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ABSTRACT

We propose a Bayesian test to assess the statistical depen-
dence when only a small number of samples are available.
Our procedure converts the problem of independence test
to a parametric one through quantization and computes the
likelihood of the observed cell counts under the indepen-
dence hypothesis where the marginal cell probabilities are
modeled by independent symmetric Dirichlet priors. We
tested the ability of our Bayesian test in validating the solu-
tions to the problem of blind source separation. The exper-
imental results indicate that while the standard parametric
method frequently fails to distinguish the case of indepen-
dent signals from dependent ones due to the deviation of
the test statistic from its desired distribution, our approach
can overcome the scarcity of data samples with a proper
selection of the prior parameters to achieve a significantly
superior performance.

1. INTRODUCTION

Recently, many independent component analysis (ICA) al-
gorithms have been successfully developed to solve the prob-
lem of blind source separation (BSS) in the basic case of
time-invariant, instantaneous and linear mixing process. It
has been observed that their performance may deteriorate
when the source signals have some particular distributions
or if the number of available samples is very limited [1, 2].
The later situation may arise, for instance, if the mixing ma-
trix varies during source emission such that the basic BSS
model can only remain a good approximation within a rela-
tively small block of observed samples. Therefore, design-
ing an independence test for small dataset offers the possi-
bility to validate in an unsupervised fashion (i.e. with little
or no knowledge on the sourcess and the mixing process)
the estimated solutions to the BSS problem. Many nonpara-
metric tests have been proposed and they are based on the
discrepancy between the joint and the product of marginal
statistical quantities [1, 3, 4, 5, 6]. They typically require a
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substantial amount of computation and data samples to yield
reliable estimates and assume unique statistical distribution
for each source, which considerably limits their application
to non-iid signals. In contrast, the parametric approaches re-
duce the problem complexity by transforming the observed
data into a table of cell counts [7, 8, 9, 10]. In [2], we exam-
ined the application of different independence tests to the
problem of validating the BSS solutions. We observed that
the parametric tests are numerically simpler to implement
and their application may be extended to some non-iid sig-
nals. However, their use also requires a sufficient number of
samples to avoid sparseness, which typically occurs when
the amount of observed samples is limited or when the ta-
ble size increases (e.g. the number of sources in presence
is large). Here we present a new Bayesian test of indepen-
dence to cope with small datasets. The new approach quan-
tizes the original data into a table of cell counts and exploits
the prior information embedded in the parameters that char-
acterize the cell counts to evaluate the test statistic.

2. BAYESIAN TEST STATISTIC

2.1. Formulation

The implementation of a Bayesian parametric test of in-
dependence requires the samples from all variables being
quantized into a number of level sets and a prior distribu-
tion π over the parameters defining the parametric model for
the joint probability of observing those quantized samples.
Let us first define N as the number of signals and L as the
number of observed samples. In the bivariate case (N=2),
we uniformly quantize the L observed values of each vari-
able into q levels {xi}

q
i=1, {yi}

q
i=1. We further define pij

as the probability that a pair of sample is quantized to the
cell (xi, yj) and Nij , nij as the random variable and the
observed value for the number of occurrences of data sam-
ples being discretized as (xi, yj). Typically, the {Nij} fol-
low the multinomial distribution [9, 10] and the cell counts
{nij} may be represented by a q×q table T with q2 cells. To
build the Bayesian test statistic, a prior distribution π should
be selected for the first-order marginal probabilities which



can be easily derived from the cell probabilities {pij}:

pi+ =

q
∑

j=1

pij , p+j =

q
∑

i=1

pij , i, j = 1 . . . q. (1)

The new test statistic Σ is defined as the probability of
observing the cell counts {nij} under the independence hy-
pothesis H0:

Σ({nij}) = P ({Nij = nij} | H0). (2)

A small Σ implies a low probability of observing the data
{nij} under H0, thus suggesting that the signals are not sta-
tistically independent. The Bayesian test of independence
consists of rejecting H0 if Σ({nij}) < τγ , where the thresh-
old τγ is determined so as to achieve the desired signifi-
cance level γ. The quantity in (2) is computed by averaging
over all possible distributions of the marginal cell proba-
bilities. We choose to model the prior of both vectors of
marginal cell probabilities p1 = (p1+ p2+ . . . pq+), p2 =
(p+1 p+2 . . . p+q) by the Dirichlet distribution which may
be regarded as the conjugate prior of the parameters of a
multinomial distribution. The Dirichlet distribution is char-
acterized by a vector parameter α which is commonly de-
composed as the product of a positive scalar s and a prob-
ability vector t=(t1 . . . tq)

T such that 0 < t1, . . . , tq < 1
and

∑q

i=1 ti=1. The vector t and the scalar s are respec-
tively called the prior cell probability vector and the prior
strength. The prior cell probability vector t expresses our
initial assumption about the true cell probabilities associ-
ated to the table of cell counts while the prior strength s

indicates the number of (hypothetical) samples that support
the claim on the choice of the vector t. Typically, most
of the objective Bayesian methods for a fixed number of
data samples arising from a multinomial distribution use the
symmetric Dirichlet priors [11] where all the entries of the
vector t are equal to 1/q.

2.2. Test implementation

Let us define S1,S2 as the (q-1)-dimensional simplex do-
mains associated to p1 and p2, respectively. Under the hy-
pothesis of independence H0, pij is equal to pi+p+j , hence
the test statistic Σ({nij}) in (2) can be written as

∫

S1×S2

L!
∏q

i,j=1 nij !

q
∏

i,j=1

(p1ip2j)
nij f(p1,p2) dp1dp2.

(3)
where f is the joint distribution for p1 and p2. By model-
ing p1,p2 as independent symmetric Dirichlet vectors with
prior parameters α1, α2, (3) can be decoupled as the prod-
uct of two integrals, each with respect to one set of marginal
probabilities in virtue of the product factorization provided

by the independence hypothesis. Using the definition of
Dirichlet distribution, one obtains

Σ({nij}) =
L!

∏q

i,j=1 nij !
(

Γ(s)

Γ(s + L)
)2×

q
∏

i=1

(Γ(α1i + n+i)

Γ(α1i)

)

q
∏

j=1

(Γ(α2j + n+j)

Γ(α2j)

)

.

(4)

where Γ(·) is the Gamma function and αij is the jth com-
ponent of the vector αi. The variables ni+, n+j are the
first-order marginal counts by analogy to pi+, p+j and they
can be readily computed using (1) by substituting nij for
pij . The extension of (4) to the multivariate case is straight-
forward. We note that the typically very small value of
Σ({nij}) is best evaluated through its logarithm. In addi-
tion, the computation of (4) can be greatly simplified by
choosing s as an integer multiple of q. Finally, the test
threshold τγ is estimated from the empirical distribution of
Σ({Nij}), where the counts {Nij} are random variables
that arise from a multinomial distribution with parameters
given by the products of Dirichlet marginal cell probabili-
ties. In practice, τγ is evaluated by repeatedly generating iid
Dirichlet marginal prior vectors in order to compute {pij}.
For each configuration of the cell probabilities, a realiza-
tion of {Nij} is then performed and the test statistic com-
puted. The threshold is obtained from the tail distribution
of Σ({Nij}) with the appropriate value of γ.

3. RESULTS

3.1. Experimental setup

We examine the performance of the Bayesian test in the con-
text of unsupervised validation of the BSS solutions. The
model under consideration consists of a time-invariant, in-
stantaneous and linear mixing process without noise. We
recall that although this simple model does not hold in gen-
eral throughout the entire signal duration, it can be consid-
ered as a fairly good approximation over a small time dura-
tion, which typically corresponds to a small amount of ob-
served dataset. Formally, the mixing process is represented
by a full rank M -by-N constant mixing matrix A (M ≥ N )
and the sources samples by an N -by-L matrix S. The ob-
served mixtures are given by the matrix product X = AS.
The BSS problem is solved by finding an N -by-M demix-
ing matrix W such that the rows of the matrix Y = WX

form an estimate of the original data stored in S up to some
row-wise scalar multiplication and permutation:

Y = WX = WAS = CS (5)

The N -by-N square matrix C = WA is commonly called
the global transfer matrix. We apply both the Bayesian test



and the standard χ2-based test using the power divergence
(PD) family of test statistics [9] with parameter λ=2/3 on
the quantized version of the data in Y with three levels of
quantization for each signal (q=3). The degree of statistical
dependence among the recovered signals is controlled by
the so-called index of minimum signal-to-interference ratio
(MSIR) [12] that measures the quality of source separation
using the worst-case energy ratio between each of the recov-
ered signal and the residual interference level from other re-
covered signals. Typically, an MSIR index above 30dB sig-
nifies successful separation whereas an MSIR index below
5dB entails unsatisfactory demixing results. We compare
the two tests based on their rejection rate of the indepen-
dence hypothesis for different combinations of the parame-
ters γ, s, and MSIR. Three values of γ are considered: 5%,
1% and 0.1%. Ideally, at low MSIR (typically smaller than
5dB) the rejection rate should be close to 100%. As the
MSIR index increases, the rejection rate should diminish
and approach γ in virtue of the definition of the significance
level.

3.2. Performance evaluation

We simulate different scenarios of demixing results by vary-
ing the MSIR index from 0 to 40dB. For each value of
MSIR, 10,000 pairs of global transfer matrices and indepen-
dent sources (C, S) are randomly and independently gen-
erated. The source samples have iid uniform distribution
U(−0.5, 0.5) and each generated source sequence has zero
mean. The entries of C are iid uniformly distributed in the
interval [-1,1] and selected so that C remains invertible. Ta-
bles 1 shows the rejection rate ρ versus MSIR for both the
PD test and the Bayesian test (with different values of s) in
the case of six sources (N=6), q=3 and L=200. The PD-
based test performs very poorly at low MSIR since ρ is al-
ways close to 0. This result is explained by the sparseness
of the cell counts which causes a large deviation of the PD
test statistic from its desired distribution. In contrast, our
new test shows considerable improvement using the same
amount of data samples; with as few as 200 samples and a
properly selected prior strength s (ranging from 720 to 900),
the rejection rate is almost 100% at low MSIR and close to
the significance level at high MSIR.

The result from Table 1 shows that a properly chosen
prior parameter can effectively compensate for the scarcity
of data samples and enable the Bayesian test to validate the
solutions to the BSS problem with a considerably higher ac-
curacy. Moreover, we observe that the total prior strength s

has an important effect on the test behavior. Overall, choos-
ing a small value of s leads to a higher rejection rate of the
independence hypothesis and vice versa. In the context of
validating the solutions to the BSS problem, the choice of s

may depend on whether the emphasis is to detect unsuccess-
ful (dependent signals) or successful (independent signals)

Table 1. Rejection rate (%) of the independence hypothesis ver-
sus MSIR (dB) at different significance level γ. First row: standard
chisquare-based PD test. Second to sixth rows: Bayesian test with dif-
ferent values of the prior strength s ranging from 120 to 900 (N=6,
q=3 and L=200).

MSIR (dB) γ = 5% γ = 1% γ = 0.1%

PD

0 0.08 0 0
10 0 0 0
20 0 0 0
30 0 0 0
40 0 0 0

120

0 100 99.64 97.84
10 85.04 55.78 22.74
20 57.14 22.12 4.54
30 53.16 18.22 2.96
40 52.58 18.40 3.50

300

0 99.48 97.72 91.48
10 46.78 22.92 6.94
20 16.58 4.82 0.72
30 13.44 3.62 0.44
40 13.58 3.36 0.40

600

0 98.68 95.16 87.88
10 32.86 14.24 4.96
20 8.68 2.28 0.18
30 6.68 1.72 0.26
40 7.02 1.50 0.24

720

0 98.40 94.90 82.18
10 29.19 11.90 2.08
20 7.96 1.66 0.12
30 5.38 0.94 0.08
40 6.10 1.16 0.08

900

0 98.28 94.58 84.90
10 28.94 11.28 2.88
20 6.04 0.92 0.06
30 5.38 1.18 0.08
40 5.22 0.96 0.12

demixing solutions. A smaller s leads to a more stringent
test threshold, therefore a lower probability of missing un-
successful demixing at the expense of a higher probability
of rejecting suitable solutions.

4. CONCLUSION

We proposed a parametric Bayesian test of statistical inde-
pendence that can perform unsupervised validation of the
solutions to the basic blind source seapration problem when
only a small dataset is available. The new algorithm ad-
dresses the issue that the standard approaches fail in this
case due to an inaccurate assessment of the source statis-
tical models or the parameters used by the test statistics.
Our procedure first converts the observed data to a table of
cell counts. It computes the likelihood of observing these
cell counts assuming that the signals are independent and
the marginal cell probabilities have prior iid Dirichlet dis-
tribution. We derived the test statistic in closed form and
computed the test threshold through simulation. The exper-
imental results indicate that provided an adequately chosen
prior parameter, our new method can overcome the scarcity
of data samples and significantly outperform the standard
chi-square test.
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