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ABSTRACT

This paper investigates how to choose the optimum tap-
length and decision delay for the decision feedback equal-
izer (DFE). Although the feedback filter length can be set
as the channel memory, there is no closed-form expression
for the feedforward filter length and decision delay. In this
paper, first we analytically show that the two dimensional
search for the optimum feedforward filter length and deci-
sion delay can be simplified to a one dimensional search,
and then describe a new adaptive DFE where the optimum
structural parameters can be self-adapted.

1. INTRODUCTION

The adaptive minimum mean square error (MMSE) equal-
izer has been widely used in communication systems. Al-
though an ideal MMSE equalizer generally has infinite tap
length [1], most designs use finite length filters because of
simplicity and robustness. This brings up the problem of
how to choose the tap length and decision delay which sig-
nificantly affect the performance: on the one hand, though
the MMSE is a monotonic non-increasing function of the
tap-length, “too” long an equalizer not only unnecessarily
increases the complexity but also introduces more adapta-
tion noise; on the other hand, for a given filter length, the
MMSE is generally a concave function of the decision delay
[2]. Therefore, there existoptimumvalues of the tap-length
and decision delay that best balance the steady-state perfor-
mance and complexity. Most designs, however, choose the
tap length and decision delay either based on pre-assumption
of the channel or simply based on average experience, mak-
ing it necessary to design flexible equalizers that can auto-
matically find the “optimum” values of these structure pa-
rameters.
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The difficulties of designing such flexible equalizers come
from not only the non existent closed-form relation between
the MMSE and the tap-length or the decision delay, but
also the constraint that either the tap-length or decision de-
lay must take integer values. In [3], we proposed a novel
length adaptation algorithm for the linear equalizer using
a new concept of the pseudo “fractional tap-length” which
can take fractional values. In the proposed approach, the
relation between the MMSE and the tap-length was esti-
mated on-line, and a gradient search algorithm was derived
to adapt thefractional tap-lengthwhose integer part gives
the true tap-length. The proposed algorithm can converge to
the optimum tap-length in the mean, but suffers from slow
convergence under some scenarios. Fortunately, this prob-
lem has been successfully solved in our recent paper [4].
With similar idea, we also proposed a delay adaptation al-
gorithm in [5] to search for the optimum decision delay for
the linear equalizer.

Another widely used equalizer is the decision feedback
equalizer (DFE) which consists of a feed-forward filter (FFF)
{wk}, a feedback filter (FBF){bk} and a decision device.
In a finite length DFE, there are three important structural
parameters, namely the FFF tap-lengthNf , the decision de-
lay ∆ and the FBF tap-lengthNb. It has been proved in
[6] that the FBF with length ofNh − 1 performs as well as
any longer filters, whereNh is the channel length. In con-
trast,Nf is generally related to the inverse of the channel
but has no closed-form expression, implying that even with
the knowledge ofNh, it is still not straightforward to set
an appropriateNf . Moreover, the computation load for a
DFE mainly comes from the FFF because the inputs to the
FBF are the output from the hard decision device which are,
for example, binary signals in a BPSK system. Thereby in
practice, we can fixNb = Nh− 1 whereNh can be roughly
estimated by either order selection criteria (e.g [7]) or vari-
able length adaptive algorithms (e.g. [4]), and search for
the optimum values ofNf and∆, which, in general, is a
two dimensional searching problem.

Unfortunately, most current approaches mainly consider



searching for the optimum∆ for a givenNf . For exam-
ples, in [8], Voois (et al.) expressed the decision delay as
an explicit parameter for the DFE and described a method
to obtain the optimum∆ for a givenNf . Further in [9],
Al-Dhahir (et al.) proposed an efficient algorithm to calcu-
late that optimum∆. Obviously, non of these approaches
guarantees to give the “global” optimum structural param-
eters where all possibleNf and∆ must be taken into con-
sideration. In a recent paper [2], Hillery (et al.) suggested
that, if Nf = Nh, the DFE may be insensitive to the deci-
sion delay. This conclusion, however, was mainly based on
heuristic explanation, and we can easily give anti-examples
as that will be shown later in this paper.

In this paper, we will analytically show that the two di-
mensional search for the optimumNf and∆ can be simpli-
fied to one dimensional search by fixing∆ = Nf − 1, base
on which a novel DFE with adaptiveNf will be described.
To highlight the key points, in this paper, we will assume
the channel lengthNh is known andNb = Nh − 1, though
in practiceNh must be estimated first.

2. OPTIMUM TAP-LENGTH

In general, an optimum FFF is anticausal and has infinite
length [10], implying that the minimum MMSE with respect
to all possible tap-length and decision delay is given by:

ξmin = lim
Nf→∞

ξNf , ∆=Nf−1, (1)

whereξNf , ∆ represents the MMSE with the FFF tap-length
and decision delay being atNf and ∆ respectively. For
simple expression, the right hand side of (1) will be denoted
as ξNf→∞, ∆=Nf−1 later. Then for a finite length DFE,
the “global” optimum FFF tap-lengthNf, opt and decision
delay∆opt can be defined as the minimumNf and∆ that
satisfy:

ξNf , ∆ − ξmin < E , (2)

whereE is a small positive constant which is preset accord-
ing to the system requirements. This definition is based on
the assumption that any MMSE satisfies (2) need not to be
discriminated withξmin.

In general, findingNf, opt and∆opt requiresbrute force
search in two dimensions ofNf and∆. For every possible
Nf , only ξNf , ∆ for Nf − 1 6 ∆ 6 Nf + Nh − 2 needs to
be computed [11], though∆ is generally within the range of
[0, Nf + Nh− 2] outside which the received signal and the
desired signal are uncorrelated1. However, even with this
simplification and the efficient method to calculateξNf , ∆

shown in [9], the total complexity in findingNf, opt and
∆opt is still too high. Below we will show that the search in

1Without losing generality, we assume the transmission signals are mu-
tual independent.

two dimension can be constrained to one dimension, greatly
reducing the complexity.

It has been proved in the Theorem 1 in [6] that, ifNb =
Nh − 1 and∆ < Nf − 1, thenwk = 0 for k = ∆ +
1, · · · , Nf − 1, wherewk is thekth tap of the FFF. Thus for
an infinite long FFF, we have:

ξNf→∞, ∆ = ξNf=∆+1, ∆, for ∆ = 0, 1, · · · ,∞.
(3)

For a finite length FFF withNf = N , the decision delay
satisfies0 6 ∆ 6 N + Nh − 2. Again from the Theorem 1
in [6], and noting (3), we have:

ξNf =N, ∆ = ξNf =∆+1, ∆ = ξNf→∞, ∆, for 0 6 ∆ 6 N−1.
(4)

On another front, since the optimum FFF generally has in-
finite length, and with the presence of noise,ξNf , ∆ is nor-
mally a strict decreasing function ofNf for a given∆. Thus
we haveξNf=N, ∆ > ξNf =∆+1, ∆ for N 6 ∆ 6 N +Nh−
2. Further noting (3) gives:

ξNf =N, ∆ > ξNf =∆+1, ∆

= ξNf→∞, ∆, for N 6 ∆ 6 N + Nh − 2.
(5)

The above analysis provides important information in
understanding the optimum FFF tap-length and decision de-
lay. For clarity of exposition, we illustrate this problem
through a numerical example by plotting the curves for “MMSE
vs. ∆” in Fig. 1, whereNf is fixed at4, 7, 12, 20 and∞
respectively, the channel vector is[0.1 0.2 0.4 0.6 0.8 1 0.7]T

with Nh = 7, SNR = 20dB and the transmission signalx(n)
are either+1 or−1 (BPSK) and mutual independent.
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Fig. 1. MMSE vs∆ with Nf fixed at4, 7, 12 and∞ respec-
tively.

As shown in Fig. 1, the curves for differentNf form a
“tree” structure, where the “trunk” of the tree corresponds



to the curve forNf → ∞. For a finiteNf , the “MMSE vs.
∆” curve can be divided into two segments, corresponding
to 0 6 ∆ 6 Nf − 1 andNf 6 ∆ 6 Nf + Nh − 2 re-
spectively. According to (4), the first segment of the curve
overlaps with the “trunk”, and according to (5), the sec-
ond segment forms a “branch” of the tree which lies above
the “trunk”. Hence the “trunk” provides a lower MMSE
bound for all possibleNf and ∆. Moreover, (3) shows
that the “trunk” can also be formed by plotting the MMSE
vs. {Nf = ∆ + 1,∆} for ∆ = 0, 1, · · · ,∞, implying
that the “global” optimum FFF tap-lengthNf, opt and deci-
sion delay∆opt must be on the “trunk” and satisfy∆opt =
Nf, opt − 1. Therefore, the search forNf, opt needs only to
be along the “trunk” by fixing∆ = Nf − 1, which is in one
dimension!

From the Theorem 3 in [6], we haveξNf→∞, ∆=0 >
· · · > ξNf→∞, ∆=Nf−1, which is, according to (3), equiv-
alent toξNf=1, ∆=0 > · · · > ξNf=N, ∆=N−1 for N =
1, · · · ,∞. ThusξNf , ∆=Nf−1 (or the “trunk”) is a strict
non-increasing function ofNf , and thenNf, opt can be re-
defined as the minimumNf that satisfies:

ξNf , ∆=Nf−1 − ξmin < E . (6)

It is clear from Fig. 1 that, in this example, we haveNf, opt =
12 and∆opt = 11 since the “trunk” curve almostflats out
after∆ = 11.

As shown in [6], whenNf is large enough (Nf = 12 in
this example), the optimum decision delay that minimizes
the MMSE for a givenNf must satisfy∆o = Nf − 1;
otherwise (Nf = 4 and7 in this example), we may have
Nf 6 ∆o 6 Nf + Nh − 2, but then from (5), we have
ξNf , ∆o > ξNf=∆o+1, ∆o , which implies that, rather than
searching for∆o for a givenNf , it is more appropriate to in-
creaseNf with ∆ = Nf −1. Alternatively, “∆o = Nf −1”
may be used as an index to indicate whether the optimum
Nf has been reached or not, e.g., to increaseNf until ∆o =
Nf − 1 is satisfied. In this paper, we are more interested in
finding the optimumNf adaptively as will be shown in the
next section.

3. THE FFF TAP-LENGTH ADAPTATION

The previous section shows that the two dimensional search
for Nf, opt and∆opt can be simplified to one dimensional
search by fixing∆ = Nf − 1, making it possible to adapt
Nf instantaneously as in [4].

3.1. Algorithm

First, we observe that, ifNf is large enough and∆ =
Nf − 1, the first several coefficients of the FFF will be very
small, so is the difference between the MMSE and the so-
called “segment MMSE” which is defined asξ{Nf−K} ,

E|e 2
{Nf (n)−K}(n)|, where:

e{Nf−K}(n) , x(n−∆)− x̃{Nf−K}(n−∆), (7)

and

x̃{Nf−K}(n−∆) , wT
K+1:Nf

(n) · yK+1:Nf
(n) + zb(n),

(8)
wherex(n) is the transmitted signal,zb(n) is the FBF out-
put, K is a positive integer much smaller thanNf , and
wK+1:Nf

(n) andyK+1:Nf
(n) consist of the lastNf − K

coefficients of the FFF tap-vectorw(n) and input-vector
y(n) respectively. Note that̃xNf

(n) ande{Nf}(n) are the
equalization output and error signal of the DFE.

Therefore, similar to [4], it is possible to define the opti-
mumNf by comparingξ{Nf−K} andξ{Nf}. To be specific,
the optimum FFF tap-length,N ′

f, opt, can be defined as the
minimumNf that satisfies:

ξ{Nf−K} − ξ{Nf} < E ′, (9)

whereE ′ is also a smaller positive constant. It is clear that,
whenE andE ′ are small, the optimum FFF tap-length based
on (6) and (9) are either same or very close, i.e.Nf, opt u
N ′

f, opt. To make sense of (9), we must ensureNf > K+1,
below which noN ′

f, opt can be differentiated.
If ξ{Nf−K} andξ{Nf} are known for everyNf , theNf

adaptation rule can be simply obtained as:

Nf (n+1) = Nf (n)−M ·sign
(
ξ{Nf (n)} − ξ{Nf (n)−K} + E ′

)
,

(10)
whereNf (n) is the FFF tap-length at timen and M is
the step-size parameter which must be an integer. It can
be easily verified that (10) converges to within a range of
(N ′

f, opt −M, N ′
f, opt + M).

In practice, unfortunately,ξ{Nf−K} andξ{Nf} are not
a priori known. Then the concept of thepseudo-fractional
tap-lengthintroduced in [3, 4] may be applied. Specifically,
definingnf (n) as thepsedo-fractional FFF tap-lengthwhich
can be decimal, we have the adaptation rule as:

nf (n+1) = (nf (n)−α)−γ ·
[
e 2
{Nf (n)}(n)− e 2

{Nf (n)−K}(n)
]
,

(11)
where bothα andγ are small positive numbers, andα is
the leaky factor which is used to prevent the length adapting
into necessarily large values. To ensure stability, we must
haveα ¿ γ. Initially we havenf (0) = Nf (0).

The “true” FFF tap-lengthNf (n) is determined accord-
ing to:

Nf (n + 1) =
{ bnf (n)c, |N(n)− nf (n)| > M

Nf (n), otherwise
(12)

whereb.c rounds the embraced value to the nearest integer.
It is implied from (12) thatNf (n) is modified by a value of



M each time. To be specific, ifNf (n) is to be increased,
thenM number of zeros are padded at theheadof the FFF.
Otherwise ifNf is to be decreased, thefirst M coefficients
of the FFF are taken out.

3.2. Performance Analysis

Since (10) and (11) are based on the same cost function,
they should converge to the same tap-length. In fact, fol-
lowing the similar procedures to those in [4], we can easily
verify that, if α/γ = E ′, (11) converges to within a range
of (N ′

f, opt −M, N ′
f, opt + M) in the mean. The detail of

the analysis, however, is not shown here due to the space
constraint.

Since the proposed length adaptation is based on instan-
taneous gradient search, it imposes very low complexity. To
be specific, the extra complexity brought by the length adap-
tation mainly comes from the adaption recursion (11) and
the computation ofe 2

{Nf (n)}(n) and e 2
{Nf (n)−K}(n). At

each iteration, (11) requires3 additions and1 multiplica-
tions. But we note thate{Nf (n)}(n) andx̃{Nf}(n) are also
required by the coefficient adaption itself, and

x̃{Nf}(n−∆) = x̃{Nf−K}(n−∆) + wT
1:K(n) · y1:K(n),

(13)
which implies we need only one more addition to obtain
x̃{Nf−K}(n − ∆), and, from (7), another one more addi-
tion to obtaine{Nf (n)−K}(n). Then considering thesquare
manipulation, we need2 more additions and2 more multi-
plications to obtaine 2

{Nf (n)}(n) ande 2
{Nf (n)−K}(n) simul-

taneously. In total, at each iteration, we only require5 extra
additions and3 extra multiplication for the proposed length
adaption algorithm, regardless of the filter length.

4. NUMERICAL RESULTS

We have done extensive numerical simulations with differ-
ent channel specifications to verify the proposed algorithm.
Due to the space constraint, however, only one example is
shown below, where the same channel as that in Fig. 1 is
applied,Nb = Nh − 1, ∆ = Nf − 1 and the normalized
LMS with step-size0.2 is used to adapt both the FFF and
FBF coefficients. For theNf adaptation, we haveα = 0.01,
γ = 0.5 andK = 3 for (11), andM = 1 for (12).

Fig. 2 shows theNf learning curves for different initial-
ization atNf (0) = 4 and20 respectively. Both curves are
for one typical simulation run. Recalling that the optimum
FFF tap-length is12 as shown in Fig. 1, we can clearly
observe that the algorithm converges to the optimum tap-
length for both initializations. In practice, ifNh is known,
we may setNf (0) = Nh as it may be a “good guess” of the
optimumNf and the convergence time may be shortened.

Fig. 3 shows the MSE learning curves forNf = 7,
Nf = 12 and the adaptiveNf with Nf (0) = 4 respectively.
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For clarity of exposition, all MSE learning curves are ob-
tained by averaging over50 independent runs. It is clearly
shown that the DFE withNf = Nf, opt = 12 performs sig-
nificantly better than the that withNf = Nh = 7. Thus
in this example, settingNf as Nh is obviously not large
enough, unlike what has been implied in [2]. But it is clear
that the DFE with adaptiveNf performs almost as well as
that withNf = Nf, opt = 12.
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5. CONCLUSIONS

In this paper, we investigated the structure adaptation for
the DFE equalizer, i.e., how to choose the tap-length and



the decision delay to give the best performance. First, we
showed that, withNb = Nh − 1, the general two dimen-
sional search for the optimum FFF tap-length and decision
delay can be simplified to a one dimensional search by fix-
ing ∆ = Nf − 1, and then proposed a novel DFE where
the optimumNf can be self-adapted. Numerical simula-
tions were also given to verify the analysis and proposed
algorithm.

We note that, under the scenario where the channel mem-
ory is very large, the complexity may be high to set the feed-
back filter length as the channel memory. Fortunately, since
the complexity of a DFE mainly comes from the feedfor-
ward filter, it may not be too bad to have a large feedback
filter length. But after all, when the channel memory is too
large, it is difficult for a single DFE to equalize the chan-
nel at all. Some other approaches, such as OFDM, must be
considered.

Another import issue is the equalizer design for the chan-
nel with sparse impulse response and large delay spread.
Under such scenario, only adjusting the tap-length is not
enough, and the space between the taps must also be care-
fully chosen (see [12] and the references there in).
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