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Abstract— A simple Cramer-Rao bound on the estimation,
using an array of sensors, of the azimuth and elevation angles of
a radiating source has been developed recently. It is used here to
develop a methodology to design ambiguity-free antenna arrays
with a desired directive positioning performance. To reduce
the number of the design parameters, A family of V-shaped
arrays is investigated. Its gain and directivity (comparedto the
most commonly used uniform circular array) are defined and
analytically computed as a function of the angle between thetwo
branches of the V-shape. We obtain a class of antenna arrays
whose performance and directivity can be adapted to the specified
application.

I. I NTRODUCTION

We address direction of arrival (DoA) estimation using
an array of sensors, a classic and largely investigated topic
in signal processing [1]. However, limited results that deal
with the impact of the array geometry on the estimation
performance exist. The Cramer-Rao bound (CRB) is ideal as
an algorithm-independent performance measure. Apart from
some papers dedicated to some particular antenna geometries
[2], the CRB was obtained only indirectly. In fact, its inverse,
the Fisher matrix information matrix is expressed analytically
in a simple manner only in the single source case [3], [4].
It is then matrix-valued for 3D sources. By examining off-
diagonal entries, conditions were established on the sensors
positions to ensure isotropic performance [5], [6], [7], [8]. This
is the only existing result about the way the array geometry
affects performance. Only lately, the azimuth and elevation
CRBs of a single source were explicitly given as a function
of the planar array geometry [9]. This is nothing but a cosine
function, regardless of the array geometry. This allows to fully
characterize the array performance and gives a strong tool to
design arrays with desired isotropic or anisotropic behavior.

The bound from [9] serves as a starting point to our
work. We show that the azimuth and elevation CRBs, and
also the asymptotic normalized mean square angular error
(ANMSAE) [7], are scaled, rotated or translated versions one
of the other. They can be uniquely represented by a single
scalar-valued cosine function that depends only on the source
azimuth. The sensors locations affect only the maximum and
minimum values of the cosine function which are always met
at perpendicular directions. At the same time, we retrieve

existing results on the conditions for isotropic performance
[5], [6], [7], [8].

Anisotropic (directive) arrays can also be useful for a
number of applications. The objective is to place sensors
such that the estimation error is minimized within a given
range of the source location. Such a problem is intractable in
the general case because of the large number of parameters
involved and because of the array ambiguity problem. We
restrict our search within the family of V-shaped arrays. This is
an extension of the L-shaped array, proved in [2] to outperform
cross, rectangular, circular, triangular, . . . , arrays. Applying
[10] ensures (first-order) ambiguity-free arrays and completely
determines the sensors positions (and, consequently, the array
performance) as functions of the angle between the two
branches of the V-shape. We give analytic expressions of the
gain obtained w.r.t. the regular uniform circular array (UCA),
as a function of this angle.

The paper is organized as follows. Results from [9] are
recalled in Sec. II and used in Sec. III to propose an array
performance measure. In Sec. IV, a class of V-shaped arrays
is presented and their performance is analytically studied. A
conclusion is given in Sec. V. We denote by< (x) and= (x)
the real and imaginary parts ofx, respectively.

II. DATA MODEL AND PREVIOUS RESULTS

We consider anM -sized planar antenna array. To sensorm,
located in the(x; y) plane, we associate the polar coordinates�m and �m and the complex number
m=̂�mej�m . The
position of an emitting source located in the far field is char-
acterized by its DoA angles : the azimuth� and the elevation� as depicted in Fig. 1. If the sensors are identical and omni-
directional, theM -dimensional output of the antenna array
can be expressed as phased replicas of the emitted signal, as
followsx(t) =̂ [x1(t) � � �xM (t)℄T= 264 exp �2j� �1� sin(�) 
os(�� �1)�

...exp �2j� �M� sin(�) 
os(�� �M� 375 s(t) + n(t)=̂ a(�;�)s(t) + n(t);
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Fig. 1. Planar array and source DoAs.

where the m-th entry ofx(t) (resp.n(t)) is the signal (resp.
noise) component collected at sensorm at time indext. They
are assumed to be Gaussian-distributed, zero-mean, mutually-
independent and spatially and temporally white, with variances�2s and�2n, respectively. The antenna output is collected at time
indexesT1; � � � ; TN and snapshotsx(T1); � � � ;x(TN ) are used
to perform DOA estimation. The CRB expresses the lowest
achievable estimation error. Usually attained by the maximum
likelihood algorithm, it is, in this case, also achievable by the
popular and less complex MUSIC algorithm [11]. The entries
of the CRB matrix C=̂�C�� C��C�� C�� �
associated with the parameter vector[�;�℄T have recently
been proved [9] to be given by:C�� = CSNRN 1sin2(�)C (�) (1)C�� = CSNRN 1
os2(�)C ��+ �2 � (2)C�� = �CSNRN 1sin(2�) = [T2exp(�2j�)℄T 20 � jT2j2 (3)

where CSNR=̂ 14�2 �2n�2s �1 + �2nM�2s �
and C (�) =̂T0 +< [T2exp(�2j�)℄T 20 � jT2j2 (4)

is function of the array-dependent constantsT0 =̂ MXm=1 j
mj2 � 1M ����� MXm=1 
m�����2T2 =̂ MXm=1 
2m � 1M  MXm=1 
m!2
III. PERFORMANCEMEASURE

The developed CRBs are uniquely described by the azimuth-
independent functionC (�). This is also the case of the
(scalar-valued) ANMSAE proposed in [12] as an alternative
performance measure. The ANMSAE is associated to the angle
between the bearing vector pointing at the source and is equal
to N �sin2(�)C�� +C���. We, hence, haveANMSAECSNR = 2CAV + tan2(�)C(� + �2 ):

�C(�)CAV - NC��2CSNRCAV
6NC��2CSNRCAV

?ANMSAE2CSNRCAV
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Fig. 2. Illustration of the linear dependence between azimuth and elevation
CRBs, ANMSAE andC (�) [equations (1), (6) and (7)]. The thick line in the
horizontal left axis represents the interval of possible values.

Consequently, we consider the keyC (�) function as a
unique performance measure that fully characterizes the way
the antenna performance depends on the source position and
the array geometry. It is�-periodical and fluctuates around the
mean value CAV=̂ T0T 20 � jT2j2 ; (5)

which, consequently, is a measure of the average (over all pos-
sible azimuth angles) estimation performance. The relationshipC (�) + C �� + �2� = CAV



allows us to highlight the linear dependence, illustrated in Fig.
2, between the azimuth and elevation CRBs and the ANMSAE
since it enables us to write,2N CSNRCAV = sin2(�)C�� + 
os2(�)C�� (6)ANMSAE = 2CSNRCAV +N sin2(�)C�� (7)

The first equation expresses the trade-off that needs to be made
between azimuth and elevation estimation. An antenna array
that optimizes both DoA estimates at the same look direction
can not be found. Finally, we can easily show thatC (�) attains
its maximum/minimum ifftan(2�) = �= (T2) =< (T2) i.e.,
minimum and maximum values ofC (�) are met at perpen-
dicular look directions.

To assess the DoA estimation performance of a given
array, we refer to the UCA having the same number of
sensors spaced by half the wavelength [13]. We introduce the
following azimuth-dependent gain functionG(�) =̂ C (�)C (�) jUCA= M16 sin2 � �M �C (�)
as a measure of the antenna directivity and the estimation
enhancement (w.r.t. to the UCA). If the source is such thatG(�) < 1, the considered antenna array is able to more accu-
rately estimate the source azimuth angle than the equivalent
UCA. At the same time, however, the elevation estimate may
be worse. Only whenG(�) < 1 for all �, both DoA param-
eters can be more accurately estimated than using the UCA,
regardless of the source location. The gain functionG(�) is
better illustrated in polar representation, simultaneously with
the unit radius circle, as in Fig. 4. The directional behavior
of a given array can be more compactly represented by the
following three parameters :� min� G(�) : it represents the maximal enhancement w.r.t.

the azimuth estimation.� max� G(�) : if �MIN=̂argmin�G(�), thenG(�MIN +�=2) = max� G(�) i.e. C�� = [max� G(�)℄ �(C��jUCA) for every source with azimuth�MIN. Hence,max� G(�) expresses eventually a degradation of the
elevation estimation.� IMIN : the width of the sector over which the studied
array outperforms the UCA, i.e. the interval within whichG(�) � 1.

From (4), if T2 = 0, azimuth and elevation estimates are
uncorrelated (C�� equals zero) and the respective CRBs are
constant, in concordance with [5], [6], [7]. This, in fact,
is the only known result about the array geometry impact
on DoA estimation. For a variety of application, however,
isotropy is not a desired property. For air-borne emergency
positioning systems, for example, some a priori knowledge
is available about the target location. At the same time, the
number of sensors that can be afforded may be very limited.
Hence, directive antenna arrays can be of a practical interest.

The proposed gain function is relevant to design and assess
performance of directive arrays. A pragmatic approach is
presented in the next section.

IV. A NTENNA ARRAY DESIGN METHODOLOGY

Antenna design must take into account the ambiguity prob-
lem. Only its simplest form, the so-called first-order ambiguity,
is considered here. Higher-order ambiguities are mainly an-
alytically intractable. First-order ambiguity occurs when two
steering vectors associated with two distinct look directions are
identical. Only sufficient conditions for (first-order) ambiguity-
free antenna are known. For instance, an antenna is ambiguity-
free if at least one set of 3 sensors fulfills some spacings
conditions [10].

To further simplify the design problem, we impose a particu-
lar structure to the antenna array. V-shaped arrays are a trivial
choice for planar array. They include the efficient L-shaped
antenna array [2]. As depicted in Fig. 3, the two branches of
the V shape start at the origin. The coordinates of sensors 1,
2 and 3 are fixed in order to satisfy [10]. The other sensors
are placed such that each branch forms a uniform linear array
(ULA) with half-the-wavelength spacing. Apart from ensuring
a (first-order) ambiguity-free antenna, the application of[10]
affects the performance of the antenna array only marginally,
if the antenna size is large enough. This fact can be verified
analytically.
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Fig. 3. The V-shaped antenna.

The sensors positions (and hence, the array performance)
are functions of the angle� between the two branches.
Examples of the gain function are represented in Fig. 4.
The V-shaped geometry shows to be suitable as directive
arrays. The V-shaped array always outperforms the UCA (w.r.t.
azimuth estimation) over some (azimuth) sector. The largerthe
enhancement, the narrower the sector. The directivity can be
managed by varying the angle�. The gain functionG(�) can
be computed analytically. WhenM tends to infinity, it is given



by G(�) = 3�2 sin2 (�) ��4� 3 
os2��2 �+ �5 
os2��2 �� 4� 
os(2�)� :
The associated parametersmin� G(�), max� G(�) andIMIN are reported as function of�, in Fig. 5(a), Fig. 5(b)

and Fig. 6, respectively. For a varying angle�, Fig. 5 shows
that the estimation errors on the azimuth and elevation angles
evolve in opposite manners. Interestingly, for a given range of�, they are both lower than those obtained using the UCA.
This range is the one for whichIMIN in Fig. 6 equals180
[DEG]. We also notice that a given gainmin� G(�) may be
reached by two V-shaped arrays. In this case, the one with
the larger� is preferred because the associated interval widthIMIN is larger.
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Fig. 4. Polar representation ofG(�) for V-shaped arrays with7
sensors. The legend shows the angle�. The solid line represents the
unit radius circle.

The angle� can be chosen to obtain an isotropic behavior
as well. WhenM tends to infinity, such angle� is given by2 ar
tan(1=2) and the (constant) gainG(�) of the isotropic
V-shaped array tends to15=2�2 i.e. 24% enhancement w.r.t.
the UCA.

V. CONCLUSION

A CRB-based scalar-valued criterion is proposed to evalu-
ates the estimation performance of a planar antenna array used
to locate a 3D source in the far-field. The criterion is a cosine
function of the source azimuth angle that reaches its maximum
and minimum points at perpendicular look directions. Hence,
regardless of their geometry, antenna arrays are directivein
nature. The (amount of) directivity depends, in a complex
manner, on the sensors positions. Ambiguity consideration
further complicates the design problem and motivates the
proposition of a pragmatic approach. The performance of
the antenna, now required to have a V shape, can be fully
characterized and analytically computed and compared to the
equivalent UCA. The results can be used to choose the (V-
shaped) array that have the desired directivity.
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Fig. 5. Minimum (a) and maximum (b) values of the gain functionG(�) for a varying angle� (reported on the horizontal axis). The
legends show the number of sensors.
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