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ABSTRACT
This paper proposes a new recursive least-squares adaptive algo-
rithm that improves the steady-state performance of the recently
proposed Variable Memory Length (VML) algorithm. Most RLS-
type algorithms tend to increase the error in the estimated weight
vector during reduced power situations. Like VML, the new
algorithm, called Robust VML (RVML), is robust in system
identification applications in which the input power is signifi-
cantly reduced during operation. The RVML algorithm, however,
improves the robustness of the VML algorithm when there is
significant input power variations during convergence. It should
encounter application in systems such as automotive suspension
fault detection and adaptive control, and system identification
using speech signals. In both cases, considerable periods of power
variation during operation are common.

I. INTRODUCTION

Automotive suspension systems often employ model-based
fault detection to detect and isolate several faults during operation
[1]. System identification is also used for the development of
adaptive controllers in the semi-active automotive suspension
systems [2]. A major problems in this application is the occur-
rence of poor excitation [3], where the input is not permanently
excited, or non-persistently excited for considerable periods of
time. In this case, the lack of persistent excitation is caused
by a low-power input signal. Other applications face the same
type of challenge, for instance system identification using speech
signals, since natural speech tends to have considerable windows
of silence or very low power.

Several algorithms have been proposed to improve system
response in this application. Examples are the conventional RLS
Algorithm with forgetting factor [4], the Self-Tuning Regula-
tor with variable forgetting factor (VFF) [5], the Directional
Forgetting algorithm [6], the Restricted Exponential Forgetting
algorithm [7], and the Modified Least Squares algorithm incor-
porating exponential resetting and forgetting [8]. The Directional
Forgetting, Restricted Exponential Forgetting and Modified Least
Squares algorithms use a directional forgetting factor [10], which
is appropriate when the data is spectrally deficient. In [3], it
was verified that the VFF algorithm converges and leads to the
best results among the above algorithms. Unfortunately, however,
the algorithm’s estimated weight vector error increases for low-
power input signals. Recently, the Variable Memory Length
(VML) algorithm was proposed to overcome the low-power input

limitations of VFF [9]. The VML algorithm converges and keeps
the weight errors small even with low-power input.

Many times, however, the input signal power can become larger
after a period of non-persistent excitation, when that algorithm
is in steady-state. In these cases, the VML forgetting factor
is reduced, and so is algorithm’s memory length. This affects
the learning behavior of the algorithm. Due to the reduction in
memory length, the VML algorithm may not have the ability
to further improve is estimate of the system’s impulse response
if the input signal power (and thus the signal-to-noise ratio) is
raised above the level originally used for convergence. This is a
desirable feature of the VFF algorithm.

This paper proposes an improvement on the VML algorithm
so that it overcomes the above mentioned drawback without
compromising performance during low-power input operation (an
advantage over VFF). The new algorithm is called Robust VML
(RVML), and requires very little increase of computational effort
when compared to VML. We first present a brief review of the
VML algorithm. Then, the new algorithm is described, and its
stochastic behavior behavior is analyzed. It is shown that the
mean-square weight deviation becomes dependent on the input
power, but differently from VFF. The new algorithm behaves like
VFF for large input powers and like VML for low input powers.
Simulation results confirm the accuracy of the theoretical model
and the performance of the new algorithm.

II. THE VML ALGORITHM

Consider the linear estimation problem where a desired
signal y(n) is recursively estimated by a linear FIR adap-
tive filter with input x(n) and coefficient vector w(n) =
[wo(n) . . . wM−1(n)]T . It is assumed that y(n) and x(n) are
related through the linear model

y(n) = x
T (n)wo + z(n) (1)

where w
o = [wo1

. . . woM−1
] is the optimum solution in the

mean-square sense, x(n) = [x(n) . . . x(n − M + 1)]T is the
input observation vector and z(n) is a zero-mean white Gaussian
noise sequence with variance σ2

z and independent of x(n). In
system identification, wo is the impulse response to be identified.

The weight update equations for the VML algorithm are [9]:

e(n) = y(n) − x
T (n)w(n − 1) (2)

k(n) =
P(n − 1)x(n)

1 + xT (n)P(n − 1)x(n)
(3)



w(n) = w(n − 1) + k(n)e(n) (4)

λo(n) = 1 −
e2(n)xT (n)x(n)

[1 + xT (n)P(n − 1)x(n)]Σ0M
(5)

λ(n) =



λo(n) if λo(n) > λmin

λmin elsewhere
(6)

P(n) = λ(n)−1
P(n − 1) − λ(n)−1

k(n)xT (n)P(n − 1) (7)

where e(n) is the estimation error, k(n) the M × 1 modified
Kalman gain vector, λ(n) is the variable forgetting factor, P(n)
is the M × M estimated inverse of the input autocorrelation
matrix and Σ0 is a constant related to the amount of information
retained by the adaptive filter at each iteration [5].

The VML algorithm was proposed in [9] to solve the deficiency
of the VFF algorithm, which has a limited memory length for
low-power input signals. It was shown that the VFF converged
mean-square weight deviation is inversely proportional to the
input power [9]. On the other hand, the VML algorithm’s memory
length becomes unlimited as the input power tends to zero. This
leads to an improved performance when the input power drops
after convergence. This advantage of VML over VFF comes at a
price. The steady-state mean-square weight deviation tends to be
larger for VML than for VFF for larger signal-to-noise ratios.
In the next section, we propose the RVML algorithm which
combines the good performance of the VML algorithm for low
input powers with the good steady-state performance of VFF for
large input powers.

III. THE RVML ALGORITHM

To remove the VML algorithm’s deficiency, it is necessary to
reduce it’s sensitivity to input power variations. Similarly to the
technique used in [11] to create the PEDF2 algorithm, we replace
the forgetting factor equation (5) with

λ(n) = 1 −
e2(n)xT (n)x(n)

[1 + xT (n)P(n − 1)x(n)]Σ0M [1 + x
T (n)x(n)

M
]
(8)

Eq. (8) defines the Robust Variable Memory Length (RVML)
algorithm. Note that the only difference relative to (5) is the factor
[1 + x

T (n)x(n)
M

] in the denominator. This modification has little
effect in the low-power input case, since the added term becomes
close to unity for x

T (n)x(n) � M . However, the new factor
tends to cancel the effect of the numerator term x

T (n)x(n)/M
when the input power becomes larger. In this case, the RVML
algorithm has the desirable transient and steady-state behaviors
of the VFF algorithm.

III-A. Analysis

We now analyze the steady-state behavior of the RVML
algorithm. The following conditions are assumed:

a) The system has converged to a near optimum set of param-
eters during a period of persistent excitation;

b) The input signal x(n) is zero-mean, white and Gaussian,
with M × M autocorrelation matrix Rxx = σ2

xI;
c) The input vector sequence is i.i.d. Thus, E{x(n)xT (m)} =

σ2
xδ(n − m)I;

d) The non-persistent input begins only after convergence;

e) 1 + x
T (n)P(n)x(n) ≈ 1.1

Using (2)–(7), leads to

P(n) = λ(n)−1

»

1 −
P(n − 1)x(n)xT (n)

1 + xT (n)P(n − 1)x(n)

–

P(n − 1)

(9)
Using the matrix inversion lemma, the input autocorrelation
matrix can be recursively estimated by

P
−1(n) = λ(n)P−1(n − 1) + λ(n)x(n)xT (n). (10)

The solution of (10) gives a closed form expression for
P

−1(n):

P
−1(n) =

n
X

j=0

n
Y

k=j

λ(k)x(j)x(j)T + δ

n
Y

k=0

λ(k)I. (11)

A similar derivation leads to a recursive expression for the
cross-correlation vector between input and desired signals:

c(n) = λ(n)c(n − 1) + λ(n)x(n)y(n). (12)

where

c(n) =
n

X

i=0

n
Y

j=i

λ(i)x(i)y(i) (13)

Using the normal equations [4]

P
−1(n)w(n) = c(n), (14)

the equation for the additive noise

z(n) = y(n) − x
T (n)wo, (15)

and the equations (10) and (12), it can be shown that

P
−1(n)v(n) = λ(n)P−1(n−1)v(n−1)+λ(n)x(n)z(n) (16)

where v(n) = w(n) −wo is the weight error vector.
Assuming that P(n)P−1(n − 1) ' I after convergence, and

left-multiplying both sides of (16) by P(n) yields

v(n + 1) = λ(n)v(n) + λ(n)P(n)x(n)z(n). (17)

Multiplying (17) by its transpose and taking the expectation,

E{v(n)vT (n)} = E{λ2(n)v(n − 1)vT (n − 1)}

+ σ2
zE{λ2(n)P(n)x(n)xT (n)P(n)}.

(18)

Assuming that in steady state P(n) ≈ E{P(n)} yields the
approximation

E{v(n)vT (n)} = E{λ2(n)v(n − 1)vT (n − 1)}

+ σ2
zE{P(n)}E{λ2(n)x(n)xT (n)}E{P(n)}.

(19)

To simplify (19), we further assume that E{e2(n)} ≈
E{z2(n)} = σ2

z in steady-state. Thus,

E{λ2(n)x(n)xT (n)} '
3σ4

z

Σ2
0M

2
E

8

>

<

>

:

[xT (n)x(n)]2x(n)xT (n)
“

1 + x
T (n)x(n)

M

”2

9

>

=

>

;

+ E
n

x(n)xT (n)
o

−
2σ2

z

Σ0M
E

(

x
T (n)x(n)x(n)xT (n)

1 + x
T (n)x(n)

M

)

(20)

1This approximation is less valid during transient as the order M of
the adaptive filter increases.



To proceed with the analysis, we approximate the first and third
terms in (20) by the quotient of the expected values of numerator
and denominator. Then,

E{λ2(n)x(n)xT (n)} '
3σ4

z

Σ2
0M

2

E
˘

[xT (n)x(n)]2x(n)xT (n)
¯

E



“

1 + x
T (n)x(n)

M

”2
ff

+ E
n

x(n)xT (n)
o

−
2σ2

z

Σ0M

E
˘

x
T (n)x(n)x(n)xT (n)

¯

E
n

1 + x
T (n)x(n)

M

o .

(21)

Solving the expected values in (21) leads to

E{λ2(n)x(n)xT (n)} '

2

4

12σ4
zσ4

x(M + 4)

Σ2
0M

2
“

1 + 2σ2
x +

(M+2)σ4
x

M

”

+1 −
2σ2

zσ2
x(M + 2)

Σ0M(1 + σ2
x)

–

σ2
xI.

(22)

Taking the expectations on both sides of (11) and ignoring the
initialization effects gives

E{P−1(n)} ' E

8

<

:

n
X

j=0

n
Y

k=j

0

@1 −
e2(k)xT (k)x(k)

Σ0M
h

1 + x
T (k)x(k)

M

i

1

A

× x(j)xT (j)
o

' E

8

<

:

n
X

j=0

n
Y

k=j+1

0

@1 −
e2(k)xT (k)x(k)

Σ0M
h

1 + x
T (k)x(k)

M

i

1

A

×

0

@1 −
e2(j)xT (j)x(j)

Σ0M
h

1 + x
T (j)x(j)

M

i

1

A x(j)xT (j)

9

=

;

,

(23)

under the conditions considered.
Using assumptions (a)–(c), and neglecting the correlation be-

tween x
T (n)x(n) and x(n)xT (n),

E{P−1(n)} '
n

X

j=0

n
Y

k=j+1

E

8

<

:

1 −
e2(k)xT (k)x(k)

Σ0M
h

1 + x
T (k)x(k)

M

i

9

=

;

× E

8

<

:

0

@1 −
e2(j)xT (j)x(j)

Σ0M
h

1 + x
T (j)x(j)

M

i

1

A x(j)xT (j)

9

=

;

'

n
X

j=1

„

1 −
σ2

zMσ2
x

Σ0M [1 + σ2
x]

«n−j „

σ2
x −

σ2
zσ4

x(M + 2)

Σ0M [1 + σ2
x]

«

I

'
Σ0M [1 + σ2

x] − σ2
zσ2

x(M + 2)

σ2
zM

I.

(24)

for n large.
Using the approximation P(n) ' E{P(n)} ' E{P−1(n)}−1

[13], (24) yields

P(n) ≈
Mσ2

z

Σ0M [1 + σ2
x] − (M + 2)σ2

zσ2
x

I. (25)

The term E{λ2(n)v(n − 1)vT (n − 1)} of equation (19) can
finally be written as

E{λ2(n)v(n − 1)vT (n − 1)}

=E

8

>

<

>

:

0

B

@

[xT (n)x(n)]2

Σ2
0M

2
“

1 + x
T (n)x(n)

M

”2
[z4(n) + (vT (n − 1)x(n))4

−2z3(n)(vT (n − 1)x(n))3 + z2(n)(vT (n − 1)x(n))2

−2z2(n)vT (n − 1)x(n)] −
h

(vT (n − 1)x(n))2xT (n)x(n)

−2z(n)vT (n − 1)x(n)xT (n)x(n) + z2(n)xT (n)x(n)
i

×
2

Σ0M
“

1 + x
T (n)x(n)

M

” + 1

1

A v(n − 1)vT (n − 1)

9

=

;

(26)

Solving (26) using the same approximation as in (21) yields

E{λ2(n)v(n − 1)vT (n − 1)} = E{v(n − 1)vT (n − 1)}

×

(

1 −
2

`

σ2
zσ2

xM + (M + 2)σ4
xE{vT (n − 1)v(n − 1)}

´

Σ0M [1 + σ2
x]

+
h

6(M2 + 3M + 11)σ6
xσ2

zE{vT (n − 1)v(n − 1)}

+3(M2 + 4M + 27)σ8
xE2{vT (n − 1)v(n − 1)}

+3σ4
xσ4

zM(M + 2)
˜ 1

Σ2
0M

2
“

1 + 2σ2
x +

(M+2)σ4
x

M

”

9

=

;

.

(27)

Now, (19) can be written as

E{v(n)vT (n)} ' E{v(n − 1)vT (n − 1)}

×

(

1 −
2

`

σ2
zσ2

xM + (M + 2)σ4
xE{vT (n − 1)v(n − 1)}

´

Σ0M [1 + σ2
x]

+
h

6(M2 + 3M + 11)σ6
xσ2

zE{vT (n − 1)v(n − 1)}

+3(M2 + 4M + 27)σ8
xE2{vT (n − 1)v(n − 1)}

+3σ4
xσ4

zM(M + 2)
˜ 1

Σ2
0M

2
“

1 + 2σ2
x +

(M+2)σ4
x

M

”

9

=

;

+ σ2
xI

„

Mσ3
z

Σ0M [1 + σ2
x] − (M + 2)σ2

zσ2
x

«2

×

2

41 −
2σ2

zσ2
x(M + 2)

Σ0M(1 + σ2
x)

+
12σ4

zσ4
x(M + 4)

Σ2
0M

2
“

1 + 2σ2
x +

(M+2)σ4
x

M

”

3

5

(28)

Taking the trace on both sides of (28), rearranging the terms
and assuming that in steady-state lim

n→∞

v(n) = lim
n→∞

v(n −

1) = v(∞), results in a third order equation in D(∞) =
E{vT (∞)v(∞)}. Neglecting the higher order terms and assum-
ing σ2

z << 1, the mean-square deviation of the RVML algorithm
can be approximated by

D(∞) '
σ4

zM

2Σ0(1 + σ2
x)

(29)



Different from the original VML algorithm, this modified
version isn’t independent from the input power. But for low-input
power (σ2

x << 1) the modified algorithm behaves similar to the
original VML, and for unity or bigger than unity input power,
the modified version has lower steady-state mean-square weight
deviation.

IV. SIMULATIONS

Monte Carlo simulations were performed to compare the
performances of the VFF, VML and RVML algorithms. Using
a Gaussian white noise as input and as additive noise with
σ2

z = 10−8, σ2
x = 1, M = 50, N0 = 50 and starting

the matrix P(n) as P(0) = 100 · I, the three algorithms
converged. After the input sample 1000, the input for the three
algorithms is attenuated 30dB, then it returns to unity after the
sample 2000. Starting from sample 3000, the input power changes
again and is increased 10dB for the three algorithms. Figure 1
shows the mean-square deviation of the weight vector for the
three algorithms (average of 500 realizations) and the analytical
predictions for the steady state behavior obtained from (29) for
the modified VML algorithm. Note that the model accurately
predicts the modified algorithms steady-state response. It is also
clear that both, VML and modified VML algorithms avoids false
identifications, but the modified version has lower mean-square
deviation of the weight vector (3dB lower). For input power
bigger than unity, the VFF algorithm’s mean-square deviation is
reduced due the increase of the SNR and has better performance
than the VML, but the RVML follows the VFF with a mean-
square deviation 0,3dB lower than the VFF.

σ
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x = 10 dBσ
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x = 0 dBσ
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x = 0 dB σ
2
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Fig. 1. Monte Carlo simulations: VFF algorithm (o); VML
algorithm (+); RVML algorithm (×); analytical model for the
RVML algorithm (continuous line)

V. CONCLUSIONS

This paper has proposed a modification on the Variable Mem-
ory Length algorithm. The new algorithm is robust in system
identification problems in which the input power can vary from
very small to very large values. Most RLS-type algorithms tend
to increase the error in the estimated weight vector in low
input power situations, while the VML algorithm doesn’t have

a satisfactory performance in large input power situations. The
steady-state behavior of the RVML algorithm has been studied.
Simulation results have shown the good performance of the new
algorithm and the accuracy of the steady-state analysis. The
RVML algorithm should encounter applicability in systems such
as automotive suspension fault detection and adaptive control,
and system identification using speech signals. In these cases,
considerable periods of low and high input powers are common
during operation.
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