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ABSTRACT

The application of adaptive systems to approximate the Ney-
man-Pearson detector is considered. The training error func-
tion is proved to be the key parameter that determines the
possibility of approximating this detector. Based on the cal-
culus of the approximated function for the selected error
criterion, a sufficient condition is derived. Decision rules
based on expressions of the optimum Bayes discriminant
function, such as those approximated for the LMSE or the
cross-entropy error criteria, have been analyzed. Previous
works were based on the assumption that the system was
trained to minimize the probability of error over the training
set, so its performance was only optimal for the minimum
probability of error threshold (system “operating point”). In
this work, we prove that the decision rule based on the func-
tion approximated for an error function that fulfil the de-
rived sufficient condition is optimum for all possible Pr 4
values. So, the concept of “operating point” will have no
sense.

1. INTRODUCTION

The problem of approximating the Neyman-Pearson detec-
tor using an adaptive system trained in a supervised manner
to minimize an error function, is considered. A theoreti-
cal study is presented that can be applied to any adaptive
system, although many previous works focusses on neural
networks.

Neural networks trained using the least mean squared-
error (LMSE) and cross-entropy error criteria, have been
applied to classification problems successfully.

In problems with more than two classes, a neural net-
work with one output per class is usually used. If the de-
sired value for the output associated to the class the input
vector belongs to is 1, and 0 otherwise, the outputs of the
neural network approximate the posterior probabilities of
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the classes [1, 2]. When using the cross-entropy error, the
training strategy must guarantee that network outputs sum
up to unity, while no care must be taken about it when us-
ing the LMSE criterion [3]. A minimum probability of error
classifier can be approximated if the system decides in favor
of the class associated to the highest output.

If there are only two classes, a neural network with only
one output can be used. For desired outputs 1 for input vec-
tors from class C1, and —1 for input vectors from class Cs,
Ruck et al. [1] demonstrated that the output of a neural
network trained using the LMSE criterion approximates the
function (1), which is an expression of the Bayes optimum
discriminant function.

90(z) = P(C1|z) — P(C2|z) €]

For desired outputs 1 for class C; and 0 for class Cy,
the output of a network trained using the LMSE and cross-
entropy error criteria approximates another expression of
the Bayes optimum discriminant function:

91(z) = P(C1|z) 2

V. Ramamurti, P.P. Gandhi et al. [4, 5] and J.L. Sanz
and D. Andina [6, 7] applied multilayer perceptrons with
one output to approximate the Neyman-Pearson detector.
Once the neural network had been trained, they proposed to
vary the detection threshold attending to Pr 4 requirements.
In [4, 5] the LMSE criterion was used, while in [6, 7] the
LMSE and cross-entropy errors were used, among others.
For desired outputs 1 for hypothesis H; and 0 for hypoth-
esis Hy, their works are based on the assumption that the
network converges to an “operating point” that minimizes
the probability of error over the training set. This point is
not altered when adding a threshold detector to the network
output with a threshold equal to 0.5, but when the detection
threshold is varied attending to Pr 4 requirements, they ar-
gue the network will operate suboptimally.

In [8] a two outputs neural network was used, compar-
ing the substraction of both outputs with a threshold, ap-



proach that is equivalent to that proposed in [1], although
in this case the objective is to approximate the Neyman-
Pearson detector.

These works were based on the assumption of an opti-
mal “operating point” to combine the training without thresh-
olding and the use of a threshold detector to approximate the
Neyman-Pearson detector sub-optimally. So far, no attempt
has been made to study the capability of neural networks,
or any other type of adaptive system trained in a supervised
manner, to approximate the Neyman-Pearson detector. In
this paper, a theoretical study is presented to determine the
conditions that must be satisfied.

2. PROBLEM FORMULATION

Perhaps, the cited works that used neural networks to ap-
proximate the Neyman-Pearson detector were conditional
on the previous results obtained when applying such sys-
tems to classification problems. These results proved that
neural networks could implement good approximations of
the Bayes optimum discriminant function. Following a par-
allel reasoning, in this paper, a study of different expres-
sions of the Bayes optimum discriminant function is car-
ried out in order to determine their relationship with the
Neyman-Pearson detector.

The Neyman-Pearson detector decision rule consists on
comparing the likelihood ratio, or any equivalent discrim-
inant function, to a detection threshold fixed attending to
Pr 4 requirements. For a detection threshold equal to the
ratio of prior probabilities, the decision rule based on the
likelihood ratio is a realization of the minimum probability
of error detector:

_ [zl ) # P(H)
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After simple manipulations, rule (3) can be expressed
as:

Hy
90(z) = P(Hi|z) — P(Holz) = 0 4)
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0
The equivalence of expressions (3), (4), (5) and (6), can
be proved taking into consideration the following relations:

z|H,)P(H,)

P(H, |2) = 1 o ™

f(z) = f(z|H\)P(Hy) + f(z[Ho)P(Ho) — (8)

Note that rule (4) is based on the discriminant function
approximated by neural networks trained using the LMSE
criterion with desired outputs {—1, 1}, and rule (5) is based
on the one approximated with desired outputs {0, 1}, using
the LMSE and the cross-entropy error criteria. The question
that arises is: for any other threshold value, can these dis-
criminant functions be used to implement the Neyman-Pear-
son detector? In next section, we answer this question and
determine a sufficient condition that a discriminant function
must fulfill in order to be used to implement the Neyman-
Pearson detector for any pair of likelihood functions.

3. PROPOSED METHOD

For answering the question formulated in the previous sec-
tion, the following method is proposed:

1. Modify expressions (4),(5) and (6) replacing the fixed
thresholds with variable ones. These new thresholds
will be denoted as 79, and will be determined attend-
ing to Pr 4 requirements.

2. Extract the likelihood ratio from the decision rules
obtained in the previous step, identifying the detec-
tion thresholds required for the decision rules based
on the likelihood ratio, 7.

3. Check if 7;,- does not depend on the input vector.

When this method is applied to rules (4), (5) and (6), the
following results are obtained:

L& P(Ho)(1+ o)
A = (1) ®
14 noP(Ho)
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From rules (9), (10) and (11), expressions of the re-
quired detection thresholds, 71y, can be derived, once the
likelihood ratio thresholds, 7;,., have been fixed attending
to Pr 4 conditions.

Rules (9) and (10) reveal that the discriminant functions
go(z) and g1(z) can be used to implement the Neyman-
Pearson detector for any pair of likelihood functions, be-
cause for each value of Pr4, a detection threshold, 7y can
be determined that is only a function of problem parameters.

Rule (11) is also obtained from a decision rule based
on an expresion of the optimum Bayes discriminant func-
tion, but there is no guarantee that a detection threshold 7
independent of input vector can be found for any pair of
likelihood functions.



This method allows us to prove that a neural network,
or any other adaptive system trained to approximate the dis-
criminant functions go(z) or g (z), can be used to approx-
imate the Neyman-Pearson detector, adding a threshold de-
tector to the system output, and varying the threshold at-
tending to Pr4 requirements. When varying the threshold,
the system performance will not be suboptimal, because the
approximated discriminant function can be used to imple-
ment the optimum detector. For now on, we have proved
that the concept of neural network “operating point” have
no sense.

In next section, the decision rule based on g5(z) is stud-
ied, proving that the proposed method defines a sufficient,
but not necessary, condition for a discriminant function be-
ing suitable for implementing the Neyman-Pearson detec-
tor.

4. EXAMPLE

As an example, the discriminant function g2(z) defined in
(6) is applied to detect gaussian signals in white gaussian
noise. We have proved in section 3, that there is no guar-
antee that it can be used to implement the Neyman-Pearson
detector for any pair of likelihood functions.

Two cases of study are proposed, one for which g2(z)
can be used to implement such a detector, and another one
for which this is not a suitable function.

As white gaussian noise is assumed, under Hy, z is a
vector of N zero mean and variance o2 independent gaussian
random variables. Under H; they have zero mean, variance
02 + 02 and covariance matrix C. The signal-to-noise ratio
is defined as:

snr = o2/a? (12)

Assuming that 02 = 1, the signal-to-noise ratio is equal

to o2, that is expressed in decibels as SN R = 101og;(snr).

The likelihood functions under each hypothesis are:

1 1,

f(z/Hy) = WGXP(_iz z) (13)
f(z/Hy) = S exp(flzchlz) (14)
(2m)N det(C) 2

where det(C) gives the determinant of C.

The snr selected for designing the detector (the snr
value used to calculate C in (14)), will be denoted as snr,
or SN Ry in decibels. On the contrary, the snr of the input
vector, z, will be denoted as snr.

For N = 16 and P(H,) = P(H;) = 0.5, two cases are
considered.
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Fig. 1. ROC curves for the detection rule based on g2(z)
with C = (snrq + 1)I, SNR; = 6dB and different SNRs
(solid line) and Neyman-Pearson detector ones (dashed
lines).

4.1. Case I: C is a scalar multiple of the identity matrix

For C = (snry+1)I, where Iis de (NxXV) identity matrix,
the decision rule based on go(z) can be expressed as:

1 T

Z Z
exp(—
2¢/(2m)N (snrg + 1)N ( 2(snrq + 1))
1,
—————exp(—=2z2"2z) 2 15
Nk p( 2 )Iiﬁo (15)

Fixing 79 attending to Pr4 requirements, we have cal-
culated the Pp for SNRy; = 6dB and different SN R val-
ues. ROC curves for SNR = 0,6, 12 dB are presented in
figure 1, which are superimposed on the Neyman-Pearson
detector ones (in dashed line), showing that this rule is an
implementation of the Neyman-Pearson detector.

Applying simple manipulations on (15), a simpler equiv-
alent discriminant function can be found, consisting of the
squared norm of the input vector. Taking into consideration
that this statistic is independent of snrg, that the Pp4 is
evaluated under hypothesis Hj and that the noise variance
remains constant, we can conclude that this detector is snry
independent.

The obtained results can be explained dividing both terms
of (15) by f(z|Hy), an obtaining an equivalent decision rule
based on the likelihood ratio:

1 1 H: 1
§A(Z) 3 Z nof” (z|Ho) (16)
Hy

Taking into consideration (17), expression (16) can be
rewritten as in (18). Both terms of rule (18) are constant



on hyper-spheres centered on the origin. Because of that,
a detection threshold 7}, that does not depend on the input
vector can be determined for each Pr 4.

1 snrq T

A(z) = 17
(=) (smrq + 1)N/2 eXp(Q(snrd + 1)ZZ ) an

1 snrq T

2(snrq + 1)N/2 eXp(Q(snrd ) 7z )

1 H1 zz"
-5 2 no(2m)N? exp (=) = o (18)
Hy

4.2. Case II: C is not a scalar multiple of the identity
matrix

In this case, the covariance matrix under hypothesis H; is
given by:

_ (I+snrgU o
€= ( o I+san) (19)

. N N . . . N N
Uisa (5x% ) unit matrix and O is a (x5

Zeros.

ROC curves for SNR; = 6dB and SNR = 0,6,12
dB are presented in figure 2, where we can observe that the
detector based on g3 (z) curve and the Neyman-Pearson one
are tangent in one point.

For SNR = SN Ry, the decision rules (3) and (6) are
equivalent, the tangential point corresponds to the minimum
probability of error. For other values of SNR, as Ppy4 is
evaluated under hypothesis Hy, and noise variance remains
constant, the Prg 4 is the same, but the Pp will be a function
of SNR.

Taking into consideration that for each SN R value, the
discriminant function of rule (6) is different, the pair of Pr4
and Pp values associated to the minimum probability of
error are different. Because of that, the tangential points
for SNR # SNR, does not correspond to the minimum
probability of error for the selected SN R. This reasoning
allows us to conclude that the minimum probability of error
detector is SN R, dependent.

Attending to the sufficient condition derived in this pa-
per, a study is carried out about the possibility of finding a
equivalent decision rule based on the likelihood ratio, with
a detection threshold independent on the input vector. The
Neyman-Pearson detector decision rule based on the likeli-
hood ratio is given in (20), where h(z) is defined in (21).
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Fig. 2. ROC curves for the detection rule based on g2(z)
with C defined in (19), SN R, = 6dB and different SNRs
(solid line) and Neyman-Pearson detector ones (dashed
lines).

N/2 N
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Making simple mathematical manipulations, rule (20)
can be proved to be equivalent to (22), which reveals that
h(z) is a sufficient statistic. This statistic is independent of
snrg. As the noise variance remains constant, and the detec-
tion threshold is fixed attending to Pr4 requirements, this
detector is snry independent, in contrast to the minimum
probability of error one.

H 2(Xsnrg+1 N
h(z) 2 (271”[%(1 + Esnrd)] =nn (22
Hy sSNnrq

Substituting the likelihood ratio in (16), the decision
rule (23) is obtained. In this case, the surfaces where both
terms of the decision rule are constant, are quite different.
So, a i, value independent of z can not be found for any
Pra.

1 snrg
ex
2(1+ L snrq) P 2(Fsnrg +1)

(2)]

1 Ha zzT
—5 2 m0(2m)™? exp(=-) =g (23)
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5. CONCLUSIONS

In this paper, the possibility of approximating the Neyman-
Pearson detector using adaptive systems trained in a super-
vised manner is studied. Previous works that used neural



networks, were based on the hypothesis that the network
was trained to minimize the probability of error over the
training set. So, for a detection threshold different from
the minimum probability of error one, the network was sup-
posed to be forced to work sub-optimally.

Taking the discriminant functions approximated using
the LMSE and the cross-entropy error criteria as a start-
ing point, decision rules based on different expressions of
the optimum Bayes discriminant function have been ana-
lyzed. A sufficient condition has been determined to guar-
antee a discriminant function can be used to implement the
Neyman-Pearson detector for any pair of likelihood func-
tions. We have proved that if the likelihood ratio can be
extracted from the decision rule based on the discriminant
function approximated by the adaptive system, obtaining an
equivalent one with a detection threshold independent of the
input vector, the system output can be used to approximate
the Neyman-Pearson detector for any Pr4 value. So, the
key parameter is the error function selected for training, be-
cause it determines the approximated function.

When the presented results are applied to previous works
related with neural networks, if the approximated function
associated to the selected error function fulfills the derived
condition, the system performance will not have to be sub-
optimal for Pr 4 values different from the minimum proba-
bility of error one, and the concept of “operating point” will
have no sense.
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