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ABSTRACT

In this paper, direction of arrival (DOA) tracking
of an unknown number of sources in a highly non-
stationary environment is considered. Conventional
DOA estimation techniques, such as MUSIC, fail when
the stationarity assumption is violated. Furthermore,
the time-varying number of sources makes the problem
even more challenging. Recently, a particle filtering
approach, which propagates the approximate posterior
of the target states and then adopts a reversible jump
Markov chain Monte Carlo (RJMCMC) diversity step
to resolve the number of targets, was proposed. How-
ever, this algorithm is sensitive to incorrect model order
initialization.

In this paper, we propose a new algorithm for track-
ing an unknown number of sources based on the prob-
ability hypothesis density (PHD) filter, which propa-
gates only the first moment of the joint posterior dis-
tribution of targets in terms of particles, as a computa-
tionally efficient alternative to the RIMCMC method.
The PHD algorithm provides an automatic way to es-
timate the number of sources, eliminating the need for
a separate model order initialization or update step,
which is typically the source of problem in particle-
filtering based methods. In addition to the fact that the
PHD implementation is simple, simulation results show
that, the PHD implementation yields superior perfor-
mance over the other method.

Keywords: array signal processing, direction of
arrival tracking, Bayesian estimation, particle filters,
PHD filters.

1. INTRODUCTION

The problem of DOA tracking of multiple moving tar-
gets using passive sensor arrays has many applications
in communications and signal processing, such as radar,
sonar and biomedical engineering to name a few. Nu-
merous DOA estimation techniques that focus on high
resolution techniques can be found in the literature

[10, 12]. The accuracy of such techniques depends
on the accuracy of the temporal averages taken over
the samples and the knowledge of the exact number of
sources. In practice, many applications require DOA
tracking of an unknown number of dynamic sources
where the temporal averages are no longer accurate.

Recently, new methods were developed to track (a
known number of) moving targets assuming that the
targets are piece-wise stationary [2, 4]. However, these
methods fail to track rapidly moving targets and they
do not address the more general problem of unknown
number of sources. Since the state-space model in
DOA tracking is non-linear, extended Kalman filter-
ing (EKF) [1] techniques, which consider a Taylor se-
ries approximation of the state space, can be used to
track the unknown states. However, these techniques
are known to fail in many scenarios [8]. In such scenar-
ios, Bayesian techniques like the particle filter, which
propagate the posterior of the unknowns in the form of
a histogram, provide a better solution.

Bayesian techniques cannot be used to propagate
the posterior if the dimension of the model is time-
varying (without the additional step to update the model
order and re-initialize). Finite set statistics (FISST)
provide a solution for the above problem [3, 6]. How-
ever, FISST is a computationally expensive method.
In [5], a particle filtering approach, which propagates
an approximate posterior of the unknown states, fol-
lowed by an RJIMCMC step to resolve the number of
targets was proposed. The RJMCMC step adds ad-
ditional computational load to the algorithm that is
already burdened by the need to calculate the (approx-
imate) full posterior of the states.

In this paper, we transform DOA tracking into a
multi-target tracking problem where observations from
the targets are independent of each other. We propose
the use of discrete Fourier transform (DFT) technique
to find a coarse estimation of the DOAs to be used as
observations from the targets. The problem of data
association as well as that of the unknown number of



sources are addressed together by using the PHD fil-
ter. It propagates the first moment of the multi-target
posterior, known as the probability hypothesis density
(PHD), which is defined over the state space of one
target. The PHD has local maxima at the expected lo-
cations of the target states. Hence, target locations can
be obtained from the PHD. Further, the PHD holds a
nice property that the integral of the PHD over the
state space is the expected number of targets. Hence,
the PHD filter [7] is found to be a computationally ef-
ficient alternative to the FISST method of propagating
the full posterior. Further, the PHD formulation does
not need any ad-hoc techniques, as in the case of RJM-
CMC method, to resolve the number of targets.

The rest of this paper is organized as follows. Sec-
tion 2 formulates the DOA tracking problem. Section
3 introduces the state space model used in our pro-
posed method. Section 4 reviews the PHD filter track-
ing scheme. Simulation results to demonstrate the per-
formance of the proposed algorithm are given in Section
5.

2. PROBLEM FORMULATION

Consider a uniform linear array of M sensors. At time
t, let ¢;(t), i = 1,2,..., K(t) be the directions of ar-
rival of K (t) narrow band sources that are in the far-
field of the array and let the corresponding amplitudes
of the K(t) sources be a;(t), i = 1,2,...,K(t). The
transmission medium is assumed to be isotropic and
non-dispersive.

The steering vector corresponding to the kth source
is given by

s(d (t)) — [e—j(wo/c)dl sin m-(t)7 e~ J(wo/c)dz sin ¢k(t),
., e—j(’wo/c)dju sin ¢k(t)]T (1)

where d,,, m = 1,2,..., M, is the position of the mth
sensor, c¢ is the velocity of propagation, and wq is the
center frequency of the narrow band sources.

The states to be estimated are assumed to evolve
as follows:

¢i(t) = ¢i(t —1)+ov(t) (2)
a;(t) ~ N(O,Jgi) (3)

where v(t) is an i.i.d Gaussian noise sequence with zero
mean and unity variance while o2 is the corresponding
process noise covariance, and agi is the amplitude vari-
ance.

The array observation vector y(t), which is com-
posed of the incident signals from the K (¢) distinct

sources embedded in Gaussian noise, is given by

K(t)

y(t) = D s(dn(®)ar(t) + ouw(t) (4)

k=1

where, w(t) is an i.i.d Gaussian noise vector with zero
mean and unit variance while o2 is the corresponding
process noise covariance. The noise variances, o2 and
o2 are assumed unknown.

Let us introduce a vector of the parameters describ-
ing the model

Ol:t é (¢1:t,a1:t7K1:taO—12;70—12u) (5)

where x1.; indicates all the elements from z(1) to x(t),
d(t) = [61(t), P2(t), - .., dx (o) ()]T, and a(t) = |as(t),
az(t), ..., ax@) ®)"

Our objective in this paper is to track the DOAs
as well as the amplitudes of the sources, hence, all the
other parameters are considered unwanted or nuisance
parameters. They could either be estimated or inte-
grated out [5]. One way to get rid of the nuisance
parameters is to numerically marginalize the posterior
distribution, p(01.t|y;.;), with respect to those param-
eters. However, such integration will result in higher
computational requirement. In [5], assuming the prior
distributions of both of the variances o2 and o2 as
Gamma distribution, a mazimum a posteriori (MAP)
estimate of the nuisance parameters was presented.

Hence, the unknown states reduce to xi.;, where

z(t) = [¢(t)", a(t)"]".

3. STATE SPACE MODEL

We introduce the following state and observation mod-
els to be used in our Bayesian tracking scheme dis-
cussed in Section 4.

wi(t) = glai(t—1),v(t)) (6)
yi(t) = h(zi(t), w(t)) (7)

where x;(t) is the state of the ith target and y,(t) is
the array observation due to the ith target.

The state model in (6) evolves as given by (2)—(3).
However, the observation model is different from (4).
The observations in (7) are assumed to be separable
and is independent for targets. However, such observa-
tions are not available in this problem. This leads to
an approximation discussed below.

Let us derive the likelihood of the observation y;,(t)
given the state x;(t). Considering the unknown param-
eter of the ith source as x;(t) = [w;(t),a;(t)]T, where
Wi(t) = (wody/ ¢)sing;(t), all unknown parameters



can be considered as a matrix X (t) = [x1(t), z2(t), .. .,

x 1) (1))
The joint probability density function of y(t), given
the unknown parameters X (t), is given by!

w

mm>=($)%mk%§¥m—wf

(b = v ®)

where a,, and b,, are the real and imaginary parts of

the observation y,, of the mth sensor, j,, = 21K21 a; cos(w;mY,

K o
and vy, = ), a;sin(w;m).
The above probability could be further simplified
as (see [9])

ﬂMXJ—(;%>MmpE§@1+u+L@] )

w

where Ly = — - M 42 Ly = K {2a;Re[A(w;)]},

and Ly = — 57 22,45 2o, @itk Y, cos(m(w;—wy)). Fur-
ther, in Lo, A(;) is the DFT of the observation of the
array given by

M
) = 37 3 ymesp(—jigm) (10)

m=1
Since we are interested in f(y;|x;), i=1,2,..., K,
the probability in (9) should be marginalized with re-
spect to x; and y;, where j # i, to get the required
likelihood. However, such marginalization will require
huge computation. Hence, it is desired to look for some

approximations.

By neglecting the term L3 in (9), we get an approxi-

. M
mate likelihood function f(y|X) = (#) exp[UMz(LH—

L) |. Assigning L = Ly + Lo, we notice further that L

can be written in the following format: L = ZZK:l L(a;,w;,

where, Yy, ; is the observation at the mth sensor due to
the ith source. Hence, the approximate likelihood func-
tion can be written as f(y|X) = f(y\:cl, To,...,Tx)=
C’Hfil f(y;|z;) ,where C is a constant.

Hence, the approximate likelihood function f(y;|x;)
is given by

fyles) = C’cxp[% ( — % f: Y
w m=1
+2a,Re [Ai(wi)])} (11)

where, A;(@;) = & Z%Zl Ym i€xp(—jw;m) is the DFT
of the array observation due to the i¢th source, assuming

1From here on, the time index ¢ is suppressed in this section
to simplify the notation.

equal power of the sources, yfm is approximately given
as yfnz = (y2,/K), and C is a constant.

In practice, the above likelihood can be very easily
calculated as follows: The DFT spectrum of the array
observation y contains K peaks corresponding to the K
sources. We separate these peaks and use them as the
DFTs of the observations due to the individual sources.
The extracted peak represents spectrum A;(w), where
W ranges from (wodp/c) sin(—m) to (wodg/c) sin(rw). In
this case, we do not know which peak corresponds to
hich source. This problem is well known in the target

racking community as the data association problem.
Here, the PHD filter will perform data association as
well. For a detailed study of the PHD filter, the reader
is referred to [7]. For the ith observation, the PHD
filter requires to know the likelihood of that observation
given any 1;, which can be obtained from (11) using

Despite the fact that this method may pick some
ripples in the DFT spectrum as potential sources, the
method works well because the PHD filter accounts for
the ripples as a false alarm.

4. PHD FILTER

The set of tracked targets at time ¢ can be considered as
a random set (3, 11], Xy = {1 (t), z2(t), ..., Tx) (1)}
Similarly, the set of observations received at time ¢ can
also be considered a random set, Y; = {y,(t), y5(t), . ..
(t)} . A certain outcome of the random set X; is de-
noted as x; and that of Y; is denoted as y;.

All information of the unknown state of the tar-
get can be deduced from the posterior distribution |3,
11] fx,vy., (X¢ly1:t). For large number of targets, the
cci)ﬁnputational complexity of estimating such posterior

ynalsfribution is very high. However, the full posterior

Jx. vy, (Xt|y1:¢) can be approximately recovered from
the first moment of this distribution, the probability
hypothesis density (PHD), given by [3, 11]

DxtlYl:t (Xt|Y1:t) = /thlYl:t({Xt} U Z|Y1:t)5Z (12)

which is defined over the state space ® of one target
which is much smaller compared to the state space of
K (t) targets.

As mentioned earlier, the PHD possesses a nice
property to resolve the number of targets — the in-
tegral of the PHD over ® gives the expected number of
targets. We follow the particle filter implementation of
propagating the PHD given in [11].

) yNY (t)



5. SIMULATION RESULTS

In this section, a simulation example is presented to
demonstrate the performance of the proposed algorithm.
The true DOAs are generated using a first order ran-
dom walk model with a variance of o2. The number
of true targets is fixed at 2. Table 1 gives the values
of the parameters used in the simulation. The receiver
array is uniform linear and consists of M = 8 elements.

Table 1. Parameters used in the simulation
o, on  #(1) a(l) o;
5deg.” 0.01 [-20°40°T [1,1]T 0.0707

5.1. First example: Tracking an unknown num-
ber of targets where the number of targets re-
mains fixed

Figure 1 (top) shows the estimated DOAs of the RIM-
CMC method against the iteration number. This method
uses N = 100 particles and the number of targets was
randomly initialized. As shown in the bottom of the
figure, at start, it takes almost 25 iterations to converge
to the correct number of targets. It can be observed
from the figure that when the targets get closer, the
estimated number of targets falls to one and the DOA
estimation becomes inaccurate. That is, the targets are
unresolved.

Figure 2 (top) shows the estimated DOAs of the
PHD filter against the iteration number. The PHD fil-
ter also uses 100 particles. As shown in the bottom of
the figure, the PHD filter instantly estimates the num-
ber of targets correctly and it also can separate tracks
of very closely spaced targets when the other filter fails.
Further, in contrast to the RIMCMC method, PHD fil-
ter does not need any initialization for the number of
targets.

5.2. Second example: Tracking an unknown num-

ber of targets where the number of targets vary
with time

In this example, there is only one target from the start
to iteration 50. Another target enters at iteration 51
and the first one leaves at iteration 151.

Figure 3 (top) shows the estimated DOAs of the
RJMCMC method against the iteration number. The
number of targets was randomly initialized. As shown
in the bottom of the figure, it takes almost 25 iterations
to converge to the correct number of targets. When the
second target enters, it is quickly identified. However,
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Fig. 1. Top: Sequential DOA estimation of the RJM-
CMC particle filter [5] versus iteration number; the
continuous line shows the true value and the dots show
the estimated value. Bottom: Corresponding number
of detected signals versus iteration number using the
particle filter. Actual number of sources is 2 for the
entire simulation.
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Fig. 2. Top: Sequential DOA estimation of the PHD
filter versus iteration number. The true target states
are the same as in Figure 1; the continuous line shows
the true value and the dots show the estimated value.
Bottom: Corresponding number of detected signal ver-
sus iteration number using the PHD filter.
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Fig. 3. Top: Sequential DOA estimation of the RJM-
CMC particle filter [5] versus iteration number. The
continuous line shows the true value and the dots show
the estimated value. Bottom: Corresponding number
of detected signal versus iteration number using the
particle filter. The solid line shows the actual num-
ber of targets and the dashed line shows the estimated
number of targets.

when the targets becomes closer, the estimated num-
ber of targets becomes one and the DOA estimation
becomes inaccurate.

Figure 4 (top) shows the estimated DOAs of the
PHD filter against the iteration number. The bottom
of the figure shows that the proposed method instantly
tracks the number of targets initially as well as when
the number of targets changes.

6. CONCLUSIONS

A PHD filter based algorithm has been proposed for
tracking the DOAs of time-varying number of targets.
The proposed method employs DFT techniques to find
a coarse estimate of the DOAs using one snapshot of the
array observation and then uses them as observations
for the PHD filter. The PHD filter then produces ac-
curate estimates of the DOAs as well as the estimated
number of targets. Simulation results show that the
proposed method is able to estimate the number of tar-
gets instantly and that it is able to track closely-spaced
targets better compared to the RIMCMC method.
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Fig. 4. Top: Sequential DOA estimation of the PHD
filter versus iteration number. The continuous line
shows the true value and the dots show the estimated
value. Bottom: Corresponding number of detected sig-
nal versus iteration number using the PHD filter. The
solid line shows the actual number of targets and the
dashed line shows the estimated number of targets.
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