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In this paper, we present distributed algorithms for tracking
a moving source via an ad-hoc network of sensors. Track- ;oo o Ne i
ing is performed by employing a Kalman filter at all detect-
ing nodes in the network. The Kalman filter employed at P
any given node exploits the availability of source-location é sol ":; o 3\‘ True ,
shapshot and prediction estimates, both of which are com- £ ol o, Track
puted via distributed locally constructed algorithms over the % e o o ¥iag : /
ad-hoc network. As our brief simulation-based analysis re- | T 7\" |
veals, the source-tracking performance of the proposed al- _
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gorithms is a function of the motion dynamics of the source, T Track
the snapshot source-localization algorithm employed, the __ | ACN ACN )
. . attime t at time t=1
network topology, and the number of iterations employed
in the distributed approximation algorithm.
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1. INTRODUCTION Range (meters)

Interest in developing decentralized algorithms for data pro- Fig. 1. Source tracking in a large-scale sensor network via
cessing in ad-hoc sensor networks (AHSN) has grown con-computations over a sequence of subnetworks formed by
siderably in recent years. For many data fusion problemsthe detecting nodes in the vicinity of the source.

that arise in such large-scale sensor networks, decentral-

ized algorithms are preferable to their centralized counter-

parts, as they do not require a single central fusion centersimulation-based performance evaluation.

or global knowledge of the sensor network topology. Fur-

thermore, distributed data fusion algorithms are inherently 2. SYSTEM MODEL
modular, scalable, fault tolerant, and readily adaptable to
changes in the sensor network topology [1]. The setting of interest involves tracking the location of a sin-

In this paper, we consider the problem of decentralized gle source as it moves across a large-scale sensor network,
tracking of a moving acoustic source in an AHSN. We as- based on a sequence of snapshot measurements collected by
sume that the nodes in the network collect source-node rangeensor nodes across the network. We assume that, given a
measurements at a fixed sensing rate. As shown in Fig. 1set of measurements at timea snapshot estimate of the
source tracking is achieved via a sequence of distributedsource location is obtained by a source localization algo-
computations performed over a sequence of detecting sub+ithm based on the data of the detecting nodes based on
networks in the AHSN, whereby the detecting subnetwork the data obtained by the subset of the nodes in the network
at any time consists of all nodes (in proximity to the source) in proximity to the source with high enough SNR data.
with high enough signal-to-noise ratio (SNR) in their mea- We first present a state-space model describing the mo-
surements. We develop distributed Kalman filter-based tracktion dynamics of the source, and an observation model that
ing algorithms, according to which, each step of the algo- is based on the snapshot estimates provided by the detecting
rithm is implemented over every node in the detecting sub- nodes. We then present models for the topology of the over-
network. The viability of the proposed algorithms for per- all network and the computation subnetworks employed in
forming distributed source tracking is suggested by a brief tracking the source location dynamics.



2.1. State-Space Model

2.2. Network Model

We assume that the moving source has independent motionn this work we consider large-scale networks of uniformly
components in two dimensions and that the source motiondistributed sensors. We focus on bidirectional network topolo-
in each dimension follows a constant velocity model with gies, according to which, each node is assumed to estab-
a random acceleration [2]. The model that we employ for lish bidirectional noise-free communication with a subset of
developing tracking algorithms exploits the fact that, at any nodes in its proximity. LettingV denote the total number
given timet, sensors in the sensor field obtain acoustic mea- of nodes in the network, the network topology is described
surements, based on which they can form a source localizaby anN x N matrix ®, whereg,; = [®];; denotes the con-

tion estimate of the acoustic source. In particular, letting nection status of the link between nodeg j, defined as

P,(t), andV,,(¢) denote the position and velocity, respec-

tively, of the acoustic source in theth dimension ¢ =

1, 2) at timet, the tracking algorithms we develop view the

resulting source position estimates, (¢), (obtained via a
source localization algorithm at timg, as observations in

asinglemeasurement equation. We remark that the source-

location estimate error sequences(t) = Z,(t) — P, (t)
(forn =1, 2), are, in general, correlated in timg.(To ac-
count for this temporal correlation, we modgl(¢) (for n =
1, 2) as apth order autoregressive (AR process. It is as-
sumed that the AR parameters of the procggs), i.e, its
orderp, thep x 1 vectora, = [a,(1) a,(2) --- a,(p)]",
and the associated innovation process powgr,are first
estimated during a training mode.

Letting E,, ()= [en(t) en(t —1) -+ en(t — (p—1))],
the dynamics of the stafl,, (t) = [P.(t) Vi (t) EE(t)]T
forn = 1, 2, are described by the following equation

X,t+1)=FX,t)+GB,(t),t=0,1,... (1a)
where
1 T, og 0 0
F= 0 p 0, |,G=|Ts 0 |, (1b)
0, 0, A, 0, u,

T, denotes the snapshot update inter@aljs k& x 1-vector
of 0's, u, = [1 07 ,]7,
a,

A —
v Iip—1)

1c
0, | (10)

I is thek x k identity matrix, B,,(t) = [An(t) Un(t)]",

and where the acceleration procekgt) and the snapshot-

estimate error innovation procdss(t) are uncorrelated zero-

mean white sequences., E [ B, (t)BL ()] = Qi[t — 7],
and where) = diag(o2,02). Finally, the parametep in
(1b)is given byp = /(02 — 02T2) /02, wheres? denotes
the variance o/, (¢).

For eachn € {1,2}, the associated (scalar) measure-

ment equations are given by
Zn(t) = HX,(t) = Pa(t) + en(t) 2

whereH=[1 0 1 0] ,].Weremarkthatthe case where

the snapshot error sequeneggt) can be accurately mod-
eled as whitei(e, p = 0) is also captured by the model
(1)—(2) by settingy = 1, a1 (1) = 0, ando2 = E [eZ(t)].

“n

i
¢z‘j=¢jz‘={1 hie (39)

0 otherwise

and where <« j denotes that nodésand; are bidirection-
ally connected. We also let for convenience [3]

N
i = — Z ¢ij .
Ji
The connection status;; of any two nodes andj is mod-

eled as a probabilistic function df;, the distance between
nodes andj, and is given by

(3b)

m

d;j
Prig; = 1] =2"(@) | (4)

whered,, denotes the nominal distance at which nodaisd

j are connected with probabili@, and where the parameter
m determines the rate of decay of probability of connection
with distance and typically satisfies< m < 4, [3].

The source tracking algorithms we consider are imple-
mented sequentially over suitably chosen sequences of sub-
networks. To this end, we I&i(t) denote the set of nodes
that comprise the activeomputationnetwork (ACN) em-
ployed at timet, i.e,, the subnetwork over which thgh
tracking estimate is to be computed. In this paper we focus
on the simplest case where the set of nodes in the computa-
tion network at time coincides with the subset of the nodes
that detect the source at timée.g, in Fig. 1). In general,
however, the computation network may also include addi-
tional peripheral nodes to assist in the computation.

The network topology of the ACN at timecan be con-
veniently expressed in terms of ahx N matrix ®(¢) where
the (4, j)th element ofb(¢), for i # j, is given by

¢ij ifi,j € Z(?)
0 otherwise

ij (t) = ¢ji(t) = { ()
while, for convenience, we sef; (t) = — 3., ¢i;(t) .
Letting M (¢) = |Z(t)|, and{Z(t)}; denote theith ele-
ment inZ(t), the ACN network topology at time can be
alternatively described vi@(t) (the subset of nodes in the
computation network), and a/ (¢) x M (t) matrix U (t)
where the(i, j)th element of'(¢), for ¢ # j, is defined as

Vi (1) = ¥5i(t) = drzy, (23, (6)



while again, for convenience, we sgf(t) = —>_,; ¥i;(t) -
We can think of the network described ®yt) in (5) as a

of (7) is performed atachnode within the ACN{Z(¢), '(¢)}.
Observation of (7) reveals that for any nodeZift) to be

large-scale network where the only available connections@ble to perform theth step of the algorithm and obtain
for performing computations are among the set of nodes in X« (t[t), the node must have available the g&in (¢), the

Z(t). Alternatively, we can focus on the ACN formed by the
nodes inZ(t), with network topology given by (¢) in (6).

3. KALMAN FILTER TRACKING MODEL

snapshot estimatg, (¢), and the previous tracking estimate
X, (t—1|t—1). As the gain sequend€,, (¢) can be precom-
puted at each node, propagation of the intlax the source
moves through the network suffices for allowing any node
in Z(t) to computeK,,(t). We next focus on how?,,(¢)

We first consider the problem of tracking the location of the ang X, (+ — 1|t — 1) can be approximated via distributed
source with motion dynamics described by (1) at afictitious ¢omputations over the computation netwdik(t), U(t)}.

node that has available at timell the snapshot estimates
of the source location up to timgi.e, {Z,(7)}-<: given
by (2). We assume that the parameters of thejARfocess

e, (t) used in the model (1) have been estimated via train-
ing. In particular, a sequence of autocorrelation sequenc

estimates. (i) for 0 < i < p is first obtained (based on a

sufficiently large set of training sample paths) and, subse-

quently, estimates of, ando? are obtained by exploiting

the normal equations and the energy matching property, re-
spectively, for AR modeling. Given that we also assume in-

dependent motion in each dimension, the 2-D source local-
ization problem decouples into two independent 1-D source

localization problems [4]. For anyands, we IetXn(t|s)

4.1. Distributed Snapshot Estimate Computation

We next present a class of algorithms that are locally con-
structed over the ACN at timeand can be used to provide

€at each node iff (t) an approximation to a “target” source-

localization estimateZ,,(¢t). These algorithms are exten-

sions of the source localization techniques in [5] that ex-
ploit improved versions of the distributed computation algo-
rithms presented in [3]. We first present a (target) weighted
centralized linear least-squares (LLS) type localization al-
gorithm and, subsequently, develop distributed algorithms
for approximating this algorithm at each node in the ACN.

denote the linear mean-square-error (LMSE) estimate of the4.1.1. Distributed Linear Least-Square Estimation

state X, (¢) at timet based on all observations up to time
steps (i.e, {Z,(7)}-<s) and X,,(t|s) denote the covari-
ance matrix of the associated estimate. Evidently(the)
entry ofﬁin(ﬂs) provides the mean-square-error (MSE) of
the associated position estimate.

The Kalman filter (KF) provides a recursive algorithm
for obtaining the LMSE estimat&,, (¢|¢t) of the stateX, (¢)
based on all snapshot estimates up to timen terms of
X, (t — 1]t — 1) and the new observatiof, (¢t). The KF
algorithm takes the following form [4]:
X(t|t—1)=F X,(t—1|t—1) (7a)
S (tt—1)=FZ,(t—1|t—-1)FT + G QGT (7b)
Xo(t]t) = Xt =1) +Kn(t) [ Zo(t) —HX, (2]t 1)) (70)
p(t[t) = Tp(tlt—1) — Kn(t) H X (t[t—1) (7d)

K, (t) =3, (tt—1)HT =D, (t|t—1)HT] . (7€)

The algorithm is initialized with

) Z,,(0) #(0) 0 —f;;{
X,000=] 0 [.Z00=| 0 o2 0of |,
OP _f'p Op Rp

wheref, = [#.(0) #(1) ... 7#(p — 1)]T, andR, is the
p x p Toeplitz matrix oft,.

4. DISTRIBUTED TRACKING

To illustrate the principles behind the distributed tracking
algorithms we propose, we consider a weighted centralized
LLS-type localization algorithm that is a generalized ver-
sion of [5]. It is assumed that th#h node in the network
knows its locationj.e., it knowsp; = [pi pig]T, where

pin denotes thexth coordinate of théth node location. It

is also assumed that at timéheith node possesses source-
node range measurements of the form

Si(t) = orss, (t) + Bi(t)
where theg; (¢t)’s are zero—meaﬂg—power independent IID
Gaussian sequences, anflys (t) = o2/r?(t), with o2
andr;(t) denoting the (unknown) source power (received
power at nominal distance 1) and the distance between the
ith node and the source at timerespectively. We remark
thatr; = ||p; — ps||, Wwhereps(t) = [Pi(¢) P2(t)}T, with
P, (t) denoting thenth coordinate of the source location at
time t. The source-location estimators we consider exploit
the locally available minimum-variance unbiased estimates
(MVUES) of ogg. (1), Viz,,

o?rss, (t) = S2(1) — oh -
First, the ACN at time is formed via threshold detection
by including in the ACN only nodes with2gsg, (t) > o2,
for some suitably preset threshatg. > 0. For conve-
nience, we omit the dependence of the estimator (and mea-

The KF algorithm (7) serves as a basis for developing dis- surements) om, as the source-location estimator at time

tributed tracking algorithms, according to which title step

depends only on the measurements collected atitime



AssumingM detecting nodes at timgthe LLS estima-
tor of interest is based dm/ — 1) range-squared difference
equations, formed by viewing th&*" sensor (arbitrarily

with W1 given by (14) into a set of parallel computations
involving averages of local functions of the node data.
We first present the distributed algorithm for computing

chosen) as a reference. In particular, the estimator exploitsany such elementary averaging target computation. To this

relative node-source range-squared estimates of the form

— o~ —1
07 %Rss, = [UQRSSi] = 042 +€ (8)

S

and where the estimation-erragsare independent iin In

simulation-based evaluation of the associatedSE, o2
E [€?], reveals it is proportional tef, i.e.,

©)

2 -6
O¢; X ORss, »

for any thresholdr2 > 0. By subtractinga/—\QRssM from
o0 2ggss, foreachl < i < M -1, the (centralized) weighted
LLS estimate of the set of unknowns,= [Py P, af}T,
is then given by

x1s = (AVIWIAV)TTAVIWE | (10)
whereAYV is the following(M — 1) x 3 matrix
(pr—pm)T 0 %Rss, — 0 2Rssy,

AV = ; (11)

—

U_2RSSAI—1 -

—

(Prva—pm)T 0 2RSSy

W is the following(M — 1) x (M — 1) MSE-weight matrix

W= dla‘g( 617 622’ Tty 0-62]\/[,1) + UeM ]‘]‘T (12)
andt, is the following(M — 1) x 1 vector
- 1 2 2 2 21T
r=3 p1ll*=lparll® -+ paal = lpael] - (23)

Due to (12) and (9)xrs from (10) is not a valid estimate

as it depends on the unknown source location and power. A

valid LLS-type estimate of the form (10) that is amenable to
distributed implementation can be obtained by employing in
(10) the following expression fow ! in place of (12)

Wt = diag(0rss,, 0ORss,, -+ » 0ORssy 1) (14)
wheresbrgs, is the MVUE of g,
oOrss, =S¢ — 1503 54+ 450457 — 1505, (15)

Finally, the snapshot estimat&s(t) andZ,(t) are given by
the first two entries of the estimate vecfars in (10).

4.1.2. Snapshot Estimate Distributed Implementation

We next describe the distributed algorithm employed to ob-

tain an approximation t&’,,(¢) at each node i (t). Dis-
tributed computation of,,(¢) relies on decomposing (10)

end, let the target (vector) computation be given by

L MO
g(z(t)) = i%0) Z fi(zi(1)) (16)
whereM (t) = |Z(t)|, z(t) = [2] (t) 23 (t) ... 23,0, ()],

z;(t) denotes the vector data at tlk node inZ(t), and the
f;(-)'s are arbitrary local vector-valued functions. Dropping
for convenience the parameter dependendegwe consider

a class of iterative algorithms that generate a sequence of
approximationsf)i[k:] to g(z) at theith node via

fi(z;) if k=0
BZ[O] + Zj piij[O] ifk=1
) (1+ ) {Balt] + 32, pigb;[1) |
P B0+ 5, pil0]) =2
<1+c>{ ilk = 1+, pigbylk - 11}
—cb;[k — 2] if k> 2
(17)

where0 < ¢ < 1 is to be macroscopically selected, and
where thep;;’s are to be selected via local negotiations over
U. For a rule of the form (17) to be implementable over a
topology ¥, we must have,;; = p;; = 0 for any: andj
with ¢;; = 0. AssumingV is a connected topology, proper
choice of thep;;’s in (17) yields converging approximations
to (16). In this paper we exploit the following set of condi-
tions that guarantee convergencebf] to g(z):

pij = pji >0, ife; =1 (18a)
Pii = — Z Pij (18b)
J#i
lpii| <1 (18c)
0<c<l (18d)

These conditions are a generalization of those presented in
[3] and their sufficiency can be proved by exploiting Gers-
gorin’s Theorem ([6], pp. 344-348). Although alkE [0, 1)
yield convergence, as shown in [3], proper choice cn
greatly expedite the convergence rate of the computation.
Choices for thep;;’s that satisfy (18) can be made via
local negotiations. In particular, the following iterative local
negotiation (LN) algorithm yieldg;; sets that outperform
those reported in [3]. The algorithm yields sequences of
improving sets ofp;;'s each of which satisfies (18). The
algorithm achieves (18c) by guaranteeing thiais at most
1 — e for some smalk > 0. At the outset, the algorithm

is initialized with p(O) 0 andv;; O = |¢i;|. Given an



arbitrarily smalle > 0, the kth step of the algorithm at the
ith node, for any: > 1, takes the following form:

(i) setand broadcast:

(1—e+ply "

[

)/ il > 0 and

1—e+plF >0

i

otherwise

5k —
0

(ii) forall 5, set

k—1 . k k .
o) = ply Y+ min{s(™, 6} if gy =1
* 0 otherwise
(iii) set ) )
Pii =~ Z Pij >

J#i
o ® |G vy = 1, 6% > 0.

It is straightforward to verify that this algorithm satisfies
the conditions in (18) at every stépand terminates after a
finite number of iterations for any finite-size network.

The distributed algorithm (17) can be used to obtain an
approximation taZ, (t) at every node in the ACNZ(¢). In
particular, using (14) and exploiting

Txi7r—1 M-1__
e i T 2 ofrss, (vivar) (vvan)”
S . (19a)
AVM“_/' : v Ml— : ; EERSijj(vj —vuM),
(19b)
wherev; = [p{ OT—ERSSJT andr; = {t},, and assum-

ing the reference sensor vectoy; has been made available
(via broadcasting) to all nodes #(t), x5 in (10) can be
decoupled into parallel computations of weighted averages
of the form (16). Distributed implementation ®f 5 in (10)

via (19) involves six parallel approximations for (19a) and
three parallel approximations for (19b). In particular, the
snapshot-estimate computation at ittenode in the ACN
takes the following form: (i) apply the distributed algorithm
(17) for k, iterations (withk, sufficiently large), locally

. R R . T
initialized via bi[0] =[50} 5[0] 50|
where
(Ol (VTS )] I
B70] B1V10) b7[0)] = oCrss, (vi—var) (vi—var)"
(0] BP0 51V[0]

(20a)
and

. . . T R
[6710] 62001 57[0)] = oOnss, 7i(vi—var); (20b)

z

(i) use the resulting approximatior{siag'”[ko}} at theith
node to locally approximate the LLS estimatgs from
(10). We remark that, due to the exponentially fast con-
vergence characteristics of (17) [3], a small number of iter-
ations of the distributed algorithm (17) suffice for providing
very accurate approximations f#,(¢) at each node iff (¢).

4.2. Prediction Estimates

X, (t — 1]t — 1) is directly available only to the nodes in

(t) that were also part of the active network at time 1,

i.e, only to the nodes i (¢) N Z(¢ — 1). Given that the
“measurements” employed at time- 1 are approximations

to Z,(t — 1), each of the resulting<,,(t — 1|t — 1) via

(7) at the nodes i (t) N Z(t — 1) are in general distinct
approximations. For this reason, an algorithm of the form
(17) is employed on the network topology induced by the
restriction of® on Z(t) N Z(t — 1), to provide to all the
nodes inZ(t) N Z(¢t — 1) an approximation to the average
of the availableX,,(t — 1|t — 1) estimates. In parallel, a
broadcasting algorithm is employed to proviﬁe,(t —1t—

1) estimates to the remaining nodesZif¥), according to
which at each cycle, each node in the subset broadcasts its
X, (t—1]t—1) estimate (if one is available) to its neighbors,
and iteratively computes a new estimate as the average of
the available estimates.

5. SIMULATIONS

In this section we present a brief simulation-based perfor-
mance evaluation of the proposed distributed tracking algo-
rithms. In our simulations we employ as our figure of merit
the sample-mean MSE performance of the associated local-
ization and tracking algorithms based t00 independent
realizations. In each realization, a network is first gener-
ated withN = 400 nodes uniformly distributed in a circle
of radiusR, = 200 m. A network topology is then gener-
ated according to (4) witlhh, = 2 andd, = 55 m. At the
outset {.e., prior to tracking) a set of baseg;’s are com-
puted for the entire network by applying the LN algorithm
of Sec. 4.1.2 foR0 iterations. Next, a source-motion sam-
ple path is generated by placing the source at the origin of
the network and using model (1) to generate a trajectory.
Throughout the simulations we use SNRo? /03 = 55.6

dB, and employ a detection threshote, of 20 dB. This
threshold yields ACNs with (detecting) nodes within ap-
proximately a60 m radius from the source location. Prior
to running the distributed algorithm (17) on any given set
of snapshot data, the bagg’s (computed at the outset on
the whole network) are refined for 5 iterations by applying
the LN algorithm on the current ACN. The distributed algo-
rithm (17) is then applied witle = 0.6 for k, = 20 itera-
tions to approximate”,, (¢) in (2) at each node in the ACN.
Finally, e(¢) in (1) is modeled throughout as an AR (ro-
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Fig. 3. MSE performance of distributed tracking algorithms
for various values of’;, for o, = 2 m/s andr, = 0.1 m/s.

cess. Fig. 2 depicts the simulated MSE performance of cen-

tralized and decentralized tracking algorithms in the case
that o, 2 m/s, o, 0.1 m/2, and T 1s. As

the figure suggests, the distributed tracking algorithms pro-
vide effectively the same MSE performance as their central-
ized counterparts, using a small number of iterations for ini-
tialization and distributed computation. Furthermore, dis-
tributed tracking yields a gain of approxdB with respect

to the associated distributed snapshot estimation algorithm
Finally, we note that the tracking algorithm MSE perfor-

mance is in close agreement with the MSE performance pre-

dicted by the(1, 1) entry of the LHS of (7d).

Fig. 3 shows the MSE performance of the proposed al-
gorithms as a function of the snapshot rate, whgn= 2
m/s andr, = 0.1 m/<. In particular, the successively lower
curves show the simulated MSE of the distributed tracking

——0 =2,0.=0.1
v a

-e-ov=2,ca=0.2

-x-0 =4,0 =0.1
v a

o

MSE (dB m?)
w S

N

=

1
10
Time (s)

Fig. 4. MSE performance of distributed tracking algorithms
aso, ando, are varied, while keeping;, = 1 s.

algorithms forTs = 0.5, 1, and2 s, respectively. As the fig-
ure suggests, in this example, increasing the snapshot rate
by a factor of 2 reduces the MSE by appr®% dB.

Fig. 4 shows the MSE performance of the distributed
tracking algorithms as the source speed and acceleration pa-
rameters are varied, with snapshots taken at rate of 1 mea-
surement/s per sensor. As the figure reveals, increasjng
by a factor of 2 while keeping, unchanged results in in-
creasing the steady-state MSE % dB, while increasing
o, by a factor of 2 while keeping, unchanged does not
appreciably affect the steady-state MSE performance.
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