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ABSTRACT

In block-mode transmission, inserting a cyclic prefix
(CP) between two consecutive blocks provides an effi-
cient way of removing inter-block interference and sim-
plifies equalization of frequency-selective channels at
the receiver. Here, we address optimal training design
for channel estimation in such systems. Our investi-
gations focus on affine precoding schemes. Apart
from the CP insertion, no redundancy is introduced
in the precoding. In designing the precoder, least
squares channel estimation is constrained to be decou-
pled from symbol detection, which results in orthog-
onal precoding schemes. If the precoding matrix is
full-rank, data-rate (or bandwidth) has to be traded
off to accommodate training. We propose full-rank
orthogonal single-carrier (FROSC) precoding. Then,
in order to improve bandwidth efficiency, we propose
a rank deficient orthogonal single carrier (DROSC)
precoding scheme. Symbol recovery is still possible
thanks to the finite alphabet property of the data sym-
bols. Finally, simulation results show that the bit er-
ror rate of the DROSC method can be quite close to
that of the FROSC scheme. The former is however
spectrally more efficient.

1. INTRODUCTION

Wireless broadband communications systems are
characterized by very dispersive channels. Serial
transmissions therefore require complex equalizers.
Further, linear zero-forcing equalizers do not exist for
such transmissions. To mitigate these problems, block
transmission techniques with a guard interval between
two consecutive blocks were introduced in [1, 2, 3].
When the duration of the guard interval is at least
equal to the delay spread of the channel, interblock
interference is avoided and symbol detection can be
performed on a per-block basis. Choosing the guard
interval to be a cyclic prefix (CP) (i.e. cyclic ex-
tension of each block) turns the convolution of the
sent data symbols (i.e. outputs of the symbol map-
ping stage) and the channel into a circular convolu-
tion, which simplifies channel equalization [1].  Or-
thogonal Frequency Division Multiplexing (OFDM) is
an example of CP systems, where the data symbols
are first linearly precoded by an inverse DFT matrix
prior to transmission. If the data symbols are not lin-
early precoded, the system is commonly referred to
as single-carrier CP (SC-CP) system. Comparisons
between OFDM and SC-CP have been carried out in
many publications e.g. [4, 5, 8] and references therein.

It was shown in [4] that SC-CP with frequency do-
main linear equalization (FD-LE) outperforms OFDM
with fixed modulation, and that OFDM with adap-
tive modulation (which requires availability of channel

state information at the transmitter) outperforms SC-
CP with FD-LE. In [5] and [6] among others, it was
shown that the use of a decision-feedback equalizer
renders SC-CP similar in performance to OFDM with
adaptive modulation. The latter however assumes
that the channel is quasi static over a large number
of blocks as it is often the case for fixed wireless sys-
tems such as wireless local area networks. When the
channel is fast-varying (e.g. in mobile communica-
tions), OFDM with adaptive modulation is not prac-
tical. In this case, OFDM must have fixed modulation,
i.e. bit/power loading is similar at all subcarriers be-
cause the channel is unknown at the transmitter.

When the channel is fast-varying, pilots must be
inserted in each block in order to track channel varia-
tions. Optimal insertion of pilots for OFDM was inves-
tigated in [9] and [10]. Starting from a general affine
precoding scheme (see [11] and [12]) and by constrain-
ing channel estimation and symbol detection to be de-
coupled, it was shown in [12] that OFDM with equi-
spaced and equipowered pilot tones is an optimal or-
thogonal affine precoding scheme in the sense of min-
imizing the mean square error of channel estimation.
In [12], in order to achieve maximum multipath diver-
sity, linearly precoded OFDM (LP-OFDM) was con-
sidered. A method which is more efficient in terms of
bandwidth utilization was proposed in [13] and it was
called linear constellation precoding OFDM (LCP-
OFDM). Here, we consider SC-CP whose performance
is close to that of maximum diversity and coding gain
systems at realistic SNR values. We present explicit
design for optimal orthogonal affine-precoded SC-CP.

If the precoding matrix is full-rank, data-rate (or
bandwidth) has to be traded off to accommodate
training [12]. In the second part of this paper, in
order to improve bandwidth efficiency, we propose
a rank deficient orthogonal single carrier precoding
scheme. Symbol recovery is still possible thanks to
the finite alphabet property of the data symbols. This
method will be shown to be a generalization of the
data-dependent superimposed training we have pro-
posed in [17].

Notation: Boldface small (resp. capital) letters de-
note vectors (resp. matrices.) The (N x N) DFT ma-

trix is defined as F = 1/v/N{exp(—j2mnm/N)} N -1

n,m=0"
The DFT of a vector b is denoted by b = Fb. Dy will
denote the diagonal matrix whose diagonal is b. The
nth element of a vector b (or Ab where A is a ma-
trix)is denoted by b(n) (or [Ab]n). Superscripts *, T
and ' denote Hermitian, transpose and pseudo-inverse
operators. The Frobenius norm, trace, rank and sta-
tistical expectation are denoted by || - ||2, trace{-},
rank {-} and E{-}. The (N x N) identity matrix is
denoted by I, and In,r will denote the leading N x L
submatrix of Iy. If P denotes an index set consisting



of P elements from {0, ..., N —1}, then Fp will denote
the (P x N) submatrix obtained by the n € P rows of
F.

2. SIGNAL MODEL

Consider a block transmission system where a cyclic
prefix (CP), whose duration is longer than the delay
spread of the multipath channel, is inserted between
two consecutive blocks in order to avoid interblock in-
terference. Assume that the frequency-selective chan-
nel is time-invariant over a single block but a frame
of K (K > 1) blocks, where K is less than the chan-

nel coherence time in blocks. Let h = [ho - - - hL_l]T
denote the baud-rate sampled discrete-time channel
impulse response (CIR) during the frame. After re-
moving the CP, the ith block of the received frame
can be modelled as

x; = Hu; 4 v, 1=0,1,...., K — 1, (1)
where w; is the ith transmitted block, and H is
an (N x N) circulant matrix with first column

[ho h1 - hr_1 0~~~0]T and v; is an AWGN vec-
tor with covariance o2Iy. Since circular matrices can
be diagonalized using DFT matrices, the above signal
model can also be rewritten as
Q}Z:F*DﬁFui—‘—’U“ ZZO,L,K—l (2)
where h = [ﬁo N IiLNfl]T with A, being the frequency
response o~f the channel at the normalized frequency
n/N, i.e., h, = Zf:_ol he exp(—j2mnl/N).
In order to estimate the frequency-selective channel,

training pilots are inserted in each block. We consider
non-redundant affine precoding [11]

u; = 0;s; + b; (3)

where ©; is the (N x N) precoding matrix in the ith
block, s; is the ith information block and b; is a known
training sequence. The precoding matrix is allowed to
vary across the blocks, which gives us some flexibil-
ity compared with the fixed schemes in [11] and [12].
Further, the pattern of the set of these matrices could
also be cyclicly hopped across frames of K blocks.

The model in eq. (3) encompasses both time-
division multiplexed (TDM) and superimposed train-
ing. Note that in the absence of training, affine pre-
coding reduces to linear precoding. Apart from
the CP insertion, no redundancy is introduced in the
precoding scheme. However, our results could be ex-
tended to accommodate redundancy, i.e., by letting ©
be tall. We note that here we relax the assumption
of a full rank procoding matrix made in [11, 12].

We make the following assumption:
(A1) The non-zero elements of the s;’s are unknown,
independent and identically distributed (i.i.d.), and
drawn from a finite set of alphabets A.

The training and data powers at the ith block are
defined as ) ) )

oy (i) = (N) " [[ball2
0os(i) = (N) 'trace {®; R, O]}

where R; = E {s;s}}, which, under (A1), is diagonal.
If s;(n) = 0, the nth diagonal element of R; is zero.

We also assume without loss of generality that the
total transmitted power in each block is unity, i.e.,

06,(1) + 02(i) = 1. Further constraints on the power
distributions will be presented later.

Our design criteria will assume a fixed total training
power in the frame
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3. DECOUPLED CHANNEL
ESTIMATION AND SYMBOL
DETECTION

Although suboptimal, precoding schemes that decou-
ple channel estimation and symbol recovery signifi-
cantly simplify the receiver. Moreover, it was shown
in [16] that the Cramér-Rao bound on channel esti-
mation is minimized when such a precoder is used,
assuming that the precoded symbols are Gaussian.

Conditions that guarantee the decoupling of the
least squares (LS) channel estimator and symbol de-
tector and optimal training designs were presented in
[12]. In this section, we extend those results to the
case where K > 1 and where the precoding matrix
may vary across the blocks. Using eq. (3), the signal
model in eq. (1) can be written as

xi:HG)isi+B¢h+vi, iZO,...,Kfl (4)

where B; is the leading (N X L) submatrix of the circu-
lar matrix B{ with first column b;, i.e., B, = B{In L.
Stacking the K received blocks in a single vector
xi = [2d -2 _1])T we get

xx = HgOgsk + Brkh + vi (5)

where Hg is the (NK x NK) block diagonal matrix
whose diagonal blocks are all equal to H, @ is de-
fined similar to Hg, Bx = [Bf ---B%_{]7, and sk
and v are defined similar to xx. Treating Hx @ x sk
as an additive noise term, the channel is identifiable if
and only if
(C1) rank {Bx} =1L .

Next, we give the frequency domain counterpart of
(C1). Let

K-1
=Y i), n=0,.,N-1
1=0

where, as defined in Section 1, b; denotes the DFT
of b;. Let P denote the number of nonzero entries of
v = [yo---yn-1]. It is straightforward to show that
rank {Bx} = min(P, L). Hence, channel identifiabil-
ity is guaranteed if the combined training power across
the blocks is non-zero at at least L frequencies. There
is a multitude of training designs that satisfy (C1); for
example, for a fixed placement of the P pilot frequen-
cies, the training power can be entirely allocated to a
single training block, or it can be (evenly) distributed
across the blocks.

When (C1) is satisfied, the LS estimator of h is
obtained as

iLZBLXKIh-l—BL(HK@KSK-‘rVK) . (6)

In order for the LS channel estimator not to be affected
by sk, for any channel realization, the following has
to hold (see Appendix 1 for details)

K—l‘~
S b (n)[Fisi], =0,  n.
=0

In order for the above condition to be satisfied for all
realizations of the data symbols, the s;’s, that satisfy



assumption (A1), the following should be enforced (see
Appendix 1 for details)

(C2) bi(n) [F*@;s:], =0,  Vn,i.

Condition (C2) implies that if P > L then in the
i-th block, the DFT of the precoded data ®;s; should
be zero at the activated pilot frequencies, i.e., pilot
frequencies carrying power in the ¢th block. Such pre-
coders will be refereed to as orthogonal precoders as in
[12]. The following Lemma gives the optimal training
design under (C1) and (C2).

Result 1 Assume that Q@ = N/P is an integer. Un-

der the constraint of fized training power o2, the mean
square error (MSE) of the LS channel estimator in or-
thogonal precoders is minimized when

(C3) =X P 5 —0Q — 1)

where t is an arbitrary but fized integer from [0, ...,Q —
1]

The proof is omitted here because of lack of space.
Under (C3), BiBx = oI, the LS estimate becomes

and the minimum MSE is found to be

~ 1 .
9%
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We make the following remarks

e the minimum MSE of A is independent of P.
Therefore, we will choose P = L in what follows
in order to maximize the bandwidth efficiency.

e Result 1 implies that the pilot frequencies should
be equispaced and that their average powers
across the K blocks should be identical. There-
fore, channel estimation performance is the same
regardless of the distribution of the training
power across the blocks.

e The TDM scheme is not an orthogonal precod-
ing scheme. Indeed, condition (C2) implies that
training should be superimposed on the data in
the time domain (but orthogonal in the frequency
domain).

e Result 1 generalizes the findings of [12] where
minimization of the channel estimation MSE was
carried out for a single block, i.e., K = 1. The
K > 1 scenario gives more flexibility for design-
ing precoders. It also explains why the hopping
scheme of [12] works.

4. FULL-RANK ORTHOGONAL
PRECODING

In this section, the matrices ®;, ¢ =1,..., K — 1, are
assumed full-rank. This is the conventional choice for
© see e.g., [12, 11]. For example, in the absence of
training, the precoding in (3) becomes linear; in this
case ®; = I for single-carrier systems, and ®; = F*
for OFDM.

4.1. Precoding Design

Let P; denote the set of activated pilot frequencies in
the ith block, and let P; denote its cardinality. Since
condition (C2) states that in each block, P; entries
of F®;s; should be zero, and since both F and ©;
are full rank, the degrees of freedom of s; are reduced
from N to N — P;. Indeed, s; should now satisfy P;
linear and independent equations with constant coeffi-
cients. Further, the orthogonality equations should be
valid for all realizations of the vectors s;. This com-
bined with assumption (A1) implies that for full-rank
orthogonal precoding schemes P; entries of s; should
be set to zero, with corresponding conditions on ©;
as discussed below. Without loss of generality, these
zeros are chosen to coincide with the pilot index set
P;i. The design of the precoding matrix is given next

Result 2 [f©;,i=1,..., K — 1, are full rank and as-
sumption (A1) holds, then the orthogonality condition
(C2) is satisfied if and only if the nth entry of E;s;
18 identically zero if n € P;, where E; is any (N X N)
permutation matrixz. The latter can be set to the iden-
tity matriz without loss of generality. In this case, the
precoding matriz has the following form

O, =F" (T;W,;T; + (I—T))A;) (7)

where T; an (N x N) diagonal matriz whose nth di-
agonal entry is unity if n € P; and zero otherwise,
W; and A; are any (N X N) matrices such that

(TyW,T; + (I —T;)As) is full-rank. *

By choosing W; = A; = I, we obtain OFDM with
reserved pilot tones, i.e., ®; = F*. Uncoded OFDM
suffers from multipath (or frequency) diversity loss. In
fact, only diversity order one is possible over Rayleigh
fading channels [7, 14, 13]. To mitigate this problem,
dependence among symbols on different subcarriers is
introduced through either Galois field (either block
or convolutional) channel coding at the bit level (e.g.
[15]) or through LP-OFDM or LCP-OFDM (14, 13].
Here, we focus on SC-CP systems. Although such sys-
tems do not have full multipath diversity, their perfor-
mance at realistic SNR values approaches that of max-
imum diversity systems. Further, maximum diversity
at high SNR can be achieved if the constellations are
first rotated prior to SC-CP modulation. However,
we will not pursue this option in this paper. We fo-
cus on SC-CP systems with linear equalizers. Note
that nonlinear decoders such as FD-DFE, ML, and
sphere decoding could also be used at the expense of
increased decoding complexity.

Conventional SC-CP schemes where ®; = I, do
not satisfy the orthogonality condition (C2). Next
we present a full-rank orthogonal precoding scheme
that preserves maximum diversity and coding gains
and which can be seen as a modification of SC-CP
to satisfy condition (C2). We wish to design an or-
thogonal precoding matrix ®; such that its nth row
is the same as that of the (N x N) identity matrix
if n ¢ P;. This ensures that the information-bearing
symbols are not precoded, as in SC-CP systems. We
refer to this scheme as full-rank orthogonal single car-
rier (FROSC) precoding. After some algebra, the pre-
coding matrix is obtained by choosing W; and the
non-zero ((N — P;) x N) submatrix of (I — T;)A; as

1Equivalently, the submatrix of A; obtained by deleting
the P; rows and columns corresponding to the active pilot
frequencies, should be non-singular, and the submatrix of
W, correspoding to the pilot frequencies should also be
non-singular.



follows (see Appendix 3 for details)

W; =1, and A; = (Fp,) '(Ip, —ngTi) (8)
where D; is the (N — P;)-entry subset of {0, .. -1}
indexing the positions of the data frequencws in the
ith block (P; UD; = {0,..., N —1}), Fp, is the (N —
P;) x (N — P;) obtained from the nth columns of Fp,
with n € D;, and Ip, is the (N — P;) x N submatrix
obtained from the nth rows of I with n € D;. The
resulting precoding matrix is the same as I except for
P; rows which can be obtained using egs. (7) and (8).
The bandwidth efficiency in the i-th block is given
b
Y N - P

CFROSC ( ) m

Corpm (i) =

4.2. Symbol Detection

Once the channel has been estimated using the LS
approach in Section III, optimum symbol detection
performance is obtained using ML decoding on a
per-block basis. Here, in order to reduce decod-
ing complexity, we limit our performance analysis to
the MMSE equalizer and symbol-by-symbol detection.
Since H is circulant, equalization can be carried out
in the frequency domain. The detected symbols are
obtained as

3 = |T:sF'GZ; |4 9)

where G is the MMSE equalizer which is given by
the (N x N) diagonal matrix whose nth entry G(n) is

G(n) = lzzfl/(|l:zn|2 +02) with ;Ln being the LS estimate
of hn, Ts is the ((N — P;) x N) data selection matrix,

and |a|4 denotes the vector of constellation points
from A that are the closest to the vector a.

5. RANK-DEFICIENT ORTHOGONAL
PRECODING

Here, we design a precoding scheme with full data-
rate. This implies that condition (C2) must be sat-
isfied for all vectors s; where none of the entries is
zero. This is satisfied only when the nth row, n € P;,
of [F®,] is 0. Since F is a full rank matrix, we have
that rank {®;} = N — P;. Rank-deficient precoding
matrices prevent linear recovery of the data-symbols.
However, using the finite-alphabet property of the lat-
ter, detection is still possible as we will see in the next
subsection. We design the optimal matrices ®; by
minimizing the averaged (over the i.i.d. symbols s;)
Euclidean distance between ©;s; and s;, i.e., we de-
sign a rank-deficient orthogonal precoding that is clos-
est to the SC-CP scheme. This leads to the following
criterion

min Y [|@; - 1||5 .
©;; Fp,©;=0 =

For a fixed P;, we prove that ||
when

®; —I||2 is minimized

©,=F (I-T,)F. (10)

The proof is omitted here because of lack of space.

Equation (10) implies that ©;s; is obtained by first
computing the DFT of s;, then the DFT sequence is
nulled at the P; active pilot frequencies, and finally an
IDFT is performed.

It is straightforward to show that when © is given
by eq. (10), ||®; — I||2 increases with P;. Therefore,
the P;’s should be as small as possible. For example
if L = KM, then the optimal distribution of the P;’s

is Ph = -+ = Px_1 = M. This is in contrast with
the full-rank orthogonal precoding schemes where the
distributions of the P;’s (the number of active pilot
frequencies) across the blocks was irrelevant. Further,
the active pilot frequencies are chosen to be equis-
paced and (circularly) separated by maximal spacing
since this scheme minimizes the MSE of the LS chan-
nel estimate.

Combining the above results with the training se-
quence design, we obtain the following rank-deficient
orthogonal single carrier (DROSC) precoding scheme:

Result 3 Assume N/L = Q and M = L/K are
integers. A bandwidth efficient orthogonal precoding
scheme is obtained as follows

o fori=20,..,K —1 chose P; = {nKQ + iQ for
n=20,..,.M—1

e set the precoding matrices as in eq. (10)

e add a training sequence according to condition

(C3).

The above result states that the pilots in each block
are equispaced by K@, and offset by @ from those in
the next block. For each block, the precoding consists
of first computing the DFT of s;, then the DFT at
the P, active pilot frequencies are set to known pilot
values according to Lemma 1, and finally an IDFT is
performed, i.e., the elements of ®;s; are given by

[O;si]ln = si(n) —ei(n) (11)
p Nl
ein) = ) sim)i(n—m)  (12)
m=0
where Yi(n) = P% Z i 2Tk /N
kEP;

In Result 3, we assumed K < L. If K > L, then at
most one entry of the DFT of s;, corresponding to
one of the pilot frequencies, should be set to a known
value.

DROSC can be seen as data-dependent superim-
posed training scheme since w; = s; — e; + b; where
e is data-dependent. This method was presented
in [17] without any proof of optimality. Here, we
have not assumed any a priori structure for ® and
have shown that the data-dependent superimposed
method in [17] is an optimal rank-deficient orthog-
onal precoding scheme with full multipath diversity.
The method in [17] was limited to K = 1. When
K > 1, we show in the simulation section that fur-
ther improvement in terms of BER can be obtained.
If K =1, then M = L, and dropping the block index,
P ={¢(N/L, £=0,...,L—1}, and (n) = £46(n). In
this case, e(n) is periodic in n with period L, and is
given by the cyclic mean of s;, i.e.,

L
NZsk—FmL

=0

e(k+jL) = ¢(

which is the scheme presented in [17] and [18].
DROSC is more bandwidth efficient than FROSC
since the data rate is not reduced to accommodate
training. The bandwidth efficiency of DROSC is given
by
N

CDROSC = m .



The price paid by this increase in bandwidth efficiency
is a distortion (or perturbation) of the data symbol se-
quence by the data dependent sequence e;. However,
this effect will fade away when @; := N/P; is large.
This combined with the finite alphabet property of
the symbols allows for successful symbol recovery as
detailed next.

5.1. Symbol Detection

Although nonlinear detectors such as ML and sphere
decoding could be used for symbol detection, here, in
order to reduce decoding complexity, we only consider
the MMSE equalizer and symbol-by-symbol hard de-
tection. The zero-forcing equalizer when applied to
SC-CP has poor performance and therefore will not
be considered here. Using eq. (10), we can write
©;s;, = (I—J;)s; where J; = F*T;F. After the chan-
nel is estimated, we can remove the contribution of b;
from x; by simply computing

In the frequency domain, this is equivalent to setting
the DFT of «; at the activated pilot frequencies in the
ith block to zero. Since both H and J; are circulant,
and hence commutative, z; can be expressed as

zZi = H(I — J»L')S + (I — Ji)vi R

where we have used the fact that (I —J;)? = (I—J,).
The additive noise, ¥; = (I — J;)v;, is now slightly
colored. However, this color will fade away when @Q;
is large, and will therefore be ignored in what follows.
Further, it is straightforward to show that the power
of ¥; is 2(i) = o2(1 — 1/Qu).

Since H is circulant, equalization can be carried out
in the frequency domain, i.e., the equalized signal is
given by

w; = F*Gél (14)
where z; is obtained by setting z;, the DFT of x;,
to zero at the activated pilot frequencies in the ith
block. G is the MMSE equalizer which is given by
the (N x N) diagonal matrix whose nth entry G(n) is
G(n) = hy/(|hn|? + 53(9)).

Due to data distortion at the transmission, w; # s;
even in the absence of channel estimation error and
noise. Indeed, in this ideal scenario, w; = (I — J;)s;.
Since (I — J;) is singular, s; cannot be recovered lin-
early. However, since the data symbols are drawn
from a finite alphabet and J;s; is small compared to
s;, symbol detection can be accomplished by finding
the vector of constellation points s; that minimizes
the Euclidian distance between w; and (I — J;)s;.
However, this sequence detection scheme is computa-
tionally cumbersome and will therefore not be consid-
ered here. Instead, we propose the following iterative
symbol-by-symbol detection scheme.

The symbol-by-symbol detection algorithm is ini-
tialized by treating J;s; as an extra additive noise
term, and considering w; in eq. (14) as a soft de-
tector of s;; the initial hard detector of s; is given
by

517 = Lui)a
The detected symbols are used to estimate J;s; to be
used in the next iteration. The detected symbols at
the mth iteration are given by

ggm) = L'wl +J¢.§§m71)JA

As we will see in the next section, the symbol detection
algorithm converges in only one or two iterations.

6. SIMULATION RESULTS

Here, we investigate the performance of the proposed
FROSC and DROSC schemes in terms of bit error
rate (BER). The methods are also compared with (un-
coded) OFDM. Only decoding based on the MMSE
equalizer followed by symbol-by-symbol detection is
considered. The length of the data block is set
to N = 64. The length of the channel is set to
L = 16. We assume that the channel is time-invariant
over K = 4 blocks. The channel is randomly gen-
erated at each Monte-Carlo run and is assumed to
be Rayleigh; the coefficients are uncorrelated and
their powers are given by the exponential delay profile
E {|he|*} = exp(—0.2¢). The training sequences are
chosen to be optimal according to Lemma 1 and Result
3 and their powers are set to the optimal value given
in [12, eq.(24)]. The data symbols are drawn from ei-
ther BPSK or QPSK constellations. We use the same
training power for all precoding schemes; thus, chan-
nel estimation performance is identical for all three
techniques. We evaluate the BER using 5000 Monte-
Carlo runs. Figures 1 and 2, display the BER versus
the average energy-per-bit-to-noise ratio (Ep/No) for
the different schemes in the case of BPSK and QPSK
inputs. As expected FROSC outperforms DROSC.
However, the latter has a higher bandwidth efficiency
than the former. Further, the difference in perfor-
mance between FROSC and DROSC is negligible if
L/K < Nj see Figure 3 where N = 128.

7. CONCLUSIONS

Two affine precoding schemes that guarantee decou-
pling between least squares channel estimation and
symbol detection were proposed. In the first scheme,
which involves a full-rank precoding matrix, data-rate
had to be traded off to accommodate training. In the
second scheme, the precoding matrix was designed to
be rank deficient in order to preserve maximum data
rate. Symbol recovery was still possible thanks to the
finite alphabet property of the data symbols. Simu-
lation results show that the bit error rate of the two
schemes can be quite close to each other. The exten-
sion of this work to multiple antenna systems is an
interesting direction for future research.
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Figure 1. Bit error rate versus E},/No; N=64; BPSK
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Figure 2. Bit error rate versus Ejp/No; N=64; QPSK

K=4; N=128; L=16;0'23=0.2; QPSK; Rayleigh channel
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Figure 3. Bit error rate versus E,/No; N=128; QPSK



