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ABSTRACT

We propose a novel multiscale segmentation algorithm based
on an extension of stabilized inverse diffusion equations [10].
The new algorithm is capable of processing vector-valued
images defined on arbitrary graphs. We illustrate it through
segmenting texture mosaics and natural images.

1. INTRODUCTION.

Stabilized inverse diffusion equations (SIDEs) were devel-
oped in [10] for segmentation and restoration of grayscale
images and signals. The solution of such an equation is a
family of piecewise-constant coarsenings of the input data.
The forward diffusion for such an equation can be viewed as
a recursive region merging process.

Section 2 shows how to adapt SIDEs to the processing
of vector-valued images defined on arbitrary graphs, result-
ing in a region merging segmentation algorithm for such im-
ages. Possible applications, illustrated in Section 3, include
segmentation of vector-valued images consisting of features
vectors extracted from a textured image.

2. SIDES FOR VECTOR-VALUED IMAGES
DEFINED ON AN ARBITRARY DOMAIN.

We define a vector-valued image on an arbitrary finite setN
of points as any function which assigns a vector ofK real
numbers to every point inN . In our segmentation tasks, it
is important to define adjacency relationships on the points
in N , and therefore we assume thatN is the set of nodes
of an undirected graphG = (N ,L) where the set oflinks
L consists of unordered pairs of distinct nodes. If{m,n} is
a link, we say that the nodesm andn areneighbors. For
example,G could be a finite 2D rectangular grid where each
node has four neighbors: east, west, north, and south.

We letN be the total number of nodes and, without loss
of generality, denote the nodes by the integers1, 2, . . . , N ,
i.e.,N = {1, 2, . . . , N}. An imageu can be thought of as
anN×K-dimensional vector:u = (~u1, . . . , ~uN ) ∈ R

N×K ,

This work was supported in part by a National Science Foundation CA-
REER award CCR-0093105 and an NSF grant IIS-0329156.

where eachintensity vector~un = (un,1, . . . , un,K) is inR
K .

An intensity vector can, for example, be the vector of red,
green, and blue intensities for a color image, or correspond
to K features extracted from a texture image. Each entry of
an intensity vector is called achannel.

To define a metric on the spaceR
K of all intensity vec-

tors, we use the following inner product between two inten-
sity vectors~um and~un:

〈~um, ~vn〉w ∆=
K∑

k=1

um,kwkun,k, (1)

where the weightsw = (w1, . . . , wK) allow us to assign dif-
ferent relative importance to different channels of an image.
We denote the corresponding norm by‖ · ‖w.

To specify the scale-space that we use in this paper, we
need the following further definitions. We say that a set of
nodesR ⊂ N is a region if, for any two nodesm,n ∈
R, there exists a sequence of links connectingm and n.
Two regionsR1, R2 are calledneighborsif there exist two
nodesm ∈ R1, n ∈ R2 which are neighbors, i.e., such that
{m,n} ∈ L. We let NBR-PAIRS be the set of all pairs of
neighbor regions, and we letNBRS(Ri) be the set of all re-
gions that are neighbors of a regionRi.

For any partitionS = {R1, . . . , RI} of the setN of
nodes, we letUS be the set of all piecewise constant images
which are constant over each regionRi ∈ S. We use~µi(u)
to denote the intensity vector of any such imageu within re-
gionRi. Note thatUS is a vector space. To impose a metric
on this space, we define the following inner product.

〈u,v〉 ∆=
I∑

i=1

a(Ri) 〈~µi(u), ~µi(v)〉w, (2)

where〈·〉w is the inner product for the intensity vectors de-
fined in Eq. (1), and wherea(Ri) is a nonnegative weight
function which enables us to weight the contributions of var-
ious regions differently. For example,a(Ri) may encode
some information about the shape ofRi.

We consider functionalsE defined for images inUS which
have the following form:

E(u) =
∑

(Ri,Rj)∈NBR-PAIRS

b(Ri, Rj) E(‖~µi(u) − ~µj(u)‖w),
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Fig. 1: (a) The SIDE energy functionE, also encountered in the models
of [4,13]. (b) Its derivativeE′.

whereb(Ri, Rj) is a nonnegative weight function, andE(·)
is monotonically increasing on[0,+∞), with E(0) = 0.

Given an imageu(0) ∈ US , we generate a scale-space
u(t) by solving the following gradient descent procedure for
t > 0:

u̇(t) = −∇E(u(t)), (3)

whereu̇(t) is the derivative ofu(t) with respect to the scale
parametert, and∇ stands for the gradient in the spaceUS
equipped with the inner product (2). The following proposi-
tion shows how to implement this descent equation.

Proposition 1. The gradient descent procedure (3) can be
equivalently written1 as follows:

~̇µi =
1

a(Ri)

X

Rj∈NBRS(Ri)

b(Ri, Rj)
~µj − ~µi

‖~µj − ~µi‖w

·E′(‖~µj − ~µi‖w), for i = 1, . . . , I.

3. SEGMENTATION EXAMPLES.

We adopt Gabor energy features (GEF) from [5] to generate
the vector-valued feature image which serves as the initial
data for Eq. (3). We start the evolution of (3) with every pixel
being a separate region. When the intensities of two neigh-
bor regions become equal during the evolution, these two
regions get merged into one, and the gradient descent equa-
tion (3) proceeds using the new set of regions. To encourage
eventual merging of every pair of neighbor regions, we use
a SIDE energy functionE [10]—i.e., such function that its
derivativeE′ is monotonically nonincreasing on(0,+∞),
see Fig. 1. In all the experiments below, we assume that the
correct number of regions is known, and we stop the evolu-
tion when this number of regions is reached.

The functiona(Ri) that we use encourages relatively rapid
evolution of small regions. Our functionb(Ri, Rj) is the
length of the boundary betweenRi and Rj . The weights
wk are used to emphasize coarser-scale features during late
stages of the evolution.
Experiment 1: Two Textures, Straight Boundary. We
form 90 two-texture test images using all pairs of ten Bro-
datz textures [2]. Each test image is obtained by concatenat-
ing two 256 × 256 texture images. Our nonlinear diffusion
is evolved until two regions remain. Our segmentations are
very accurate, with only 0.6% of the pixels misclassified,

1Here, we abbreviate~µi(u(t)) as~µi.

on average, with 0.4% standard deviation. The worst result
among the 90 experiments is 3.6% misclassifications.
Experiment 2: Segmentation of Natural Images. Seg-
mentation of natural images is important since it is often
used as the first stage of image analysis algorithms for vari-
ous tasks such as database organization and retrieval, clas-
sification, detection and recognition of objects in images,
compression, etc. Fig. 2 illustrates the performance of our
algorithm on several images from the Berkeley segmenta-
tion dataset [1, 6]. While precise quantitative evaluation of
the performance of our algorithm on such images is beyond
the scope of this paper (indeed, analyzing the performance
of a segmentation algorithm on a natural image is a challeng-
ing open problem [6, 12]), note that these segmentations are
comparable to the ones produced by recent algorithms such
as [3,7–9,11]. Comparing to the results reported in [11], note
that our algorithm captures the outline of the small birds in
the center of the top left image while the algorithm in [11]
does not; in the church image, our algorithm accurately cap-
tures the outlines of the two crosses while the algorithm
in [11] does not. Our segmentations of the leopard and bear
images are very similar to [11]; on the other hand, in the deer
image the algorithm in [11] is able to segment the legs of the
small deer while our algorithm is not.
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Fig. 2: Segmentation of natural images from the Berkeley segmentation dataset [1,6].


