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ABSTRACT lows:

We consider the problem of blind estimation of the  m(t) = Fin(s(t)) m=12....M (1)
parameters of noisy non-linear mixtures of sources
with unknown discrete alphabets. The nonlinear mix-

the sources vectai(t).

tures are modeled using the “post non-linear” model, . o

. . ng P . . In [1], Taleb shows that using the statistical indepen-

in which the source signal undergo a linear mixture o o ;

) . ) dence as the sole criterion for separation in non-linear

first, and then each mixed signal undergoes an un-_ . g o .
mixtures is not a sufficient condition, thus the discus-

known nonlinear transformation. The individual non- . . ; .

) . . . sion needs to be restricted to certain sets of possible

linear transformations are modeled in this paper as . . . . o
non-linear functions, with associated sources’ distri-

second-order polynomials, whose parameters are un; . . : .
. . o . butions in order to attain separation.

known. Using the Estimate-Maximize algorithm, we . . i . .

. : An interesting special case of a non linear model is
derive estimators for all the unknown parameters. We : : . )

i} the post non linear (PNL) mixture in which sources

also computed the Cramér-Rao Lower Bound for the o . .

o . . - are first linearly mixed and then each of the mixtures
estimation, to which the obtained mean squared esti-_ . S . .

) . . is distorted by an unknown individual invertible non
mation error is empirically compared.

linear function. that is:

where F,,,(s(t)) is some nonlinear function involving

1. INTRODUCTION () = fm(@ms(®) - m=12....M (2
where,a,, is them! row of A, andf,,(-) is them!"
Blind source separation (BSS) concerns the separatiorfunknown) non linear function.
of mixed sources when nearly no information about |n order to achieve separation in the PNL problem,
mixing, nor about the sources, is available. Assumeone should find a separating matrix as well as some in-
M statistically independent sourceg(t),...,sa(t),  verse nonlinear functiong; (-), ..., ga(-), in order to
and M observationsry(t), ...,z (t). In the linear  mitigate the nonlinearity. In [2] Taleb and Jutten pro-
BSS model each observation consist of a linear mix- pose a parameterization of the inverse functions. Then
ture of the sources, thatigt) = As(t), whereA is by minimizing the outputs’ mutual information with
an unknown mixing matrix. A sufficient condition for respect to the PNL mixture parameters, the estimates
linear separation in this model is to achieVe statis-  of the sources are constructed. In [3] and in [4] Ziehe
tically independent outputg = Bx(t) as estimates of et al. resolve the non-linearity by either maximizing
the sources, wheiB serves as a separating matrix. ~ the outputs’ correlation or by bringing the outputs to
Though the basic linear mixture BSS serves as a reabe as Gaussian as possible. A similar idea of trying to
sonable model in some problems, in many practical “Gaussianize” the sources using non-linear functions,
applications the observed mixtures do not fit a linear is also used in [5] as an initialization procedure for
model, thus the use of non-linear models may be re-PNL BSS algorithms.
quired. In those cases, still assuming a static, memo- A geometrical approach to PNL BSS mixture is
ryless mixture, one can define the observations as fol-suggested by Babaie-Zadeh al. in [6], for cases



where the sources’ probability distributions have a  Following Taleb’s result in [1], regarding the need to
bounded support, with “sufficient” probability to attain restrict the possible set of non-linear functions, in the
the boundary value. This approach can generally bediscrete sources PNL model the non-linear functions
expanded for discrete sources. As many “man made”can map the finite set of possible observations vectors
sources are indeed discrete (a.k.a. digital), the associto nearly any possible sets of vectors. Therefore, to
ated BSS problem is of considerable interest. How- ensure identifiability, the set of allowable non-linear
ever, although linear BSS of discrete sources has beefiunctions needs to be restricted. In this work the non-
treated quite extensively (e.g., [7], [8], [9] and [10]), linear distortions are modelled as quadratic polynomi-
the PNL model does not seem to have been addressedls (higher orders could be considered as well, as long
in that context, especially under noisy conditions - as they follow the above restriction, but for simplicity
hence the motivation for this paper. reasons we restricted the discussion in this work to sec-
ond order polynomials). In order to resolve inherent
scaling commutation and offset ambiguities between
the polynomial parameters, the mixing parameters and
the sources’ alphabets, each non-linear operation is pa-

. . . rameterized as
We consider the noisy PNL model for discrete sources,

modelled as follows:

2. THENOISY PNL MODEL FOR DISCRETE
SOURCES
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This assumption further restricts the non-linear func-
tions to pass through the origin - yet this is often a

UM
A~ A0 /}\ reasonable restriction.
SM - D—2u

A linear mixture of M discrete sources creates a
. _ discrete parallelogram in th&/ dimensional distribu-
which can be written as: tions space. The further non-linear operations cause

the internal and external parallels of the parallelogram

wherev[t] is an M x 1 zero mean spatially white In the noiseless case the unknown parameters can
Gaussian noise vector with independent, identically be calculated (algebraically) with absolute accuracy
distributed (i.i.d.) elements and® denotes the from a small subset of the points in this parallelogram

individual non-linear functions, that isF(z) = (which can be obtained from just a few noiseless ob-
(fi(z1),..., fu(zar))”. Each discrete source can servations, assuming they exhibit the required “rich-
take a value from a finite set of values (alphabet), thatness”). However, in the noisy case no true points of the
is: splt] € {ngm)}an:l_ The values ofs"™) will parallelogram are available, and the parameters have to

be assumed unknown as part of the blind framework, b€ estimated from the noisy data, with estimation ac-
though we shall assume that the alphabet siégsare  curacy that improves with the observation length.

known. _ o _ o Thus, in the case of additive zero-mean Gaussian
For succinct parameterization, the scaling ambiguity noise (independent of the sources), the noisy obser-
is resolved by assuming that the diagonal entrieA of

vations’ distribution can be considered a multivariate
are all ones.

Gaussian mixture, with the bent parallelogram'’s inter-
LThis is a valid “working assumption” as long as the true diag- Nal and external points as the associated means. As all
onal values are nonzero - which is part of our model assumptio  observations are assumed i.i.d. in time, the likelihood




function of this mixture is given by: auxiliary function is given by:

Q0,0 ") =C —-Tlo
L(6) = log(fxry,...x1(x[T], ..., x[1];0)) = Q(6,06%) g(N)—

L I N M
L SN p(z[t] = 2’[x[t], 6%)
Z(log(fx[t} (X[t]v 0))) = 2 t=1 d=1 j=1 < )
=1 (8)
% (Aj(n,t))2
N sm)e =1 27 wherep(z[t] = a?|x[t], 0%) is the probability that the
10g , (5)  tth observation vector was attained due tofHerector
u M M
m=t =l (2) ml_:[1 Tm of sources’ indices (out of a possiblg] N,, possi-

m=1
ble vectors of sources’ indices), given the observation
where vector and an estimat@” to the parameters. Those
probabilities are given by:

’ M ~d k
o) =l by (L) S N0 -

i=1 M _d 02
(6) exp | = 2 (4(8%1))
and p(n) denotes the a-priori probability that =
the indices of the vectors are given by = ALRAF: Ny M 9
. - Aj(n,t
(n1,n2,...,np7). The parameters vectdt includes mzzlmz:l an:lexp ];( i(0,1))
the sources ensemble of alphabet values, the mixing (9)

matrix elements, the non-linear distortions parame-

ters{b,, }_,, the a-priori probabilities and the noises ~ Using those probabilities, the minimization of the
variances{c2,}M_,. However, for simplification of lasttermin (8) with respect to thg-th value of the-th
the derivations, we adopt the practically reasonable as-source is attained by rooting tB&! order polynomial:
sumption, that for each source all alphabet values are _
equigrobable (and the sources arepstatistically inde- e3(8"))? + ca(S")? + er (8™ + o =0 (10)
pendent), and that the variances of the additive noisgyhere:

sources are known to be equal, and take a nominal unit , L M
3= > (=202, 2 [t]
value; Namely, 3 == 7 ) P(ni=n)
=1 g =

LI M
M CEDY > (= 3aj7iﬁj,i)p(ni:ﬁi)[t]
)y Lvn |, o} =1vYm (7) t? [ ]]\:/[1
m=1 a2 2 5 (2valtlags = 02,) pini=so ]
t=1 [n,] j=1
Maximizing L(6) with respect to the entire set . 2 i % (vj.ilt)85.4) P(mi—rip 1]
of remaining unknown parameters: The off-diagonal t=1[n;] j=1 o
mixing coefficients{ A, }+m, the polynomial co- and:
efficients {b,,} and the sources’ alphabe{ssﬁbnm)}, i 2 bﬂ?i
is a mathematically demanding task. Therefore, the M

Estimate-Maximize (EM) algorithm (e.g., [11], [12]) B = aji(2b; > _(alel(nl)) +1)

is employed in this specially constrained (and specially I=Li M o
parameterized) Gaussian Mixture Model (GMM). Us- ~;,[t] £ z;[t]—(b;( 3. a8+ 3 a; ™)
ing auxiliary “index-vectors”z[t] (indicating the true I=1#i I=1,1#i

indices of the sources’ symbols at each sample) as thez Nl Nig N

S5l SH 5

unavailable data to form the “complete data”, the EM (7 12 1 [yt T R |



a)|x[t]; 0F) where

Minimization of the last term with respect to thg;
element in the mixing matrix also requires the rooting
of a3 order polynomial:

63a + cza +craj; +co=0 (12)

where
A T N Ny
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t=1c1=1 cp = 1] 1
A T N Ny
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a2y X3S (2l - 8,) pald
t=1c1=1 cp = 1] 1
A T N Ny
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and:
A

=T,1#i
S ORCIE ()
Yialt] £ (zilt] — (b X (apS™))2+ > (aps;™
1=1,1#i 1=1,1#i
palt] £ p(2[t] = (n1,n2, ..., nar)|x[t]; 6)

Minimization of this term with respect to the
non-linear function parametéy attained by:

r Mo ) (m)
> e 2 | w5t Za]zS Za e pn[ﬂ
b‘ _ t=1n1=1 "1\/1:1
J T Nar M (n)) 4
> Z--- > (Zazs l) Pnlt]
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3. SSIMULATION RESULTS

We generated three discrete sources,
equiprobable and uniform alphabet value9d, 6,9
for s1[t], 0, 3,6, 9, 12 for sq[t] and0, 3,6, 9, 12, 15 for
s3[t]. The linear mixing was generated using

1 05 02
A=1]025 1 04
03 05 1

Each of the linear mixture outputs was independently
distorted by a second degree polynomial (see (4))

using by 0.008, b = 0.01 and b3 0.007.

Zero-mean unit-variance Gaussian white noise was in-
dependently added to each observation signal. Ap-
plying EM to observations sets of variable lengths
T and averaging over00 trials, we obtained the
Mean Square Errors (MSEs) of all model parame-
ters estimates. MSEs obtained for observation lengths
T = 500, 1000, 2000, 4000 and8000 are compared to
the numerically calculated Cramér-Rao Lower Bound
(CRLB) (see [13] for detailed derivation of the bound)
in Fig. 1.

The MSE is seen to attain the bound, and both are,
as expected, inversely proportional®o

each with
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Figure 1: Estimates of the mixing parameters, polynomiabipeters and sources’ alphabets: MSE (blue X)

compared to the CRLB (solid red) vs. the observations lesifth
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