposes the linear dependence between the origi-
nal channels into the linear dependence between the canon-
ical coordinates of the channels, where this linear depen-
dence is easily determined by the corresponding canonical
correlations. Another canonical coordinate system is ob-
tained by Half CCA (HCCA) [3, 4] in which one of the
channels is not whitened as opposed to CCA where both
channels are whitened. The coordinate system given by
HCCA is important for reduced-rank estimation where the
objective of estimation is to minimize the mean squared er-
ror (MSE) [4].

CCA or HCCA work efficiently if the original data set
is linearly representable. However, they may not be appro-
priate representations when the data set is nonlinearly sep-
arable. Thus, nonlinear extension of CCA or HCCA is re-

quired which may be accomplished by using kernel, leading
to kernel CCA or HCCA. The basic idea of kernel method
is to map the data in the input space to higher dimensional
space via some nonlinear mapping functions, and apply lin-
ear operations in that space. This has been applied to many
problems such as Principal Component Analysis (PCA) [5],
and Fisher’s Discriminant Analysis (FDA) [5]. In [6], CCA
is extended to the kernel case in order to measure coherence
between the high order attributes of the original two chan-
nel data. However, when the dimensions of the non-linearly
mapped data become larger than the number of samples
in the two-channel data sets, the canonical correlations no
longer represent the coherence between the mapped data
[4, 6]. This limits the usefulness of the original kernel CCA
in practical applications. Nonetheless, this is not a problem
with kernel HCCA.

The relation between Wiener filter and CCA or HCCA is
well-known [4, 7, 8], while the relationship of their kernel
versions has not been rigorously addressed. In [9], kernel
Wiener filter is proposed using Taylor expansion up to the
first order of noisy channel to reduce the computations and
provide a realistic solution.

Since kernel Wiener filter is applied to the higher di-
mensional space, the mapped signals are usually unknown.
Thus, one needs to look for the signal (or image) in the orig-
inal space by minimizing the error between the original sig-
nal and filtered signal in the higher dimensional space. This
is referred to as “pre-image” [10, 11]. One approach for
finding the pre-image is through the noise reduction proce-
dure using kernel PCA [10, 11]. In this reference, the error
between the mapped data and the reconstructed data using
kernel PCA was minimized, and the optimization problem
was implicitly solved with respect to a pre-image.

In this paper, we follow HCCA and the optimization
framework to obtain Wiener filtered pre-images which cor-
respond to the mapped Wiener filtered signal and minimize
MSE of the two-channels. Kernel Wiener filter is expressed
in terms of the kernel Gram matrices and the pre-image is
iteratively computed. Kernel Wiener filter is found to be



equivalent to the mean shift procedure or the boundary op-
timization method [12]. We show that it is also equivalent
to the weighted nearest neighbor retrieval.

In the sequel, we will first derive the kernel versions
of HCCA and then show reduced rank kernel Wiener filter.
Then, the problem of finding the kernel Wiener filter pre-
image is cast in a high dimensional optimization problem
the solution of which is obtained in the lower dimensional
signal space. The link between the mean-shift procedure or
the weighted nearest neighbor retrieval is also established.
Kernel Wiener filter estimation and reconstruction are ex-
perimentally verified by using the USPS 1 digits data set.

2. KERNEL HCCA AND RELATION TO KERNEL
WIENER FILTER

Kernel CCA or HCCA originated from the idea of the non-
linear kernel-based information processing methods [13, 14].
The idea is that the vectors are first mapped into the higher
dimensional space, and then CCA or HCCA is applied in
that space. However, when the data is mapped into the
higher dimensional space, the process becomes computa-
tionally intractable. To overcome this problem, the so called
kernel trick is utilized [13, 14], where all the operations are
performed in the lower dimensional space and the kernel
functions are computed directly from the original data chan-
nels. Among the widely used kernel functions are Gaussian
and polynomial kernels [7].

Let x ∈ R
m and y ∈ R

p be two random vectors and
φ(·) : R

m −→ R
m′

and ψ(·) : R
p −→ R

p′
be the cor-

responding nonlinear mapping functions that map x and y
into the higher dimensional space with m � m′ and p � p′

where m′ ≤ p′. Thus, the mapped vectors are given by
φ(x) ∈ R

m′
and ψ(y) ∈ R

p′
with mean vectors µφ and

µψ, respectively, and composite covariance matrix,

E

[ (
φ(x) − µφ

ψ(y) − µψ

)(
φ(x) − µφ

ψ(y) − µψ

)T ]

=
[

Rφφ Rφψ

Rψφ Rψψ

]
(1)

where Rφφ ∈ R
m′×m′

and Rψψ ∈ R
p′×p′

are covariance
matrices of φ(x) and ψ(y) and Rφψ = RT

ψφ ∈ R
m′×p′

is
the cross-covariance matrix between φ(x) and ψ(y). The
half canonical coordinates [4, 6] of φ(x) and ψ(y) are then
generated using

[
u
v

]
=

[
FT 0
0 GT R−1/2

ψψ

][
φ(x) − µφ

ψ(y) − µψ

]
, (2)

1The United States Postal Service data set, “http://www.kernel-
machines.org/”

where R1/2
ψψ RT/2

ψψ = Rψψ, and F ∈ R
m′×m′

and G ∈
R

p′×p′
are the orthogonal matrices in the singular value

decomposition (SVD) of the half coherence matrix C =
RφψR−T/2

ψψ ∈ R
m′×p′

:

C = FΛGT or FT CG = Λ,

with FT F = I, GT G = I,
Λ =

[
Λm′ 0

]
; Λm′ = diag[λ1, . . . , λm′ ]

(3)

where Λ ∈ R
m′×p′

is the canonical correlation matrix which
measures the cross-correlations between the canonical co-
ordinates u and v i.e E[uvT ] = Λ [8]. Correspondingly,

DT
φ = FT and DT

ψ = GT R−1/2
ψψ are the mapping matri-

ces that transform the data to their half canonical coordi-
nates i.e. u = DT

φ (φ(x) − µφ) and v = DT
ψ(ψ(y) − µψ),

where Ruu = DT
φ RφφDφ, Rvv = I, and Ruv = E[uvT ] =

DT
φ RφψDψ = Λ.

Now, using the half coherence matrix C = RφψR−1/2
ψψ =

FΛGT , post-multiplying C by G and using the orthogonal
property i.e GT G = GGT = I and the definitions of Dφ

and Dψ yields,

RφψDψ = DφΛ (4)

Also, pre-multiplying C by FT , post-multiplying it by R1/2
ψψ ,

and using the orthogonal property of F gives

RψφDφ = RψψDψΛT (5)

In practice, however, the covariance matrices are estimated
from samples of the data. Assume that the sample data ma-
trices X = [x1, . . . ,xn] and Y = [y1, . . . ,yn] are observed
where xi, yi i ∈ [1, n] are the ith realizations of the two
channel processes. Define the mapped sample matrices Φ
and Ψ as

Φ = [φ(x1), . . . , φ(xn)] ∈ R
m′×n (6)

Ψ = [ψ(y1), . . . , ψ(yn)] ∈ R
p′×n (7)

Also, the sample covariance matrices are given by

R̂φφ =
1
n

ΦP⊥
1 ΦT (8)

R̂φψ =
1
n

ΦP⊥
1 ΨT (9)

R̂ψψ =
1
n

ΨP⊥
1 ΨT (10)

where P⊥
1 = I − 1

n11T with 1 = [1, . . . , 1] ∈ R
n is a cen-

tering matrix. We can replace the covariance matrices Rφφ,
Rφψ , and Rψψ in (4) and (5) by their sample covariance
matrices without any loss of generality. Thus, we get

1
n

ΦP⊥
1 ΨT Dψ = DφΛ (11)

1
n

ΨP⊥
1 ΦT Dφ =

1
n

ΨP⊥
1 ΨT DψΛT (12)



Let kφ(·, ·) and kψ(·, ·) define the inner products Mercer
kernels [5] in the implicit spaces R

m′
and R

p′
:

kφ(x,y) = φ(x)T φ(y) (13)

kψ(x,y) = ψ(x)T ψ(y) (14)

The kernel Gram matrices associated with (13) and (14) are
given by

Kφ = ΦT Φ = [kφ(xi,xj)] ∈ R
n×n (15)

Kψ = ΨT Ψ = [kψ(yi,yj)] ∈ R
n×n (16)

The kernel Gram matrices Kφ and Kψ are non-negative def-
inite and have the same rank as the column rank of their
corresponding mapped sample data matrices [7].

From (11) and Dψ = ( 1
nΨP⊥

1 ΨT )−T/2G, it is obvious
that Span{Dφ} = Span{Φ} and Span{Dψ} = Span{Ψ}
i.e. Dφ = ΦD̂φ and Dψ = ΨD̂ψ . Pre-multiplying (11) and
(12) by ΦT and Ψ, respectively, and replacing Dψ = ΦD̂φ

and Dψ = ΨD̂ψ, and utilizing the kernel Gram matrices
yields

1
n

KφP⊥
1 KψD̂ψ = KφD̂φΛ (17)

KψP⊥
1 KφD̂φ = KψP⊥

1 KψD̂ψΛT (18)

If the kernel Gram matrices are all non-singular e.g. for
Gaussian kernel case [6], then (17) and (18) can be rewritten
as,

1
n

P⊥
1 KφD̂φ = D̂φΛΛT (19)

1
n

KφP⊥
1 KψD̂ψ = KψD̂ψΛT Λ (20)

The generalized eigenvalue problem of (19) and (20) for D̂φ

and D̂ψ only depend on the kernel Gram matrices Kφ and
Kψ. Consequently, D̂φ and D̂ψ are implicitly obtained with-
out computing the higher mapped data matrices Φ and Ψ.

Half canonical coordinates are optimal for computing
the reduced rank kernel Wiener filter of φ(x) − µφ from
ψ(y) − µψ, when the objective of estimation is to mini-
mize MSE of the two-channels [3]. Let us assume that the
estimated mean vector is almost the same as the true mean
vector i.e µφ = Hrµψ, then the rank-r (r ≤ n) estimate
of φ(x) from ψ(y) is given as φr(x̂) = Hrψ(y) [3, 7].
The rank-r estimator Hr and its corresponding error covari-
ance matrix of the filtering error er = φ(x) − φr(x̂) =
φ(x) − Hrψ(y) are

Hr = FΛ̂GT R−1/2
ψψ

= DφΛ̂DT
ψ (21)

Ree(r) = Rφφ − FΛ̂Λ̂T FT (22)

Λ̂ =
[

Λr 0
0 0

]
(23)

Λr = diag[λ1, . . . , λr] (24)

where Λr contains the first r largest singular values of Λ.
Alternatively, the covariance matrix of the filtering error

Ree(r) may be rewritten as [4]

Ree(r) = Ree + (H − Hr)Rψψ(H − Hr)T

= Ree + (C − Cr)(C − Cr)T (25)

where Ree = E[(φ(x) − Hrψ(y))(φ(x) − Hrψ(y))T ] =
Rφφ − RφψR−1

ψψRψφ is the error covariance matrix in es-
timating φ(x) from ψ(y) using the full-rank Wiener filter
H = RφψR−1

ψψ, and Cr = FΛ̂GT . Applying the trace oper-
ator to (25), the optimal value of MSE of the rank-r kernel
Wiener filter Hr is

e2
r = tr{Ree + (C − Cr)(C − Cr)T }

= tr{Ree} + tr{ΛΛT − Λ̂Λ̂T }

= e2 +
m′∑

i=r+1

λ2
i = e2 + ξr (26)

where e2 = tr{Ree} is the MSE of the full-rank ker-

nel Wiener filter estimator H, and ξr =
∑m′

i=r+1 λ2
i is the

excess MSE due to rank reduction.

3. KERNEL HALF CCA AND RECONSTRUCTION
WITH GAUSSIAN KERNELS

In actual situations, we are interested in a reconstruction in
the input space rather than in the higher dimensional mapped
domain, since the filtered signals in the higher mapped do-
main are basically not observable. The approach here at-
tempts to solve this problem by computing a pre-image vec-
tor x̂ that satisfies φr(x̂) = Hrψ(y), and Hr is the rth
reduced-rank kernel Wiener filter. When the solution for
vector x exists in the original feature space, this equation
holds. However, the vector x that satisfies this condition
does not always exist, and it need not be unique either [10,
11]. Thus, we need to estimate x̂ that will be a good ap-
proximation to x in the input space.

Now, if the estimated vector has no exact pre-image x̂,
one can find an approximation by minimizing the cost func-
tion,

J =‖ φr(x̂) − Hrψ(y) ‖2 (27)

Alternatively, we can write

J = α − 2φr(x̂)T Hrψ(y) + τ (28)

where α = φr(x̂)T
φr(x̂) and τ = ψ(y)T HT

r Hrψ(y).
Note that α is a constant scalar for Gaussian kernels and τ
is independent of x̂. Substituting (21) into (28) yields,

J = α − 2φr(x̂)T DφΛ̂DT
ψψ(y) + τ (29)



Thus, we can rewrite (29) as,

J = α − 2kT
φ,r(X, x̂)γ + τ (30)

where

γ = D̂φΛ̂D̂T
ψkψ(Y,y) (31)

kφ,r(X, x̂) = ΦT φr(x̂)
= [kφ(x1, x̂), . . . , kφ(xn, x̂)]T (32)

kψ(Y,y) = ΨT ψ(y)
= [kφ(y1,y), . . . , kφ(yn,y)]T (33)

All of these operations are performed by utilizing the kernel
trick.

To minimize J , we differentiate (30) with respect to x̂,
and set the result to 0. For a Gaussian kernel i.e. kφ,r(x,y) =
exp(− ‖x−y‖2

c ), we get,

∂J

∂x̂
= γT ∂kφ,r(X, x̂)

∂x̂

=
n∑

i=1

γi exp(−‖ xi − x̂ ‖2

c
)(xi − x̂) = 0(34)

which yields the solution for x̂ as

x̂ =
∑n

i=1 γi exp(− ‖xi−x̂‖2

c )xi∑n
i=1 γi exp(− ‖xi−x̂‖2

c )
(35)

Note that, this equation can be solved iteratively using

x̂(t+1) =
∑n

i=1 γi exp(− ‖xi−x̂(t)‖2

c )xi∑n
i=1 γi exp(− ‖xi−x̂(t)‖2

c )
(36)

where γi’s are obtained from (30) and t is the index for it-
erations. It can be shown that (36) is equivalent to the mean
shift procedure [12]. If we define the following conditional
probability

P (xi|x̂(t), γ) =
γi exp(− ‖xi−x̂(t)‖2

c )∑n
j=1 γj exp(− ‖xj−x̂(t)‖2

c )
(37)

then (36) can be rewritten as

x̂(t+1) =
n∑

i=1

P (xi|x̂(t), γ)xi (38)

which is nothing but the weighted nearest neighbor retrieval
[15]. Figure 1 shows the graphical interpretation of kernel
Wiener filter. As can be seen, the training sample closest
to x̂(t) influences the retrieval and restoration process the
most.

1x

2x
3x

4x

5x

),ˆ|( )( γxx t
ii Pw =

3w

1w

4w

5w

2w

)(ˆ tx

Fig. 1. Weighted Nearest Neighbor Retrieval.

4. RESULTS OF KERNEL WIENER FILTER FOR
IMAGE RESTORATION / RETRIEVAL

In this section, the simple USPS data set is used to val-
idate our proposed methods. The USPS data set is 256-
dimensional handwritten digits (0 to 9) in the range of [−1 , 1].
We used Gaussian kernel of the form kφ(x,y) = kψ(x,y) =
exp(− ‖x−y‖2

2σ2 ) with several choices for parameter σ. The
x-channel of kernel HCCA consists of clean USPS images,
and the y-channel is the noise corrupted image (additive
noise) y = x + η where η is a white Gaussian noise vec-
tor with statistics (0, σ2

η). Figures 2 and 3 show the original
100 clean digit images and the corresponding noisy images
corrupted by additive white Gaussian noise with SNR=1dB,
respectively.

We randomly chose 1000 samples for the training and
100 samples for testing. The pre-image x̂ is calculated it-
eratively using (36). The initial conditions, x̂(0), is set to
noisy data y, since kernel Wiener filter converges to differ-
ent solutions x̂ when the initial condition x̂(0) is not close
to the centroid of the expected class. The optimal solution
is generated within 30 iterations.

Fig. 2. Original images



Fig. 3. Noisy Images (SNR = 1dB).

Figures 4 shows the result of the filtering using reduced-
rank kernel Wiener filter for σ = 3.92 with rank r = 600.
For this choice of rank r, the excess MSE is found to be
ξr = 0.2424. As can be seen, the filter restores the original
images successfully. However, interestingly some of the fil-
tered digits have been changed to the different numbers i.e.
not correctly retrieved. This is due to the fact that kernel
Wiener filter not only restores the images but also plays the
role of a weighted nearest neighbor retrieval, as mentioned
before. That is, the training sample that yields the highest
conditional probability in (37) will be retrieved after the de-
noising process.

Fig. 4. Kernel Wiener filter with CCA (σ = 3.92, r = 600).

Figure 5 shows the filtered images by reduced-rank ker-
nel Wiener filter with rank r = 100. As can be seen, the
filtered results are more mixed together when compared to
the results for r = 600. This implies that smaller ranks in-
crease the incident of wrong retrieval while the estimation

quality is still very good. In this case, the excess MSE, ξr =
0.7480, which is much larger than that for rank r = 600
case indicating poorer quality of the filtered images. Com-
paring Figures 4 and 5, it is obvious that rank rich kernel
Wiener filter provided much better restoration with less no-
ticeable smearing artifacts. Therefore, increasing the rank
of the reduced-rank kernel Wiener filter clearly refines the
filtered images.

Fig. 5. Kernel Wiener filter with CCA (σ = 3.92, rank =
100).

Figure 6 shows the full-rank linear Wiener filtered im-
age. Comparing Figures 4 and 6, it is evident that the kernel
Wiener filter performed better than the linear Wiener filter
in terms of restoring the degraded images. Nonetheless, it
also results in wrong retrieval in some cases due to varia-
tions in the training and testing data samples and the fact
that kernel Wiener filter also performs some type of recall.

Fig. 6. Full-rank Wiener Filtered images.



5. CONCLUSION

Kernel Wiener filter using HCCA framework is addressed
in this paper. Kernel HCCA was first extended and its rela-
tion to reduced rank kernel Wiener filter was demonstrated.
The solution to the reduced-rank Kernel Wiener filter is ob-
tained by solving the higher dimensional optimization prob-
lem to find Wiener filtered pre-images. The pre-image is
obtained iteratively in the lower dimensional space. Addi-
tionally, the results in this paper showed that using this ker-
nel HCCA to implement kernel Wiener filter not only leads
to signal/image estimation but also performs some type of
signal/image retrieval. Relation of the proposed method to
weighted nearest neighbor retrieval or the mean-shift proce-
dure was also established and experimentally confirmed on
the USPS database.
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