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ABSTRACT

In this paper, we propose new adaptive algorithms for the
extraction and tracking of the least (minor) eigenvectors of
a positive Hermitian covariance matrix. The proposed al-
gorithms are said fast in the sense that their computational
cost is of orderO(np) flops per iteration where n is the size
of the observation vector andp < n is the number of minor
eigenvectors we need to estimate.
Two classes of algorithms are considered : namely the PASTd
(Projection Approximation Subspace Tracking with defla-
tion) that is derived using projection approximation in con-
junction with power iteration and the Oja that uses stochas-
tic gradient technique. Using appropriate fast orthogonal-
ization techniques we introduce for each class new fast al-
gorithms that extract the minor eigenvectors and guarantee
the orthogonality of the weight matrix at each iteration.

1. INTRODUCTION

Principal and minor component analysis (PCA and MCA),
which are part of the more general principal and minor sub-
space (PSA and MSA) analysis, are two important prob-
lems that are frequently encountered in many information
processing fields. In our case we are interested in the minor
component analysis.
From the computational point of view, we may distinguish
between methods requiringO(n2p), O(n2), O(np2), or
O(np) operations per update. The wide range of the compu-
tational complexity is due to the fact that some algorithms
update the complete eigenstructure, with or without the ex-
plicit computation of the sample correlation matrix, whereas
other ones track only the desired principal or minor sub-
space. For example, the parallel method proposed by Moo-
nen [1], which updates the SVD by interlacedQR triangu-
larization and Jacobi rotations, requiresO(n2) operations.
The gradient type algorithms track either the principal or
the minor subspace. They demandO(np) operations for
the gradient-ascent or gradient-descent step and additional
O(np2) operations for the orthogonalization of the eigen-
vector estimates.
In this paper, we apply a fast orthogonalization technique
to the (MCA-Oja) by conserving the same orderO(np) of

the computational complexity. This orthogonalization re-
sults in a better numerical stability and estimation accuracy.
The rest of the paper is about the modification of the ortho-
normal PASTd algorithm [2] with the aim of reducing its
computational complexity fromO(np2) to O(np) flops per
iteration.

2. ORTHOGONAL MCA-OJA

Let x(k) be a sequence ofn × 1 random vectors with co-
variance matrixC = E[x(k)xH(k)]. Consider the problem
of extractingp < n minor eigenvectors of the covariance
matrix. To solve this problem, several subspace extraction
algorithms have so far been proposed [3] including the Oja
method. The minor component analysis algorithm of Oja
(MCA-OJA) existing in the literature can be formulated as
([4],[5]).

W(i) = W(i − 1) − β(x(i)zH(i) − zp(i)y
H(i)). (1)

WhereW(i) ∈ Cn×p is the minor subspace estimate,
y(i)

△
= WH(i−1)x(i), z(i)

△
= Ly(i) andzp(i)

△
= W(i−

1)z(i), whereL is apxp positive diagonal matrix contain-
ing elements with different weight for extracting the p minor
eigenvectorsi.e. L = diag(l1, . . . , lp) with l1 > l2 · · · >

lp > 0. β > 0 is the step size of (MCA-Oja) method. Equa-
tion (1) represents the updating of the weight matrixW(i)
at the i-th iteration. The MCA-Oja algorithm is numerically
unstable (see Figure 1). We propose here to stabilize it using
orthogonalization of the weight matrix at each step. More-
over, orthogonality is an important property that is desired
in many subspace based estimation methods [6]. To this
end, we set (using informal notation):

W(i) := W(i)(WH(i)W(i))−1/2. (2)

The fast computation of (2) is obtained thanks to the follow-
ing result. (the proof can be find in [7])

Lemma 1: 1- Let R be a d-rank hermitian matrix spanned
by the column vectors p1, . . . ,pd, then the eigendecomposi-
tion of R is given by R = EDEH , where D = diag(λ1 . . . λd)



and E = [e1 . . . ed] are computed by

E = PT

P
△
= [p1 . . .pd]

M = (PHP)−1PHRP = TDT−1

2- Let N = I + EDEH where E is orthonormal. Then, an
inverse square root of N is given by

N− 1
2 = I + ED

′

EH

where

D
′

= diag(
1√

1 + λ1

− 1 . . .
1√

1 + λd

− 1)

By applyingLemma 1 to WH(i) (see appendix for details),
we get the Orthogonal version of MCA-Oja summarized in
Table 1.

y(i) = WH(i − 1)x(i)
z(i) = Ly(i)
zp(i) = W(i − 1)y(i)
R = β2(‖x(i)‖2z(i)zH(i) + ‖zp(i)‖2y(i)yH(i)−

xH(i)zp(i)z(i)yH(i) − zH
p (i)x(i)y(i)zH(i))

P = [y(i) z(i)]
M = (PHP)−1PHRP

eig(M) = Tdiag(λ1, λ2)T
−1

E = [e1 e2] = PT

Σ = diag( 1
‖e1‖ , 1

‖e2‖ )

E
′

= EΣ
△
=

h
e
′

1 e
′

2

i
T

′

= TΣ

τ1 = 1√
1+λ1

− 1 τ2 = 1√
1+λ2

− 1

T
′−1 =

�
t11 t12
t21 t22

�
Ep = W(i − 1)E

′ △
= [ep1 ep2 ]

p = (τ1 + β(1 + τ1)t11t12)ep1+
β(1 + τ1)t11t22ep2 − β(1 + τ1)t12x(i)

q = (τ2 + β(1 + τ2)t21t22)ep2+
β(1 + τ2)t21t12ep1 − β(1 + τ2)t22x(i)

W(i) = W(i − 1) + pe
′H
1 + qe

′H
2 .

Table 1. The MCA-OOja.

3. MCA-OJA USING HOUSEHOLDER
TRANSFORM

In terms of orthogonality errors, the MCA-OOja algorithm
guarantees the orthogonality of the minor subspace at each
iteration. This insures much more stability to the algorithm
compared to its original version given by (1). However
this improvement doesn’t mean absolute stability and the
algorithm remains sensitive to numerical rounding errors.

This can be shown by theoretical derivation using a similar
analysis to that in [8] and is illustrated here by the simula-
tion example of Figure 2 To mitigate the effect of round-
ing errors, we propose to use the numerically well-behaved
Householder orthogonal matrices [9]. To this end, we proved
the following result:

Lemma 2: The updating equation of the weight matrix given
by Table 1, can be reformulated as:

W(i) = H1(i)H2(i)W(i − 1) (3)

Where H1(i) and H2(i) are the Householder transforms
given by

H1(i)
△
= I − 2u(i)uH(i).

H2(i)
△
= I − 2v(i)vH(i).

Where u(i) (resp. v(i)) is the principal left singular eigen-
vector of R

△
= W(i) − W(i − 1) (resp. of H1(i)W(i) −

W(i − 1)).

The fast computation ofu(i) and v(i) of order O(n) is
given in Table 2 (see appendix for details).
Hence, MCA-OOjaH (H stands for Householder) algorithm
can be obtained by adding the equations of Table 2 to the
previous table excluding the updating equation of the minor
subspace weight matrix. In table 2, we used the notation
Z(:, 1) to denote the first column vector ofZ, w1(i − 1) to
denote the first column vector ofW(i−1) ande

′∗
1 to denote

the complex conjugate ofe
′

1.

Q = [p q]

Λ =

�
λ11 λ12

λ21 λ11

�
△
="

‖e
′

1‖
2‖p‖2 + e

′H
1 e

′

2q
Hp e

′H
2 e

′

1‖p‖
2 + ‖e

′

2‖
2qHp

‖e
′

1‖
2pHq + e

′H
1 e

′

2‖q‖
2 e

′H
2 e

′

1p
Hq + ‖e

′

2‖
2‖q‖2

#
Q2

△
= [λ11p + λ12q λ21p + λ22q]

Rq = (QHQ)−1QHQ2

eig(Rq) = T1diag(λq1
, λq2

)T−1
1

H = [h1 h2] = QT1

u =
h1

‖h1‖

Z(:, 1) = 2u(uHpe
′∗
1 (1) + uHpe

′∗
2 (1) + uHw1(i − 1))

− pe
′∗
1 (1) − qe

′∗
2 (1)

v =
Z(:,1)

‖Z(:,1)‖

W(i) = (I − 2uuH)(I − 2vvH)W(i − 1)

Table 2. The MCA-OOjaH.

The Householder MCA-OOja becomes numerically very
stable, as illustrated by the simulation results of Figure 2.

4. MCA-PASTD

Oja-type algorithms are relatively slow in terms of conver-
gence rate. PASTd algorithm is (usually a faster) alterna-
tive approach based on power iteration in conjunction with



projection approximation. In [2], a PASTd algorithm with
orthogonalization has been proposed for the MCA. Its com-
plexity is of orderO(np2) due to the Gramm Schmidt or-
thogonalization step (see Table 3), we refer to this algorithm
by MCA-PASTd-np2. We propose here a modified version
of the algorithm in [2] that insures the orthogonality of the
weight matrix with a complexity order ofO(np). The main
idea is expressed by the following result:

Lemma 3: Let consider the algorithm in Table 3 (without
the Gramm Schmidt orthogonalization) where, at each iter-
ation i, we modify the weight matrix

W(i)
△
= [w1(i) . . .wp(i)]

in such a way to satisfy:

w1(i) ⊥ wk(i) for k = 2 . . . p (⊥ stands for orthogonality)

‖wk(i)‖ = 1 for k = 1 . . . p

The weight matrix W(i)
△
=

[

w1(i) . . . wp(i)
]

is then
orthogonal i.e. WH(i)W(i) = I ∀ i.

The modified algorithm referred to as MCA-PASTD-np is
summarized in Table 4

For k = 1 . . . p

ǫk = wH
k (i − 1)x(i)

qk(i) = αqk(i − 1) + ǫ2k
Ψk = x(i) − wk(i − 1)ǫk

wk(i) = wk(i − 1) − Ψkǫk

qk(i)

If k > 1 wk(i) := wk(i) − W1:k−1(i)W
H
1:k−1(i)wk(i)

wk(i) := wk(i)
‖wk(i)‖

x(i) := x(i) − wk(i)ǫk

Table 3. The MCA-PASTd-np2.

For k = 1 . . . p

ǫk = wH
k (i − 1)x(i)

qk(i) = αqk(i − 1) + ǫ2k
Ψk = x(i) − wk(i − 1)ǫk

wk(i) = wk(i − 1) − Ψkǫk

qk(i)

If k = 1 w1(i) := w1(i) − W2:p(i − 1)WH
2:p(i − 1)w1(i)

wk(i) := wk(i)
‖wk(i)‖

χk = wH
k (i)x(i)

x(i) := x(i) − wk(i)χk

Table 4. The MCA-PASTd-np

5. SIMULATIONS

To assess the performance of our algorithms, we calculate
the ensemble average of the performance factors

ρ(i) =
1

p.r0

r0
∑

r=1

‖Wr(i) − E2‖2 (4)

η(i) =
1

r0

r0
∑

r=1

‖WH
r (i)Wr(i) − I‖2

F (5)

where the number of algorithm runs isr0 = 100, r indi-
cates that the associated variable depends on the particular
run. ‖.‖F denotes the Frobenius norm, andE2 is thenxp

matrix of thep minor eigenvectors. The first performance
index ρ measures the averaged estimation accuracy of the
eigenvectors while the second performance indexη mea-
sures the orthogonality of the weight matrix. Note that, as
the eigenvectors are estimated up to a phase indeterminacy,
we remove this ambiguity (by forcing the first entry of each
eigenvector to be positive) before the comparison in (4).
In the simulation experiment, we have considered aniid

sequence ofn-dimensional (withn = 4) random vectors
x(i). The random sequence is generated using a zero mean
Gaussian-distribution with positive definite covariance ma-
trix C that is generated randomly at each run.
We extract here thep = 2 least eigenvectors ofC using the
proposed Oja-type methods with a step sizeβ = 0.01 and
the PASTd method with a forgetting factorα = 0.99.
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Fig. 1. Performance of MCA-Oja

Fig.1 shows the instability of MC-Oja. The algorithm
diverges very quickly if no orthogonalization is performed.
The orthogonalization step is necessary when we analyse
the minor component.
In Fig.2, we compare the performance of MC-OOja with
MC-OOjaH. We can see clearly the improvement of the nu-
merical stability when we use Householder transform.
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Fig. 4. Performance of MCA-PASTd-np and MCA-OOjaH

Fig.3 shows the effect of the modification of MC-PASTd.
The reduction of computational complexity fromO(np2) to
O(np) slows down slightly the convergence rate.
In Fig.4, we compare the performance of MC-OOjaH with
MC-PASTd-np. As we can see, MC-OOjaH behaves better
than MC-PASTd-np.

6. APPENDIX

6.1. Orthogonalization

To compute (2), we use the updating equation ofW(i).
Keeping in mind thatW(i−1) is now an orthogonal matrix,
we have (we omit the indexi for simplicity)

N
△
= WH(i)W(i)

= I + β2(‖x‖2zzH + ‖zp‖2yyH − (xHzp)zy
H

−(zH
p x)yzH)

= I + R

R is a rank-2 Hermitian matrix and hence one can apply
Lemma 1 result to obtain its fast eigendecomposition and
to compute the inverse square root ofN according to the
following steps:

P = [y z]

M = (PHP)−1PHRP

M = Tdiag(λ1, λ2)T
−1

E = PT = [e1 e2]

As the eigenvectorsT are computed up to scalar factors,
one needs to normalize the columns ofE to force it to be
unitary,i.e.

Σ = diag(
1

‖e1‖
,

1

‖e2‖
)

E
′

= EΣ and T
′

= TΣ

Now, according toLemma 1, we have

N
−1
2 = I + E

′

D
′

E
′H (6)

where

D
′

= diag(
1√

1 + λ1

− 1,
1√

1 + λ2

− 1)

= diag(τ1, τ2) (7)

By substituting (6) into (2) we obtain

W(i) := W(i − 1) + τ1W(i − 1)e
′

1 − βτ1z
He

′

1x +

βτ1y
He

′

1W(i − 1)z)e
′H
1 + τ2W(i − 1)e

′

2

−βτ2z
He

′

2x + βτ2y
He

′

2W(i − 1)ze
′H
2

−βxzH + βW(i − 1)zyH (8)



Using the orthonormality ofE
′

(i.e.,E
′HE

′

= I) we obtain
(T

′−1 = E
′HP). Hence, we can write

T
′−H =

[

t11 t12
t21 t22

]H

=

[

yHe
′

1 yHe
′

2

zHe
′

1 zHe
′

2

]

(9)

Also, by developingP = E
′

T
′−1 we get

y = t11e
′

1 + t21e
′

2 (10)

z = t12e
′

1 + t22e
′

2 (11)

Finally, if we replace the results obtained in (9), (10) and
(11) into (8) we obtain

W(i) = W(i − 1) + pe
′H
1 + qe

′H
2 (12)

Where

p = (τ1 + β(1 + τ1)t11t12)ep1
+ β(1 + τ1)t11t22ep2

−β(1 + τ1)t12x

q = (τ2 + β(1 + τ2)t21t22)ep2
+ β(1 + τ2)t21t12ep1

−β(1 + τ2)t22x

Ep = WE
′ △

= [ep1
ep2

]

6.2. Householder

As stated byLemma 2, u is calculated as the principal left
singular eigenvector of

Q
′

= W(i) − W(i − 1) (13)

whereQ
′

= QEH = pe
′H
1 + qe

′H
2 .

Equivalently,u can be seen as the principal eigenvector of
the rank2 Hermitian matrix

R = Q
′

Q
′H

This can be done by usingLemma 1 results as follows:

Q = [p q]

R2 = (QHQ)−1QHRQ = (QHQ)−1QHQ2

where

Q2 = [λ11p + λ12q λ21p + λ22q]

Λ =

[

λ11 λ12

λ21 λ11

]

=

[

‖e′

1‖2‖p‖2 + e
′H
1 e

′

2q
Hp e

′H
2 e

′

1‖p‖2 + ‖e′

2‖2qHp

‖e′

1‖2pHq + e
′H
1 e

′

2‖q‖2 e
′H
2 e

′

1p
Hq + ‖e′

2‖2‖q‖2

]

The principal eigenvector ofR are given byH = QT1 =
[h1 h2], T1 being the eigenvector matrix ofR2, i.e.

eig(R2) = T1diag(λq1
, λq2

)T−1
1 .

Note that both principal eigenvectors ofR can do the
job, i.e. one can choose randomlyu = h1

‖h1‖
or u = h2

‖h2‖
.

Now, onceu is computed, we can observe that

Z = H1W(i) − W(i − 1) = −2vvHW(i − 1)

is a rank-1 matrix. All column vectors of the previous ma-
trix are equal tov (up to scalar constant). Hence, it is suf-
ficient to compute only its first column vectorZ(:, 1) and
takev as its normalized version,i.e. v = Z(:,1)

‖Z(:,1)‖ .

This leads to the updating equation in Table 2.
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