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ABSTRACT
We present a novel frequency domain approach for the identi-

fication of a multiple-input multiple-output (MIMO) system driven
by white, mutually independent unobservable inputs. Samples of
the system frequency response are obtained based on Parallel Fac-
torization (PARAFAC) of three-way tensors constructed based on
third-order cross-spectra of the system outputs. The main difficul-
ties in frequency domain methods are frequency dependent per-
mutation and filtering ambiguities. We show that the information
available in the higher-order spectra allows for the ambiguities to
be resolved up to a constant scaling and permutation, and a linear
phase ambiguity. The advantages of the proposed approach is that,
it does not require exact channel length information, need no phase
unwrapping, and unlike the majority of existing methods, need no
pre-whitening of the system outputs.

keywords-PARAFAC decomposition, high-order statistics,
blind channel estimation.

1. INTRODUCTION

We consider a linear time-invariant (LTI) multiple-input multiple-
output (MIMO) system driven by unobservable inputs. Our
goal is to identify the system function based on the system out-
puts. MIMO models arise frequently in speech processing, multi-
access communication, multi track digital magnetic recording, and
biomedical applications.

The case of a memoryless (or scalar) system excited by white
inputs has been studied under the name of independent component
analysis (ICA) [14]. Among the possible approaches for identi-
fication convolutive MIMO systems, frequency domain methods
[7, 11, 16], offer certain advantages over time domain ones [4, 17];
they do not require system length information, and also, their
formulation can take advantage of existing results for the scalar
MIMO problem. Indeed, in the frequency domain, at each fre-
quency, the convolutive problem is transformed into a scalar one.
However, an additional step is required to resolve the frequency-
dependent permutation, scaling and phase ambiguities.

Most of the blind convolutive MIMO system identification
methods in the literature exploit either second-order statistics
(SOS) or higher-order statistics (HOS). SOS based methods[8, 16],
as opposed to HOS based ones, do not require long data in or-
der to obtain good estimation, and involve low complexity. All
these SOS methods achieve blind system identification by exploit-
ing available channel diversity. Furthermore, they apply to nar-
rowband signals only. On the other hand, HOS[4, 7, 11, 17] based
methods provide system information without requiring channel di-
versity, and also can deal with white inputs as long as they are
non-Gaussian.

However, there are some limitations of the HOS based meth-
ods. In [7], in order for joint diagonalization to be applicable,
the system frequency response needs to be a unitary matrix. To
guarantee this, a prewhitening operation was applied to the system
output. Similar prewhitening is employed in the majority of HOS-
based blind MIMO estimation methods [8, 13, 11]. However, this
is a sensitive process as it tends to lengthen the global system re-
sponse, and as a result increase complexity and estimation errors.

The need for whitening can be obviated by another decompo-
sition that does not require unitary matrices. One such approach
is the PARAFAC decomposition, which is a low rank decomposi-
tion of three- or higher-way arrays. It was first developed in [1]
in order to overcome the rotation problem, which exists in two di-
mensional arrays, and later generalized in [2, 3]. The PARAFAC
decomposition can be thought as an extension of singular value de-
composition to multi-way arrays, where uniqueness is guaranteed
even if the non-diagonal matrices involved are non-unitary.

In this paper, we show how the PARAFAC ideas can be used
in the frequency domain framework of [7] to avoid the need for
prewhitening. The decomposition is applied on the tensor formed
based on HOS of the system output to get the channel estimate
at certain frequency, which can be used later to get the channel
estimate at all frequency by iteration.

2. PROBLEM FORMULATION AND PARAFAC
BACKGROUND

2.1. Background on PARALLEL FACTORIZATION

Singular Value Decomposition (SVD) expresses a matrix (2-way
array) as a superposition of rank one matrices. PARAFAC is
a generalization of SVD for multi-way arrays. Let us con-
sider a 3-way tensor X with dimensions J × I × K, elements
[xi,j,k]1≤j≤J,1≤i≤I,1≤k≤K , and the F -component decomposition
[10]:

xi,j,k =

F∑
f=1

ai,fbj,fck,f (1)

In a compact form, X can be expressed in terms of its slices
Xi (J × K), i = 1, ..., I as:

Xi = BDi[A]CT (2)

where A is a I × F matrix with entries ai,f ; B is a J × F matrix
with entries bj,f ; C is a K × F matrix with entries ck,f .

Definition 1: The matrix A has k-rank equal to kA, if every
set of kA columns of A are linearly independent, while there is
at least one set of (kA + 1) columns that are linearly dependent
[3, 10].



Theorem 1: [2],[3],[12] Let X be a tensor whose slice Xi is
given as in (2). X can be decomposed into A,B and C uniquely
up to permutation and scaling ambiguities if

kA + kB + kCT ≥ 2F + 2. (3)

There exist several algorithms for decomposing tensor X [10].
We here consider the COMplex parallel FACtor analysis (COM-
FAC) method [10], [15]. The main steps of this method are basi-
cally, first compressing the array, then initializing and fitting of the
PARAFAC model on that compressed array, and finally decompos-
ing and refining the solution in the raw data space.

2.2. Problem Formulation

Let us consider a Ni-input No-output LTI system with No ≥ Ni.

x(k) =

L−1∑
l=0

h(l)s(k − l) + n(k) (4)

where s(n) is a Ni by 1 source vector; x(n) is No by 1 observation
vector; and n(n) is the observation noise. h(l) is the FIR MIMO
system impulse response matrix whose (i, j) element is denoted
by {hij(n)}1≤i≤No, 1≤j≤Ni , where L is the length of the longest
hij(k).

Let H(k) be an No × Ni matrix defined as the
N -point Discrete Fourier Transform of h(n), H(k) =∑L−1

n=0 h(n)e−j 2π
N

kn, k = 0, ..., N − 1 where N > L.
Our goal is to estimate H(k) based on the system output.

Since the inherent ambiguities the problem contains, at best we
can find Ĥ(k) such that:

Ĥ(k) = H(k)PΛej 2π
N

kM (5)

where P is a column permutation matrix, Λ a constant diagonal
matrix and M diagonal matrix with integer elements. We will
refer to these ambiguities as trivial ambiguities. If such a system
estimate were used to recover the inputs, it would yield each input
within a scalar ambiguity, and a circular shift. Also, the inputs
would be recovered in some unknown order.

We next provide a list of assumptions to be used throughout
this paper.

A1) Each si(.), i = 1, ..., Ni is a zero mean, non-
symmetrically distributed, independent identically distributed
(i.i.d.), stationary process with nonzero skewness, i.e., γ3

si
=

Cum[si(n), s∗i (n), sp(n)]. The si’s are mutually independent.
A2) The matrix H(k) is invertible for all k = 0, ..., N − 1.
A3) The k-rank of H(k) satisfies: 2kH + kHT ≥ 2Ni + 2

for every k.
A4) ni(.), i = 1, ..., No are zero mean Gaussian stationary

random processes with variance σ2
n, mutually independent and in-

dependent of the inputs.
Assumption (A1) guarantees that there is a nonzero third order

cumulant of the system output. Assumption (A2) requires that the
channel matrix is full column rank. Multipath/delay channel taps
can be assumed independent [12], thus assumption (A2) will be
satisfied for such channels. A full rank matrix is also full k-rank.
Thus, under (A2), H(k) will also be full k-rank. In that case,
condition (A3) is equivalent to 3min(Ni, No) ≥ 2Ni + 2. For
Ni ≤ No this is satisfied for Ni ≥ 2. Assumption (A4) is needed
in order for the noise to be suppressed in the higher-order cumulant
domain.

3. CHANNEL ESTIMATION

The N × N discrete-frequency cross-bispectrum of the outputs
xl(k), x∗

i (k), xj(k) is the two-dimensional Discrete Fourier trans-
form of the third order cross-cumulant[9], and equals:

C3
lij(k1, k2) =

Ni∑
p=1

γ3
sp

Hlp(−k1 − k2)H
∗
ip(−k1)Hjp(k2) (6)

where k1, k2 = 0, ..., N − 1. For fixed k1, k2, C3
lij(k1, k2)

can be viewed as the (l, i, j)-th element of tensor C3(k1, k2) (No×
No × No). The l-th slice of that tensor equals:

C3
l (k1, k2) = H∗(−k1)Γ

3Dl[H(−k1 − k2)]H
T (k2), (7)

where Γ3 = Diag{γ3
s1 , ..., γ3

sNi
}.

In the following, we will consider the tensors C3(−m +
rδ, δ), r = 0, 1, 2, .., 2N − 1, for some constant m, δ, and show
how they can be used to recover H(m − rδ − 2δ) for each r.

First we apply the PARAFAC decomposition to the tensor
C3(−m + rδ, δ). Under assumption (A3) and via Theorem 1, the
tensor can be decomposed into:

Â0
�
= H(m − δ)P1Λ1

B̂0
�
= H∗(m)Γ3P2Λ2 (8)

Ĉ0
�
= H(δ)P3Λ3

where Pi is a permutation matrix, Λi is a complex diagonal ma-
trix. It holds [3]:

P1 = P2 = P3 = P, Λ2Λ1Λ3 = I (9)

For r = [1, 2, ...2N − 1], define:

Fl(r)
�
= (F∗(r − 1))−1C3

l (−m + rδ, δ)(ĈT
0 )−1, l = 1, ..., No

(10)
where

F(r)
�
= [diag(F1(r)), ..., diag(FNo(r))]T (11)

F(0) = Â0 (12)

It can be shown (see Appendix I) that:

F(r) = H(m − rδ − δ)PK((r))2ej(Φ1+rΦ2) (13)

where Φ1,Φ2 are diagonal matrices, K1,K0 are diagonal matri-
ces with positive elements, and ((.))2 denotes modulo 2 operation.

Equation (13) provides H(m − rδ − δ) within a fixed per-
mutation matrix, a diagonal matrix that assumes a different fixed
value depending on whether r is odd or even, and a phase diago-
nal ambiguity, which depends on r. If we could compute Φ2 then
(13) would give the odd or the even samples of the channel matrix
within trivial ambiguities. As long as N > 2L we could then re-
cover the impulse response channel matrix based on either the odd
or the even frequency response samples.

The term Φ2 can actually be estimated with an acceptable am-
biguity. Consider F(N + i) for some i ∈ [0, N − 1]. For N, δ
co-prime, it can be easily shown from (13) that:

F−1(N + i)F(i) = K−1
((N+i))2

K((i))2e−jNΦ2 (14)



Thus, F−1(N + i)F(i) is a diagonal matrix. If N is even, the
latter matrix has unit modulus.

Let us consider N to be even and co-prime to δ. Under (A1)-
(A4), the system matrix can then be estimated for r = 0, ..., N −1
as:

Ĥ(m − rδ − δ)
�
= F(r)[F−1(N + i)F(i)]r/N (15)

= H(m − rδ − δ)PK((r))2ej(Φ1+ 2π
N

kr)

where i is some integer in [0, N −1]; k : integer. We will refer
to eq. (15) as the Single PARAFAC decomposition (SPD) method.

Applying an N/2 point IDFT on the even samples of Ĥ(k) of
(15), we get an upsampled by δ version of h, circularly shifted by
k and modulated due to the m−δ term in 15). Also, there is always
a constant column permutation and diagonal scaling ambiguity.

Once we extract the L-samples long segment (modulo N) with
the maximum energy based on its absolute value, we can cancel the
modulating factor, and compute the amount of circular shift.

4. SIMULATIONS

We next demonstrate the performance of the proposed approach.
We consider 2 × 2 MIMO channels that are of the form:

hij(n) = r1 · c(0.25(n − 10)), 0.11)

+r2 · c(0.25(n − 6), 0.11) + r3 · (0.25(n − 8), 0.11) (16)

where (i, j = 1..2),c(n, α) is a raised cosine function with rolloff
α, and ri’s independent zero-mean Gaussian random variables.
Such channels are bandpass, and model several real channel sit-
uations.

The inputs were taken to be i.i.d. single side exponentially
distributed. The additive noise processes were white, zero-mean,
complex Gaussian with identical variances and independent of the
source signals.The cross-polyspectrum was estimated via the indi-
rect class method [9], and the sample cross-cumulant estimate was
windowed by a Hamming window of size Le × Le, where Le is
an upper bound for the channel length (Le > L). The data length
used to obtain the cross-cumulant estimates is denoted by T .

The PARAFAC decomposition was performed using the MAT-
LAB code downloaded from
http : //www.ece.umn.edu /users/nikos/public html/
3SPICE/code.html.

In order to minimize accumulating errors due to the inversion
of Ĉ0 in (10), we chose δ from the high energy region of the
MIMO output power-spectrum.

In the simulations we took m = δ so that we did not have to
account for the modulation of the channel estimated.

The estimation for performed for Mc independent input runs.
As performance index for the estimated cross-channel hij we used
the overall normalized mean-square error (ONMSE), i.e.,

ONMSEij
�
=

1

NiNo

No∑
i=1

Ni∑
j=1

1
Mc

∑Mc
l=1

∑Le−1
k=0 (ĥij(k) − hij(k))2∑Le−1
k=0 (hij(k))2

.

(17)
where ĥij(k) denotes the cross-channel estimate.

Before we computed the ONMSE, the estimate ĥ was aligned
with the true channel by taking correlation between ĥ and the up-
sampled true channel h with various amounts of circular shift.

One could also use Ĥ(k) of (13) to decouple the input signals,
leaving a phase ambiguity in each input. Then one can use a SISO
equalizer (for example a simplification of [4]) to recover each in-
put. Then by taking correlation between the recovered inputs and
the system outputs, one can get the estimated channel. This ap-
proach was followed in [7] to avoid phase estimation as it was a
sensitive step.

The ONMSE performance of the proposed approach for one
channel described by (4) is given in Fig. 1. The data length, T
and the extended channel length Le were varied and used N =
128, m = δ = −11, Mc = 50.

A lower bound was also generated for the same channel as-
suming that the input is known and obtaining the channel estimate
by cross-correlating input and output. The figure shows that esti-
mation improves as T increases. Also, although the error is smaller
when Le = L = 6, there is no significant difference with that for
Le = 10, thus indicating that the proposed method does not de-
pend critically on channel length information.

We also provide comparison results between the proposed
method against the methods of [7], and [4]. To make the com-
parison independent of the channel, we tested the performance of
the two methods for 50 2× 2 channels of length L = 6, generated
based on (4) by varying the ris randomly for each channel.

For each channel we performed 50 Monte Carlo runs. We took
Le = 10, T = 8000 in both methods. In both methods the output
cross-cumulants were estimated using the same parameters. We
use N = 128, m = δ for the SPD method, and δ is chosen from
the peak of the power-spectra.

In Fig. 2, we show the cumulative probability function for 50
random channel runs (50 MC runs each) for (I) lower bound; (II)
the proposed method; (III) The method of [7] with SISO; (IV) The
proposed method with SISO; (V) the time domain method of [4].
We can see the proposed SPD method outperform the method in
[7], while the method of [4] has the largest error variance.

5. CONCLUSION

We present a novel frequency domain approach for the identifi-
cation of a multiple-input multiple-output (MIMO) system driven
by white, mutually independent unobservable inputs. The pro-
posed SPD method, requires only one PARAFAC decomposition.
The frequency response samples are then obtained via a recur-
sive scheme. Comparisons with the method of [7] that requires
prewhitening indicated that the proposed approach achieves lower
ONMSE values.

Appendix I

Fl(1)
�
= (Â∗

0)
−1C3

l (−m + δ, δ)(ĈT
0 )−1

= (Λ∗
10)

−1PT Γ3Dl[H(m − 2δ)]PΛ−1
30

= (Λ∗
10)

−1Dl[H(m − 2δ)P]Γ3
pΛ

−1
30

= Dl[H(m − 2δ)P]|Λ20|Γ3
pej(2Φ10+Φ20) (18)

It can be seen that Fl(1) is a diagonal matrix.
Based on C3

l (−m + δ, δ), for l = 1, ..., No, and placing the
diagonal elements of Fl(1) at the lth row of F(1) we get:

F(1) = H(m − 2δ)P|Λ20|Γ3
pej(2Φ10+Φ20) (19)



Similarly, It holds:

F(r) = H(m − rδ − δ)PKre
j((r+1)Φ10+r(ΦΓ3

p
+Φ20))

, (20)

which can be written as:

F(r) = H(m − rδ − δ)PKre
j(Φ1+rΦ2), (21)

where

Kr =

{ |Λ20|.|Γ3
p| for r odd

|Λ10| for r even
(22)
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