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ABSTRACT

We apply the framework of multitree dictionaries introduced
in [7, 8], to design a novel image coder based on lapped or-
thogonal bases of local cosines. We show that our image
coder outperforms both the quadtree-based approach of [13]
and SPIHT [16] for textured images.

1. INTRODUCTION

A number of research efforts have recently concentrated on
developing adaptive algorithms for representing and approx-
imating signals in overcomplete dictionaries. This paper ad-
dresses thebest basis problem—or, more generally, thebest
representation problem: given a signal, a dictionary of repre-
sentations, and an additive cost function, the aim is to select
the representation from the dictionary which minimizes the
cost for the given signal. This paradigm has been success-
fully used for problems in compression [7, 10, 13, 15], esti-
mation [3,4,9,14], and time-frequency (or space-frequency)
analysis [5,6,8].

The original papers on best basis search [2] considered
the wavelet packet bases and bases of local cosines on dyadic
intervals. In each of these two cases, all the bases in the dic-
tionary can be organized using a single tree: a dyadic tree in
1-D and a quadtree in 2-D. This organization was exploited
in [2] to devise a fast recursive tree pruning algorithm to find
the best basis for any additive cost function.

Since then, a number of efforts [1,4,5,10] have sought to
lift the restrictions that a fixed dyadic/quadtree structure im-
poses on the underlying dictionary. In the present paper, we
build on one such effort reported in [7, 8] where we devel-
oped a new framework of multitree dictionaries. We use this
framework to design a novel image coder based on lapped
orthogonal bases of local cosines. We apply our image coder
to the compression of textured images and show that our new
coder outperforms both the quadtree-based coder of [13] and
SPIHT [16].

This work was supported in part by a National Science Foundation
(NSF) CAREER award CCR-0093105 and an NSF grant IIS-0329156.

2. BACKGROUND

2.1. Best Basis Search Problem.

The general best basis search problem is formulated, for ex-
ample, in [2, 11]. We consider a dictionaryD that is the
union of orthonormal bases forCN , D =

⋃
λ∈Λ

Bλ, where

each basisBλ is a family ofN vectors,Bλ = {gλ
m}1≤m≤N .

The cost of representing a signalf in a basisBλ is defined
as

C(f,Bλ) =
N∑

m=1

Φ
( |〈f, gλ

m〉|2
||f ||2

)
, (1)

whereΦ is application dependent. Any basis which achieves
the minimum of the costC(f,Bλ) over all the bases in the
dictionary, is called the best basis.

2.2. Local Cosines.

A local cosine family [12] is defined using cosine functions
multiplied by overlapping smooth windows. For each dis-
crete interval[u, v−1] ⊂ Z of lengtha = v−u, we define a
window functionβu,v which gradually ramps up from zero
to one aroundu and goes down from one to zero around
v − 1:

βu,v(t) =
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where the parameterη ∈ R controls how fast the window
tapers off, andr is a monotonically increasing profile func-
tion. We always setu − v ≥ 2η. Following [12], we define
the discrete local cosine familyBu,v as follows:

Bu,v =

{
βu,v(n)

√
2√

v − u
cos

π(k + 1
2 )(n − (u − 1

2 ))
v − u

}v−u−1

k=0

,

wheren ∈ Z is a discrete parameter. It can be shown [12]
that this set of signals is orthonormal. A 2-D orthonormal
local cosine familyBP can similarly be defined for any rect-
angular domainP .



3. MULTITREE DICTIONARIES AND IMAGE
COMPRESSION.

3.1. A Multitree Local Cosine Dictionary.

We consider all images supported on a discrete rectangular
domainQ ⊂ Z

2. Any partitionλ = {P1, P2, . . . , Pd} of
this domain into rectangular tilesP1, P2, . . . , Pd where each
tile is larger than2η× 2η, induces the 2-D local cosine basis
Bλ = BP1∪BP2∪. . .∪BPd

. We restrict our choice of tilings
to those which can be obtained by recursively splitting rect-
angles into pairs of subrectangles. Such a splitting process
can be represented as a binary tree whose root corresponds
to the entire image and whose every node corresponds to a
unique rectangular region of the image. The resulting local
cosine dictionary which consists of all the bases correspond-
ing to all such tilings, is easily shown to be a multitree dictio-
nary [7]. The problem of finding the global minimum of the
costC(f,Bλ) (Eq. (1)) can therefore be efficiently solved
using our search algorithm presented in [7].

3.2. A New Image Coder.

To obtain our new image coder, we fuse our best local cosine
basis search with several aspects of the compression strategy
in [15]. The input image is partitioned into square blocks;
for each block, the optimal tilingλ∗ is found, and every
tile is encoded. When looking for the best tiling, we opti-
mize with respect to the rate-distortion cost [15]Dλ + γRλ,
whereRλ is the number of bits it takes to encode the im-
age if we use the tilingλ, Dλ is the total distortion, andγ
is a parameter. In order to use the optimal search algorithm
of [7], we assume that the costDλ + γRλ has the form (1):
Dλ +γRλ =

∑
P∈λ

(D(P )+λR(P )), whereD(P ) andR(P )

are the distortion and rate, respectively, for the tileP , and the
summation is performed over all the tiles in the tiling. For
each tile, we follow a procedure outlined in [7] which finds
the local cosine coefficients, quantizes, and entropy-codes
the coefficients, and also codes the structure of the optimal
tree. If several different quantization strategies are avail-
able for each tile, we can use the algorithm of [7] to choose
the best quantization strategy concurrently with choosing the
best tiling. Note also that the iterative procedure described
in [15] can be used to adjustλ so as to minimizeD subject
to a fixed bit budget, and a similar procedure can be used to
minimize the rate subject to a fixed distortion.

3.3. Examples

Feasibility of local cosine best basis compression for tex-
tured images was shown in [13] where a quadtree-based al-
gorithm was developed for extracting the best local cosine
basis. It was demonstrated in [13] that the resulting image
coder outperforms SPIHT [16]—which is a state of the art

embedded wavelet coder—on highly textured images. Our
algorithm provides more flexibility in the choice of tilings,
and therefore outperforms the algorithm of [13], as shown
in Fig. 1. We use three512 × 512 images from [13]: “fin-
gerprint,” “Barbara,” and “clown,” shown in the top row of
Fig. 1. Rate-distortion curves are plotted in the middle row
of the figure; in addition, the bottom row shows these curves
with rates as percentages of the rate achieved by our algo-
rithm. For the “fingerprint” and “Barbara” images, our al-
gorithm typically achieves about 5% more compression than
the quadtree-based algorithm of [13] and up to 35% more
compression than SPIHT. For the “clown” image which, as
remarked in [13], is more wavelet-friendly, our algorithm
performs similarly to SPIHT (except for very low bit rates
where SPIHT is significantly better) and outperforms the
quadtree-based algorithm of [13] by 5-20%.
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Fig. 1: Top row: three images; middle row: rate-distortion curves for these images, for our algorithm (dotted line with triangles), the algorithm in [13]
(dashed line with stars), and SPIHT (solid line with circles); bottom row: rate-distortion curves with bit rates as percentages of the bit rate for ouralgorithm.


