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ABSTRACT

The application of importance sampling to train neural net-
works which approximates the Neyman-Pearson detector is
considered in this paper. A comparative study with two dif-
ferent error functions is carried out. These two error func-
tions are selected to make the Neyman-Pearson detector ap-
proximation possible. The importance sampling technique
is used to estimate the error function for training. Some
results are presented to compare the performance of both
approaches to approximate the optimum detector. Further-
more, results show the convenience of using the importance
sampling technique for training neural networks, when low
probabilities of false alarm are considered.

1. INTRODUCTION

The objective of this paper is to study the application of Im-
portance Sampling (IS) techniques to train neural networks
for approximating the Neyman-Pearson detector. This de-
tector maximizes the probability of detection (Pp), while
maintaining the probability of false alarm (Pr 4) lower than
or equal to a specified value. The characteristics of such a
detector are reflected in its ROC (Receiver Operating Char-
acteristic) curve, that relates Pp to Pr 4 [1].

Neural networks can be used to approximate the opti-
mum Neyman-Pearson detector. Ruck et al. [2], and Wan
[3], demonstrated that neural networks training converges
on a discriminant function that can be used to implement
the minimum probability of error classifier, when the mean
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squared error is considered as error function. This discrim-
inant function can also be used to implement the Neyman-
Pearson detector when the detection threshold is selected
for a given Pr 4 value.

Previous works which considered the use of neural net-
works to approximate the Neyman-Pearson detector have
highlighted the poor performance of such detectors for low
Pr 4 values [4, 5]. This poor behavior can be explained
from the point of view of training. Rare events hardly in-
fluence the estimation of the error function for training. So,
the approximation of the boundary of the decision regions
is not good where rare events occur. Importance sampling
techniques can be used to estimate the error function for
training.

The application of IS techniques in the training phase of
neural network detectors using the Mean-Square (MS) error
criterion is explained in [6]. The authors proposed an adap-
tive importance sampling technique in order to improve MS
error estimations in each iteration of the training, by finding
a suboptimal probability density function for sampling. In
this paper, we extend these results to another error criterion,
the cross entropy error [T]. A comparative study is carried
out for both error functions, highlighting the advantages and
drawbacks of each one.

The paper is organized as follows. In Section 2, we
explain the fundamentals of the importance sampling tech-
niques. In Section 3, we consider the problem of training
neural networks with the considered error criteria for imple-
menting neural detectors which approximate the Neyman-
Pearson detector. In Section 4 we present some results which
shows the convenience of this approach. Finally, some con-
clusions are presented for summarizing the results presented
in the paper.



2. IMPORTANCE SAMPLING TECHNIQUE

In a binary detection problem we wish to choose between
two hypotheses: Hy and H;. Suppose z is the received vec-
tor (N-dimensional), and define Dy C RY and D; C RY
as the regions where Hy and H; are chosen, respectively.
The average probability of error can be expressed as:

Pe=P(Hy) | f(alHo)da+ P(Hy) | f(a|Hi)da

ey
where P(H,) and P(H;) are the prior probabilities of
the hypothesis. The integrals in (1) can be simplified as:
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I;(z) is the indicator function over Z;, i.e., I;(z) =
1,Vz € Z;,and I j(z) = 0, otherwise. The maximum like-
lihood estimator for these integrals is:
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where z,,, are independent and identically distributed
random variables with probability density function f(z|H;),
i = 0, 1. Note that P, is an unbiased and consistent estima-
tor with variance:
- P,(1-PF)
var(P;) = 7
This expression shows that the variance for small P; is
approximately P; /M. The importance sampling method re-
duces the variance of the estimate of P; by generating data
from a biased density function f*(z|H;). This density func-
tion is chosen such that the observation vector is more likely
to come from the important region over which the integral is
calculated. Since more errors than expected are generated,
the error must be weighted to obtain an unbiased estimate.
The resulting estimator for P; from importance sampling is
given as:
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If z,,, are independent and identically distributed sam-
ples obtained from f*(z|H;),i = 0, 1, the estimate of P; is
unbiased when [8]:
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The variance of the importance sampling estimate is:
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Finally, note that the estimate of P, is P, = P(Hy) P+
P(H,)Py, being an alternative way of the approach given
in [6].

3. IMPORTANCE SAMPLING TECHNIQUE TO
ESTIMATE THE ERROR FOR TRAINING NEURAL
DETECTORS

D. W. Ruck et al. [2] demonstrated that a multilayer per-
ceptron (MLP) converges to a mean squared-error approx-
imation of the Bayes optimal discriminant function, when
trained using the mean squared-error criterion. They study
the two-class and multiclass problems, and extended this re-
sult to any mean squared-error minimization technique.

For binary detection, they studied a MLP with only one
neuron in the output layer. The network was trained to pro-
duce 1 when the feature vector was from class H; and —1
when the vector was from class Hy. They proved that the
neural network output approximates the Bayes optimal dis-
criminant function go(z), given in (8) where z is the feature
vector, and P(H;|z) and P(Hy|z) are the posterior proba-
bilities of the classes.

9o(z) = P(H:|z) — P(Ho|z) (8)

The mean squared-error between the network output,
F(z), and the desired outputs, is given by (9). E is the sam-
ple mean error calculated for a set of n pre-classified feature
vectors, and Z; and Zj are the sets of all possible feature
vectors for class H; and Hy, respectively (Zy U Z; = RY,
ZoN Z; = @, RY being the input space).
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Using the Strong Law of Large Numbers, applying the
Bayes formula and rearranging terms, (9) converts into (10).

En= [ (F)-g0@)f @zt 1= [ Go)f@)]
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(10)

If the training set represents a reasonable approximation

to the input space, although the network is trained for mini-
mizing E, E,, will be minimized. Since the term in square
brackets in expression (10) is independent of the network
architecture or parameters, minimizing F,, is equivalent to
minimizing expression (11). So, the network output is an



approximation of the Bayes optimal discriminant function
in the mean squared-error sense.

E= [ (F(z)-g0(2))f(2)dz (an
RN

This expression represents the weighted squared error
between F'(z) (the neural network function), and go(z), the
optimum Bayessian discriminant function, which can im-
plement the Neyman-Pearson detector. The weighting func-
tion is the probability density function of the patterns which
constitute the input to the detector. In actual situations,
the training set does not represent f(z) in the overall input
space. For example, it is not likely that the training set con-
tains high energy noise patters which give rise to outputs
greater than the threshold which implements the Neyman-
Pearson detector for low Pr4 values. So, F is not a good
approximation to F,, in the region which gives rise to low
Pr 4 values. To overcome this drawback, importance sam-
pling can be used. F/n is the maximum likelihood esti-
mate of E,,. Importance sampling techniques can be ap-

plied to evaluate this expression [6]:

By =—[>_ (F(z) = 1)’W(z) + > _ (F(z) +1)*W(2)]
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W(z) = Ji((zz)) is the importance sampling weighting
function. If f(z) depends on a parameter vector 6, f*(z)
can be obtained with (13) for a given parameter vector 6:

f*(2) = P(Ho)f(2; 00| Ho) + P(H1) f(z; 61| H1) (13)

Importance sampling techniques can also be applied to
other error functions, for example, the cross entropy error
criterion. For the cross entropy error criterion to be applied
the neural network output must be in the interval (0, 1).

For desired outputs 1 for input vectors from hypothesis
H; and 0 for input vectors from hypothesis H, the function
to be minimized during training is expressed in (14).

Es _ _%[ > log[F(z)]+ Y log[l — F(z)]] (14)
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When the training set becomes dense, expression (14)
comes to (15) if the Strong Law of Large Numbers is ap-
plied:

E,, =—-P(H)- /]RN f(z|Hy) - log(F(z))dz
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Taking into consideration that F'(z) € (0,1), minimiz-
ing E,, is equivalent to minimize the following expression:

—P(H1)- f(z|H1)-log[F(z)] — P(Ho)- f(z|Ho)-log[1 — F(Z6)]
(16)

Expression (15) can be written as (17):

E,, — — /RN {P(H1|z) log(F(z))
+(1 = P(Hh2) - log(1 = F(2)) }{(z)dz  (17)

Again, f(z) works as a weighting function, which indi-
cates that low probability events hardly influence on train-
ing. In order to improve training for these low probabil-
ity events, importance sampling can be included to estimate
E,,, during training. An estimate of F,, is presented in ex-
pression (18):

E=—] log[F (z)|W1(z)+
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log[l1—F(z)]Wo(z)] (18)

In this paper, we propose the following importance sam-
pling weighting functions:
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Being f*(z|H,) and f*(z|Hy) the suboptimal impor-
tance sampling densities, that are usually obtained from the
original f(z|H;),i = 0,1 varying one of the parameters the
likelihood functions depends on.

The objective of this paper is to compare neural de-
tectors obtained from applying importance sampling tech-
niques to estimate the mean squared error or the cross en-
tropy error to train neural networks. Both error criteria al-
low to approximate the Neyman-Pearson optimum detector.

4. RESULTS

Results comparing neural networks which approximate the
Neyman-Pearson detector for both error criteria, the mean
squared error and the cross entropy error are presented in
this section. The standard error-back-propagation algorithm
has been used for training all the neural networks.

The problem of detecting Gaussian signals in Gaussian
interference is considered. This problem arise, for example,
when detecting Swerling I radar targets in white Gaussian
noise. In this section, the ROC curves of the neural detectors



trained with these two criteria, and with and without the use
of importance sampling techniques, are represented.

Figures 1 and 2 represent the ROC curves of the neural
detectors trained with the mean squared error criterion, with
and without the use of importance sampling, respectively.
Figure 1 shows the results obtained with MLPs of eight neu-
rons in the hidden layer and sixteen inputs. The neural net-
works are trained with different values of the Training Sig-
nal to Noise Ratio (TSNR), ranging from 0dB to 15dB. The
SNR value for testing is 3dB. Figure 2 shows the results ob-
tained with the same MLP structure, using importance sam-
pling to estimate the mean squared error. Black lines cor-
respond to the ideal Neyman-Pearson detector, color lines
correspond to neural detectors trained with different signal
to noise ratios.
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Fig. 1. ROC curves obtained with the mean squared error
criterion without using importance sampling for training.

On the other hand, results that compare neural networks
trained with and without importance sampling techniques
to minimize the cross entropy error function are presented
in figures 3 and 4, which represent the ROC curves of the
neural detectors trained with and without the use of impor-
tance sampling, respectively. Again, neural networks with
eight neurons in the hidden layer and sixteen inputs are con-
sidered. The neural networks are also trained with differ-
ent Training Signal-to-Noise Ratio (TSNR) values, ranging
from 0dB to 15dB, and the SNR value for testing is 3dB.

Results show that the use of importance sampling tech-
niques for training highly improves neural network perfor-
mance, using both the mean squared error and the cross en-
tropy criteria. Besides, it can be observed that the cross en-
tropy criteria is more suitable for implementing neural de-
tectors which approximate the Neyman-Pearson detector.

Without using importance sampling techniques, the per-
formance of neural networks trained using the cross entropy
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Fig. 2. ROC curves obtained with the mean squared error
criterion using importance sampling for training.

error is clearly better than the performance of those trained
using the mean squared error. Although for the cross en-
tropy error there is a reduction of the dependence on TSNR,
the probability of detection for almost all the considered
TSNREs is significantly lower than the Neyman-Pearson de-
tector one.

When considering the mean squared error, the perfor-
mance of the neural detectors improves when importance
sampling techniques are used. The results are only slightly
better than those obtained with the cross entropy error with-
out using importance sampling.

Finally, the best results are obtained using the cross en-
tropy error in combination with importance sampling tech-
niques.

5. CONCLUSIONS

In this paper, the application of importance sampling tech-
niques to train neural networks which approximates the op-
timum Neyman-Pearson detector is considered. Two error
functions are used throughout the paper, the mean squared
error and the cross entropy error. These two error functions
are selected to make the Neyman-Pearson detector approxi-
mation possible.

The results presented in the paper show that the cross
entropy criterion is more suitable than the mean squared er-
ror criterion to approximate the Neyman-Pearson detector.
Furthermore, the application of importance sampling tech-
niques to estimate the error functions highly improves the
performance of the implemented neural detectors.

The use of importance sampling techniques for train-
ing neural networks in order to approximate the Neyman-
Pearson detector using the mean squared error gives rise
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Fig. 3. ROC curves obtained with the cross entropy criterion
without using importance sampling for training.

to results similar to those obtained with the neural netwok-
based detectors trained with the cross entropy error without
using importance sampling.

The best results are obtained using the cross entropy er-
ror and importance sampling. The neural networks trained
in such a way can implement a very good approximation of
the Neyman-Pearson detector.
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