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Abstract— We propose and investigate a partially adaptive
beamformer that employs Slepian sequences in both the quiescent
weight vector and the signal blocking matrix. This technique
maintains robustness in the sense that it preserves low sidelobe
levels under conditions of low training data support, signal
steering vector mismatch, and moving interference. The adaptive
degrees of freedom are chosen based on the properties of Slepian
sequences, in order to mitigate the effects of signal self-nulling.
Numerical comparisons with adaptive beamformers with Slepian-
based and Chebyshev-based quiescent responses support the
efficacy of this method.

I. I NTRODUCTION

The minimum variance quiescent response (MVQR) beam-
forming [1], which does not necessarily employ a signal
steering vector as the quiescent weight vector, is a modification
of minimum variance distortionless response (MVDR) beam-
forming. In MVQR beamforming, the signal steering vector
may be tapered in order to maintain a robust directional quies-
cent response with low sidelobes in white noise environments,
while preserving the ability to adaptively place nulls in the
direction of interferers. Techniques of quiescent weight vector
design have been developed to make the beampatterns more
robust under conditions of limited sample-support and non-
stationary environments, where the signal steering vector may
be mismatched and directional interferers posseses rapidly
time-varying properties [4-7].

However, when the signal is relatively strong, a fully
adaptive MVQR beamformer may suffer serious degradation
of the shape of main beam. An adaptive null in the main beam
produces unacceptable patterns with a severe reduction of the
gain in the desired look direction.

In this paper we investigate the following modifications of
MVQR beamforming: (1) We design the quiescent weight
vector to be the signal steering vector tapered by the zeroth
Slepian, or Discrete Prolate Spheroidal, Sequence (DPSS)
[2,3]. (2) We make the beamforming partially adaptive, in
the generalized sidelobe canceller (GSC) structure [8], by
employing a subset of subdominant Slepian sequences in the
signal blocking matrix.

The rationale for this choice of quiescent weight vector
is that for a uniform linear array (ULA), the zeroth Slepian
sequence maximizes the concentration of energy within a
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specified band of spatial frequencies around the look direction.
Similar sequences can be obtained for non-ULA geometries,
but the Slepian sequences are especially well studied [2,3].
As will be explained below, we obtain additional performance
improvement by reducing the adaptive degrees of freedom,
which also helps to reduce the effect of main beam nulling.
The advantages of this technique are its improvement of
robustness with respect to low sample support or signal and in-
terference uncertainty, while mitigating the effect of mainbeam
nulling. Its implementation can exploit a significant literature
on the properties and calculation of Slepian sequences, such
as the original series of papers by D. Slepian. We validate the
expected advantages of this technique with numerical studies
of output signal-to-interference plus noise ratio (SINR) versus
signal-to-noise ratio (SNR) and the number of adaptive degrees
of freedom in the signal blocking matrix.

The paper is organized as follows. Section II presents
the partially adaptive MVQR beamforming based on Slepian
sequences. Numerical evaluations are presented in section III,
and a conclusion is provided in Section IV.

II. PARTIALLY ADAPTIVE MVQR BEAMFORMING WITH

SLEPIAN SEQUENCES

Consider an array ofN omnidirectional sensors with steer-
ing vectors(θ). Assume narrow-band signals are emitted from
far-field emitters. The desired signal, emitting from angle
θ0, interferers and white noise are assumed to be stationary
and spatio-temporally uncorrelated each other. The complex
baseband array output vector, at timet, can be denoted by
x(t). The Sample Matrix Inverse (SMI) version of the adaptive
MVQR weights is

w =
R̂−1

x wq

w†
qR̂−1

x wq

, (1)

wherewq is the desired quiescent weight vector and† is the
Hermitian (conjugate transpose) operation.R̂x is the sample
data covariance matrix̂Rx = 1

M

∑M
t=1 x(t)x†(t), estimated

by M received snapshots.
Denote the covariance of white noisen(t) that is bandlim-

ited to bandwidth2W asT = σ2
n ·

∫
µ∈Ω

s(µ)s†(µ)dµ, where
σ2

n is the variance of white noise,µ = sin θ determines the
spatial frequency, andΩ is a narrow band of spatial frequencies
around the main lobe with half fractional bandwidthW . In this



paper, we consider the uniform linear array (ULA), where the
steering vector can be expressed as

s(µ) = {1, ei2π δ
λ µ, · · · , ei2π(N−1) δ

λ µ}T , (2)

with distance between any two neighboring sensorsδ and
the wavelengthλ. Then the covariance matrix of white noise,
that is bandlimited to[−W,W ], is a positive-definite, Toeplitz
matrix with (m, n)-th element as

Tmn = σ2
n ·

λ

δ
· sin[2πW ′(m− n)]

π(m− n)
. (3)

HereW ′ = δ
λW . The Slepian, or discrete prolate spheroidal,

sequences{ν(k)(N, W ′)}, k = 0, · · · , N − 1, are eigenvec-
tors of the Toeplitz matrixT, corresponding to the ordered
eigenvalues1 ≥ α0 ≥ α1 ≥ · · · ≥ αN−1 ≥ 0.

The zeroth Slepian sequenceν(0)(N, W ′), or in shortν(0),
is the dominant eigenvector of the Toeplitz matrixT, with the
largest eigenvalueα0. ν(0) maximizes the energy concentration
in the spatial bandwidth[−W,W ], or equivalently minimizes
the power leakage outside this narrow band in white noise
environment. Because of this property, we use the steering
vector at the look directions(θ0), or in shorts, tapered by
the zeroth Slepian sequence as the quiescent weight vector
wq, which can be calculated as the Hadamard (element-wise)
product [9] of s and ν(0) as wq = s ◦ ν(0). The quiescent
weight vectorwq can also be denoted aswq = diag(s) · ν(0).

A disadvantage of this MVQR beamforming is possible
nulling of the main beam in the beam pattern, which may occur
when the signal-to-noise ratio levels are relatively high. The
reasons for this can be seen by investigating the beamformer
in its generalized sidelobe canceller form. The MVQR weights
are decomposed into two orthogonal components, consisting of
the quiescent weight vector and the auxiliary adaptive weight
vector:

w = {I−B[B†R̂xB]−1B†R̂x}wq, (4)

whereB is the N × (N − 1) signal blocking matrix whose
columns are orthogonal to the quiescent weight vector. The
choice ofB is not unique. Due to the mutual orthogonality
of Slepian sequences, subdominant Slepian sequences can be
employed in the signal blocking matrix asB = diag(s) ·
{ν(1), · · · , ν(N−1)}.

An important property of the Slepian sequences is that when
the length of Slepian sequencesN →∞, for anyη satisfying
0 < η < 1,

αk →
{

1, when k = 2NW (1− η),
0, when k = 2NW (1 + η).

It implies that with N large, there are approximatelyK ≈
b2NW c orthogonal sequences{ν(k)} with ”large” eigenval-
ues, that isαk ≈ 1 for k ≤ K [2,3]. b2NW c denotes the
largest integer less than or equal to2NW . WhenN is relative
small, it also has a similar ”threshold”. For example, Fig.1
demonstrates the eigenvalues{αk} of the Slepian sequences
{ν(k)(N,W )} with N = 20 and W = 0.06. When K =
b2NW c = 2, αk is close to 0 fork > K.

Consequently, although the zeroth Slepian sequence has
a highly directional response pointed in the desired signal
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Fig. 1. Eigenvalues{αk} of the Slepian sequences{ν(k)(N, W )}
with N = 20 andW = 0.06.

direction, the second to theK-th Slepian sequences also have
highly directional signal responses. If these Slepian sequences
are employed in the signal blocking matrixB, the blocking
matrix does not efficiently block the signal. In other words,
residual components of the desired signal are then passed
through the signal blocking matrixB, and result in the desired
signal being subtracted in part from the nonadaptive quiescent
response. This effect becomes more severe at higher SNR
levels, resulting in a null being formed in the mainbeam in
the presence of strong signal. Therefore, only a subset of the
subdominant Slepian sequences, which correspond to small
eigenvalues, should be used in the signal blocking matrix.
The newN by N − L signal blocking matrixB̃, which only
employs the lastN − L Slepian sequences with theN − L
smallest eigenvalues, is̃B = diag(s) · {ν(L), · · · , ν(N−1)},
whereL ≥ K + 1. UsuallyL = b2NW c+ 1 or b2NW c+ 2
is chosen, depending on the practice.

Another advantage of utilizing only a fraction of the avail-
able adaptive degrees of freedom is to reduce the computa-
tional load of the adaptive algorithm, especially whenN or
W is large.

However, reducing the adaptive degrees of freedom even
further will tend to degrade the interference cancellation ca-
pability. Therefore, the number of adaptive degrees of freedom
to employ,N − L, or the rank of the signal blocking matrix,
should be selected to tradeoff between the performance gain
due to reducing main beam nulling and the performance loss
from degrading interference cancellation capability.

The unused adaptive degrees of freedom can not be in-
corporated into the quiescent weight vector design, because
the zeroth Slepian sequence is already the optimal choice
for maximizing the energy concentration around the desired
look direction. Any linear combination of additional Slepian
sequences will decrease the energy concentration.

Loading by a diagonal matrix to improve the robustness
[10], the SMI version of the partially adaptive MVQR beam-
forming with Slepian-based quiescent response becomes

w̃ = {I− B̃[B̃†(R̃x + βI)B̃]−1B̃†(R̂x + βI)}wq, (5)



where β is the loading factor, andI is an N × N identity
matrix.

III. N UMERICAL EVALUATION

In the following two examples, we consider the signal
detection problem with low sample support, mismatched signal
steering vector and non-stationary interference, in order to
illustrate the robustness of partially adaptive MVQR beam-
forming with Slepian-based quiescent response. We compare
the performances of the partially adaptive MVQR beamform-
ing with Slepian-based quiescent response (Partial MVQR-
Slepian), with those of other weight design methods as fol-
lows:

• MVDR beamformer (MVDR). Its weight vector is given
by

w = (R̂x + βI)−1s. (6)

The scalar to normalize the output power at the desired
look direction is ignored here and in the following,
because it has no influence on the output signal-to-
interference plus noise ratios (SINRs).

• Slepian-based fully adaptive MVQR beamformer (MVQR-
Slepian). The weight is given by

w = (R̂x + βI)−1(s ◦ ν(0)). (7)

• Chebyshev-based fully adaptive MVQR beamformer
(MVQR-Chebyshev). The desired quiescent response is
based on a Chebyshev weighting. In the following two ex-
amples, the Chebyshev weighting has−30dB sidelobes.

All the compared adaptive beamformers are diagonally loaded
and have a same loading level. The diagonal loading level is
15dB above the noise level.

Another purpose of these two examples is to illustrate how
the adaptive degrees of freedom affect the output SINRs.

Consistent with the use of Slepian sequences, we presume
a uniform linear array, withN = 20 elements, spaced half
wavelength apart. The desired signal is located at0o, and is
assumed to be present in all the data samples. The interferers
are located at

θ = 40o,−25o,−40o.

All interferers have interference-to-noise ratio (INR) equal to
30dB. The Slepian sequences have half-fractional bandwidth
of W = 0.06. 500 realizations were run and averaged for the
output SINR measurements in the beam pointed at the signal
of the interest.

Example I
In the first series of simulations, we consider the scenario

of a low sample support with onlyN samples.
Fig.2 indicates the effect of changing the adaptive degrees

of freedom on the output SINR of the partially adaptive
MVQR beamforming with Slepian-based quiescent response.
The degrees of freedom are the ranks of the signal blocking
matrix, or the numbers of Slepian sequences in the signal
blocking matrix. The figure indicates that there does exist an
optimal choice of degrees of freedom for a practical scenario.
For this experiment, the output SINR can be significantly

increased by reducing the adaptive degrees of freedom, or
the rank of the signal blocking matrix, from19 to 16 (L =
b2NW c+2). As discussed above, this can be attributed to the
effect of removing the dominant projections of a desired signal
in the adaptive branch of a generalized sidelobe canceller. By
removing these columns, the signal of interest is no longer
unexpectedly suppressed by the adaptive weights.

Fig.3 compares the beampatterns of two fully adap-
tive MVQR beamformers (MVQR-Slepian and MVQR-
Chebyshev) with the partially adaptive MVQR beamformer
with Slepian-based quiescent response (Partial MVQR-
Slepian). The beampatterns are averaged for 500 realizations.
For the relatively high SNR level5dB, the fully adaptive
MVQR beampatterns display nulling of the mainbeam for
some realizations, and thus will require additional first and
second derivative constraints [11,12], to prevent the resultant
suppression of the desired signal, which introduces more
complexity to the system. However, for the partially adaptive
MVQR beamformers with Slepian-based quiescent response,
this mainbeam nulling problem can be resolved easily by only
reducing the adaptive degrees of freedom.

Fig.4 compares the output SINRs of the fully and
partially adaptive MVQR beamformers with the Slepian-
based quiescent response or the Chebyshev-based quiescent
response. The partially adaptive MVQR beamformer with
Slepian-based quiescent response (Partial MVQR-Slepian)
brings an obvious gain (about2.5 ∼ 5dB to the fully adaptive
beamformers when the signal-to-noise ratio is greater than
or equal to 0dB (SNR ≥ 0dB). The difference of the
output SINRs at the low SNRs is less pronounced, because
the probabilities of signal self-nulling decrease when the
desired signal becomes weaker. This numerical result also
indicates the robust performance of partially adaptive MVQR
beamforming with Slepian-based quiescent response under
conditions of low sample support.

Example II
In another series of simulations, we consider the scenario in

a non-stationary environment, where the signal steering vector
may be mismatched and directional interference posses rapidly
time-varying properties. The sample support size is4N .

The interferences are assumed to be moving with the time-
varying directionsθ1(t) = 40o + 10o sin(t/15), θ2(t) =
−25o+10o cos(t/5), andθ3(t) = −40o−15o cos(t/15), where
t is data observation or snapshot index [13]. We simulate
steering vector mismatch by modelling the signal response
across the array as a random process with a covariance matrix
given by σ2

s [ss† + ξI], with the variance of the perturbances
given by10 log ξ/σ2

s = −5dB [14].
Fig.5 indicates the effects of adaptive degrees of freedom

on output SINRs. Global maximal output SINR is achieved
when the degree of freedom is reduced from19 to 17 (L =
b2NW c+1). This figure also shows the performance loss from
degrading interference cancellation capability due to further
adaptive degrees reduction, i.e. from 16 to 1. Therefore, the
selection of degrees of freedom is to tradeoff between the
performance gain by reducing the signal self-nulling and the
performance loss by incomplete interference cancellation.
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Fig. 2. Output SINR versus the number of adaptive degrees of
freedom, withSNR = 0dB and low sample supportN .
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Fig. 3. The number of adaptive degrees of freedom for partially
adaptive beamforming methods equals to17 (reduced from19).
SNR = 5dB and the sample support size isN .
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Fig. 4. The number adaptive degrees of freedom for both partially
adaptive beamforming methods is17 (reduced from 19). The sample
support size isN .
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Fig. 5. Output SINR versus the number of adaptive degrees of
freedom in a non-stationary environment, withSNR = 0dB.

−80 −60 −40 −20 0 20 40 60 80
−80

−70

−60

−50

−40

−30

−20

−10

0

P
ow

er
 (

dB
)

Angle

MVQR−Chebyshev
MVQR−Slepian
Partial MVQR−Slepian

Fig. 6. The number of adaptive degrees of freedom for partially
adaptive beamforming methods equals to17 in a non-stationary
environment.SNR = 5dB and the sample support size is4N .
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Fig. 7. The number adaptive degrees of freedom for both partially
adaptive beamforming methods is17 (reduced from 19) in a non-
stationary environment. The sample support size is4N .



Fig.6 compares the beampatterns of fully and partially
adaptive MVQR beamformers as Fig.2. As in the results
shown above, at the relatively high SNR level5dB, the fully
adaptive MVQR beampatterns also display nulling of the main
beam in some realizations. The partially adaptive MVQR
beamformer with Slepian-based quiescent response can reduce
the probability of signal cancellation very effectively.

Fig.7 illustrate the output SINR performances. The partially
adaptive MVQR beamformer with Slepian-based quiescent
response (Partial MVQR-Slepian) brings about2.5dB gain
to the fully adaptive beamformers when the signal-to-noise
ratio is relatively high, such asSNR = 5dB. When SNR is
less than0dB, there is no significant difference between fully
and partially adaptive MVQR beamformers. This performance
metric also illustrates the robustness of the partially adaptive
MVQR beamforming with Slepian-based quiescent response,
in the presence of signal steering vector mismatch and non-
stationary interference.

IV. CONCLUSION

This paper has described a technique of using a subset
of subdominant Slepian sequences in the signal blocking
matrix in partially adaptive MVQR beamforming. It maintains
robustness in the sense that it preserves low sidelobe levels
under conditions of low sample support, signal steering vec-
tor mismatched and non-stationary interference. The adaptive
degrees of freedom affect both performance gain in reducing
the likelihood of main beam nulling and performance loss in
interference cancellation. The tradeoff is studied by theoretical
analysis and numerical simulations. The adaptive degrees
of freedom are chosen based on the properties of Slepian
sequences. We recommend choosing the value ofL close to,
but exceeding,2NW .
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