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Abstract—We propose and investigate a partially adaptive specified band of spatial frequencies around the look direction.
beamformer that employs Slepian sequences in both the quiescentSimilar sequences can be obtained for non-ULA geometries,
weight vector and the signal blocking matrix. This technique 4 the Slepian sequences are especially well studied [2,3].
maintains robustness in the sense that it preserves low S|delobeA ib lained bel btain additi | f ’
levels under conditions of low training data support, signal S will be explaine e_OW’ we o aln'a iional performance
steering vector mismatch, and moving interference. The adaptive Improvement by reducing the adaptive degrees of freedom,
degrees of freedom are chosen based on the properties of Slepianwhich also helps to reduce the effect of main beam nulling.
sequences, in order to mitigate the effects of signal self-nulling. The advantages of this technique are its improvement of
Numerical comparisons with adaptlye beamformers with Slepian- robustness with respect to low sample support or signal and in-
based and Chebyshev-based quiescent responses support th? f taint hil itiqating the effect of mainb
efficacy of this method. erference uncertainty, while mitigating the effect of mainbeam

nulling. Its implementation can exploit a significant literature
on the properties and calculation of Slepian sequences, such
I. INTRODUCTION as the original series of papers by D. Slepian. We validate the
I%>_<pected advantages of this technique with numerical studies
éif output signal-to-interference plus noise ratio (SINR) versus
%i nal-to-noise ratio (SNR) and the number of adaptive degrees
freedom in the signal blocking matrix.

The minimum variance quiescent response (MVQR) bea
forming [1], which does not necessarily employ a sign
steering vector as the quiescent weight vector, is a modificati
of minimum variance distortionless response (MVDR) beant- . . .
forming. In MVQR beamforming, the signal steering vector The paper 1S qrganlzed as fOIIOWS'. Section I prese_nts
may be tapered in order to maintain a robust directional quiég—e partially adaptn_/e MVQR b_eamformlng based_on Slgplan
cent response with low sidelobes in white noise environmentSduences. Numerical evaluations are presented in section Ill,
while preserving the ability to adaptively place nulls in thé?md a conclusion is provided in Section IV.
direction of interferers. Techniques of quiescent weight vector
design have been developed to make the beampatterns mafe PARTIALLY ADAPTIVE MVQR BEAMFORMING WITH
robust under conditions of limited sample-support and non- SLEPIAN SEQUENCES
stationary environments, where the signal steering vector may ) o ) )
be mismatched and directional interferers posseses rapidi-Onsider an array oV omnidirectional sensors with steer-
time-varying properties [4-7]. ing yectors(e). Assume narrpw—band S|gnaI§ are emitted from

However, when the signal is relatively strong, a fuu)far-f_leld emitters. The_ desqed signal, emitting from a_ngle
adaptive MVQR beamformer may suffer serious degradatigﬁ' mterferers and white noise are assumed to be stationary
of the shape of main beam. An adaptive null in the main bea‘?ﬂd spatio-temporally uncorrelated.each other. The complex
produces unacceptable patterns with a severe reduction of pRgeband array output vector, at timecan be denoted by
gain in the desired look direction. x(t). The Samplg Matrix Inverse (SMI) version of the adaptive

In this paper we investigate the following modifications oMVQR weights is
MVQR beamforming: (1) We design the quiescent weight
vector to be the signal steering vector tapered by the zeroth W=
Slepian, or Discrete Prolate Spheroidal, Sequence (DPSS) weRae W,

[2,3]. (2) We make the beamforming partially adaptive, iWherewq is the desired quiescent weight vector dnis the

the generalized sidelobe canceller (GSC) structure [8], lb-Yermitian (conjugate transpose) ok)eratim is the sample

employing a subset of subdominant Slepian sequences in fhe. .\ -0 o matriR, — L > x(1)x!(¢), estimated
signal blocking matrix. T = M 2at=1

) . . . , by M received snapshots.
The rationale for this choice of quiescent weight vector Denote the covariance of white noisét) that is bandlim-

is that for a un_ifo_rm linear array (ULA), the zeroth Slgpi_arilted to bandwidteW asT = o2 - [ __ s(u)s' (11)du, where
sequence maximizes the concentration of energy W|th|n0§ is the variance of white n(;LiSQJ,ME:QSiHG determines the
n
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paper, we consider the uniform linear array (ULA), where the 14 0.98396
steering vector can be expressed as

S([L) = {1361271-%“;"' aeiQﬂ—(Nil)%u}Tv (2)

with distance between any two neighboring sensbrand
the wavelength\. Then the covariance matrix of white noise,
that is bandlimited tg—1, W], is a positive-definite, Toeplitz
matrix with (m,n)-th element as

o A sin2rW’'(m —n)]

Tmn =0, " g 7T(m — TI/) . (3)

HereW' = %W. The Slepian, or discrete prolate spheroidal,
sequencegv®) (N, W")}, k = 0,--- , N — 1, are eigenvec-
tors of the Toeplitz matriXT', corresponding to the ordered o 2 4 6 8 10 12 14 16 18
eigenvalued > ag > a3 > --- > ay_1 > 0.

The zeroth Slepian sequene€ (N, W), or in shortv(©), g 1. Eigenvalues{ay} of the Slepian sequences*) (N, W)}
is the dominant eigenvector of the Toeplitz maftiix with the with N = 20 andW = 0.06.
largest eigenvalua,. »(©) maximizes the energy concentration
in the spatial bandwidtfi-W, W1, or equivalently minimizes
the power leakage outside this narrow band in white noigrection, the second to th&-th Slepian sequences also have
environment. Because of this property, we use the steerinighly directional signal responses. If these Slepian sequences
vector at the look directios(f), or in shorts, tapered by are employed in the signal blocking mati, the blocking
the zeroth Slepian sequence as the quiescent weight veeteitrix does not efficiently block the signal. In other words,
w,, which can be calculated as the Hadamard (element-wisegidual components of the desired signal are then passed
product [9] of s and v(?) as w, = s o v(?). The quiescent through the signal blocking matri®, and result in the desired
weight vectorw, can also be denoted ag, = diag(s) - v(¥).  signal being subtracted in part from the nonadaptive quiescent

A disadvantage of this MVQR beamforming is possibleesponse. This effect becomes more severe at higher SNR
nulling of the main beam in the beam pattern, which may occlgvels, resulting in a null being formed in the mainbeam in
when the signal-to-noise ratio levels are relatively high. Thie presence of strong signal. Therefore, only a subset of the
reasons for this can be seen by investigating the beamforrsabdominant Slepian sequences, which correspond to small
in its generalized sidelobe canceller form. The MVQR weightsigenvalues, should be used in the signal blocking matrix.
are decomposed into two orthogonal components, consistingidfe new N by N — L signal blocking matrixB, which only
the quiescent weight vector and the auxiliary adaptive weiginploys the lastV — L Slepian sequences with thg — L
vector: smallest eigenvalues, B = diag(s) - {v¥),-.. ,v(N-D},

w = {I- B[B'R,B]'BiR,}w,, (4) whereL > K +1. Usually L = [2NW | + 1 or [2NW | + 2

is chosen, depending on the practice.
Another advantage of utilizing only a fraction of the avail-

whereB is the N x (N — 1) signal blocking matrix whose

colgmns are orthogor_1a| to the quiescent weight vector. .Tg%Ie adaptive degrees of freedom is to reduce the computa-
choice of B is not unique. Due to the mutual orthogonaht){i nal load of the adaptive algorithm, especially whanor

of Slepian sequences, subdominant Slepian sequences cagﬁb% large ’

employed in the signal blocking matrix @8 = diag(s) - yever, reducing the adaptive degrees of freedom even

{V(l) V(Nfl)}. . . -
L further will tend to degrade the interference cancellation ca-

th Aln 'mﬁ?rt?gtl prpperty of thiésrleplan ?equences Its' thf_ﬂ WhSgbility. Therefore, the number of adaptive degrees of freedom
e length of Slepian sequencas— oo, for anyn satisfying 1, omsioy N — I, or the rank of the signal blocking matrix,

O<m<1, should be selected to tradeoff between the performance gain
. 1, when k=2NW(1-n), due to reducing main beam nulling and the performance loss
O 0, when k=2NW(1+n). from degrading interference cancellation capability.

The unused adaptive degrees of freedom can not be in-
corporated into the quiescent weight vector design, because
the zeroth Slepian sequence is already the optimal choice
largest integer less than or equal&y 1. When N is relative for maximizing the energy con(_:ent_ratmn a“"ﬂf‘d the deslred

. L Y . ok direction. Any linear combination of additional Slepian
small, it also has a similar "threshold”. For example, F|g.E} ; ;
) . Sequences will decrease the energy concentration.
demonstrates the eigenvalugs;} of the Slepian sequences dina b di | . . h b
(B (N, W)} with N = 20 and W = 0.06. When K — Loading by a liagonal matrix to improve the robustness
' o [10], the SMI version of the partially adaptive MVQR beam-

[2NW] =2, oy, is close to O fork > K. forming with Slepian-based quiescent response becomes
Consequently, although the zeroth Slepian sequence has 9 P q P

a highly directional response pointed in the desired signal w = {I — B[BT(R,. + 1)B]"'Bf (R, + f1)}w,, (5)

It implies that with N large, there are approximately =
|2NW | orthogonal sequences/(*)} with "large” eigenval-
ues, that isa, = 1 for k¥ < K [2,3]. |2NW ] denotes the



where (3 is the loading factor, and is an N x N identity increased by reducing the adaptive degrees of freedom, or
matrix. the rank of the signal blocking matrix, frod to 16 (L =
[2NW | +2). As discussed above, this can be attributed to the
I1l. NUMERICAL EVALUATION effect of removing the dominant projections of a desired signal

In the following two examples, we consider the signa{r‘ the adaptive branch of a generalized sidelobe canceller. By

detection problem with low sample support, mismatched Sigr{glmovmg these columns, the signal OT mtergst is no longer
steering vector and non-stationary interference, in order Lege_xpectedly suppressed by the adaptive weights.

illustrate the robustness of partially adaptive MVQR beam- Fig.3 compares the beampattemns O.f two fully adap-
forming with Slepian-based quiescent response. We comp V& MVQR peamformer; (MVQR-.SIeplan and MVQR-
the performances of the partially adaptive MVQR beamfornfznePyshev) with the partially adaptive MVQR beamformer

ing with Slepian-based quiescent response (Partial MVleth, Slepian-based quiescent response (Partial MVQ.R'
Slepian), with those of other weight design methods as fo'?_leplan). The beampatterns are averaged for 500 realizations.
lows: For the relatively high SNR levebdB, the fully adaptive

. L MVQR beampatterns display nulling of the mainbeam for

» MVDR beamiformer (MVDRJis weight vector is given some realizations, and thus will require additional first and
by - _1 second derivative constraints [11,12], to prevent the resultant
w=(Rs +50)7s. ©®) suppression of the desired signal, which introduces more

The scalar to normalize the output power at the desiré@mplexity to the system. However, for the partially adaptive
look direction is ignored here and in the following MVQR beamformers with Slepian-based quiescent response,
because it has no influence on the output signal-tis mainbeam nulling problem can be resolved easily by only

interference plus noise ratios (SINRS). reducing the adaptive degrees of freedom.
« Slepian-based fully adaptive MVQR beamformer (MVQR- Fig.4 compares the output SINRs of the fully and
Slepian) The weight is given by partially adaptive MVQR beamformers with the Slepian-
. . ©) based quiescent response or the Chebyshev-based quiescent
w =Ry + D)7 (sov™). (") response. The partially adaptive MVQR beamformer with

« Chebyshev-based fully adaptive MVQR beamformetepian-based quiescent response (Partial MVQR-Slepian)
(MVQR-Chebyshev)The desired quiescent response i8fings an obvious gain (ab.09t5 ~ 5d3 to thg fu.IIy adaptive
based on a Chebyshev weighting. In the following two eeamformers when the signal-to-noise ratio is greater than
amples, the Chebyshev weighting ha80dB sidelobes. ©F €qual t00dB (SNR > 0dB). The difference of the

All the compared adaptive beamformers are diagonally load HtpUt SINRs at the low SNRs is less pronounced, because

and have a same loading level. The diagonal loading level 1€ . prgbe}blhtllei of signal ST(If'nu_II!'r?g decregsel WheTt tr;e
1548 above the noise level. esired signal becomes weaker. This numerical result also

i\pvdicates the robust performance of partially adaptive MVQR

Another purpose of these two examples is to illustrate hqb formi ith Slepian-based aui ¢ d
the adaptive degrees of freedom affect the output SINRs. eamiorming wi eplan-based quiescent response under
ditions of low sample support.

Consistent with the use of Slepian sequences, we presuﬁ‘:r‘i)éI
a uniform linear array, withV = 20 elements, spaced halfE e I
wavelength apart. The desired signal is locatedatand is xample

assumed to be present in all the data samples. The interfere@ another SEeries O.f simulations, we conglder the sgenarlo in
are located at a non-stationary environment, where the signal steering vector

may be mismatched and directional interference posses rapidly
time-varying properties. The sample support sizé (&

All interferers have interference-to-noise ratio (INR) equal to The interferences are assumed to be moving with the time-
30dB. The Slepian sequences have half-fractional bandwidtbrying directionsf;(t) = 40° 4+ 10°sin(t/15), 62(t) =

of W = 0.06. 500 realizations were run and averaged for the25°+10° cos(t/5), andfs(t) = —40°—15° cos(t/15), where
output SINR measurements in the beam pointed at the sighdk data observation or snapshot index [13]. We simulate

0 = 40°, —25°, —40°.

of the interest. steering vector mismatch by modelling the signal response
across the array as a random process with a covariance matrix
Example | given by o2[ss’ + ¢I], with the variance of the perturbances
In the first series of simulations, we consider the scenamven by 10log & /02 = —5dB [14].
of a low sample support with onlyy samples. Fig.5 indicates the effects of adaptive degrees of freedom

Fig.2 indicates the effect of changing the adaptive degreas output SINRs. Global maximal output SINR is achieved
of freedom on the output SINR of the partially adaptivevhen the degree of freedom is reduced frotnto 17 (L =
MVQR beamforming with Slepian-based quiescent respong@ N |+1). This figure also shows the performance loss from
The degrees of freedom are the ranks of the signal blockidggrading interference cancellation capability due to further
matrix, or the numbers of Slepian sequences in the sigralaptive degrees reduction, i.e. from 16 to 1. Therefore, the
blocking matrix. The figure indicates that there does exist @election of degrees of freedom is to tradeoff between the
optimal choice of degrees of freedom for a practical scenarigerformance gain by reducing the signal self-nulling and the
For this experiment, the output SINR can be significantlgerformance loss by incomplete interference cancellation.



12

11
11 q 10k i
10 q
9t i
m 9 1 o
z T st ]
x i
z ° z
n &7
E | H
5 o | 3
5 1 5r
4 q 41
3 L L L L L L
0 5 10 15 20 30 5 10 15 20
Adaptive Degrees of Freedom Adaptive Degrees of Freedom
Fig. 2. Output SINR versus the number of adaptive degrees Bfg. 5. Output SINR versus the number of adaptive degrees of

freedom, withSNR = 0dB and low sample suppory.

freedom in a non-stationary environment, WitV R = 0dB.

v
|
w
o
T

0 T T T T 0 T T T T
— MVQR-Chebyshev : — MVQR-Chebyshev E
- - MVQR-Slepian : - - MVQR-Slepian
-10) — Partial MVQR-Slepian : 1 -10{| — Partial MVQR-Slepian
-20t \ . -20t
: | : S
~ -~ \ : =
—30L -\ ™ - \l \ - 1’ N 4
: |
o

Power (dB)
5

l | 1
L 1
! | HITR ) W |
-50f ' RIER TR WA -50f WA A I
\ 1 b i
! i I | (|} \ b ! ' i i
! i i : [ \ | ! :1 i [ ] :
~60r ‘ : I | I : | 1 -601 . i A || | \
| 1 [ ] (K !
I | ] : !
-70F 1 -70F i ; ;
I [
_golL ‘ i ‘ ‘ _gol ! ] N i E ‘ ‘
-80 -60 -40 -20 0 20 40 60 80 -80 -60 -40 -20 0 20 40 60 80
Angle Angle
Fig. 3. The number of adaptive degrees of freedom for partiallyig. 6. The number of adaptive degrees of freedom for partially

adaptive beamforming methods equals 1t0 (reduced from19).

SNR = 5dB and the sample support size 1.

20

Power (dB)
5

adaptive beamforming methods equals 1o in a non-stationary

environment.SNR = 5dB and the sample support size44V.

T 20 T
== Optimum == Optimum
-3 MVQR-Slepian Phe -3 MVQR-Slepian Pid
-©- Partial MVQR-Slepian -©- Partial MVQR-Slepian e D
151 ..x.. MVQR-Chebyshev s D 151 ..%.. MVQR-Chebyshev e
‘== MVDR e ‘== MVDR e

Output SINR (dB)

Output SINR (dB)

-5

-5 0

SNR (dB)

SNR (dB)

Fig. 4. The number adaptive degrees of freedom for both partialfig. 7. The number adaptive degrees of freedom for both partially
adaptive beamforming methods1g (reduced from 19). The sample adaptive beamforming methods 1§ (reduced from 19) in a non-
support size isV. stationary environment. The sample support sizéNs



Fig.6 compares the beampatterns of fully and partially [11] K.M. Buckley and L.J. Griffiths, "An Adaptive Generalized Side-

adaptive MVQR beamformers as Fig.2. As in the results
shown above, at the relatively high SNR ledelB, the fully

adaptive MVQR beampatterns also display nulling of the main
beam in some realizations. The partially adaptive MVQR

[12]

beamformer with Slepian-based quiescent response can reduéleg']

the probability of signal cancellation very effectively.

Fig.7 illustrate the output SINR performances. The partially
adaptive MVQR beamformer with Slepian-based quiescent
response (Partial MVQR-Slepian) brings abausdB gain
to the fully adaptive beamformers when the signal-to-noise
ratio is relatively high, such aSNR = 5dB. When SNR is
less thar0dB, there is no significant difference between fully
and partially adaptive MVQR beamformers. This performance
metric also illustrates the robustness of the partially adaptive
MVQR beamforming with Slepian-based quiescent response,
in the presence of signal steering vector mismatch and non-
stationary interference.

IV. CONCLUSION

This paper has described a technique of using a subset
of subdominant Slepian sequences in the signal blocking
matrix in partially adaptive MVQR beamforming. It maintains
robustness in the sense that it preserves low sidelobe levels
under conditions of low sample support, signal steering vec-
tor mismatched and non-stationary interference. The adaptive
degrees of freedom affect both performance gain in reducing
the likelihood of main beam nulling and performance loss in
interference cancellation. The tradeoff is studied by theoretical
analysis and numerical simulations. The adaptive degrees
of freedom are chosen based on the properties of Slepian
sequences. We recommend choosing the valug olfose to,
but exceeding2NW.
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