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Abstract— A simple Cramer-Rao bound on the estimation, existing results on the conditions for isotropic performm@an
using an array of sensors, of the azimuth and elevation angeof  [5], [6], [7], [8].

a radiating source has been developed recently. It is used feeto . : : .
develop a methodology to design ambiguity-free antenna aays Anisotropic (directive) arrays can also be useful for a

with a desired directive positioning performance. To redue number of app"C.atior?S- The OpjeCt_iV? .iS to F_"a_Ce sensors
the number of the design parameters, A family of V-shaped such that the estimation error is minimized within a given

arrays is investigated. Its gain and directivity (comparedto the range of the source location. Such a problem is intractable i
most commonly used uniform circular array) are defined and {he general case because of the large number of parameters

analytically computed as a function of the angle between thevo . -
branches of the V-shape. We obtain a class of antenna arrays involved and because of the array ambiguity problem. We

whose performance and directivity can be adapted to the spéied restrict our search within the family of V-shaped arrayssi$
application. an extension of the L-shaped array, proved in [2] to outparfo

cross, rectangular, circular, triangular, ..., arrayspimng
|. INTRODUCTION [10] ensures (first-order) ambiguity-free arrays and catghy
determines the sensors positions (and, consequentlyritine a
We address direction of arrival (DoA) estimation usingerformance) as functions of the angle between the two
an array of sensors, a classic and largely investigated topranches of the V-shape. We give analytic expressions of the
in signal processing [1]. However, limited results that ldegain obtained w.r.t. the regular uniform circular array @)C
with the impact of the array geometry on the estimatiogs a function of this angle.
performance exist. The Cramer-Rao bound (CRB) is ideal asthe paper is organized as follows. Results from [9] are
an algorithm-independent performance measure. Apart fregtalled in Sec. Il and used in Sec. Il to propose an array
some papers dedicated to some particular antenna gecmefgigformance measure. In Sec. IV, a class of V-shaped arrays
[2], the CRB was obtained only indirectly. In fact, its insef js presented and their performance is analytically studied
the Fisher matrix information matrix is expressed anallic conclusion is given in Sec. V. We denote By(z) and S (z)

in a simple manner only in the single source case [3], [4he real and imaginary parts af respectively.
It is then matrix-valued for 3D sources. By examining off-

diagonal entries, conditions were established on the sgnso
positions to ensure isotropic performance [5], [6], [7]. [Bhis

is the only existing result about the way the array geometry\we consider ar/-sized planar antenna array. To sensor
affects performance. Only lately, the azimuth and elevatiqycateq in the(z, ) plane, we associate the polar coordinates
CRBs of a single source were explicitly given as a functiopm and ¢,, and the complex numbef,,=pmeiém. The

of the planar array geometry [9]. This is nothing but a cosingysition of an emitting source located in the far field is ehar
function, regardiess of the array geometry. This allowsitly  acterized by its DoA angles : the azimulhand the elevation
characterize the array performance and gives a strong @oold a5 depicted in Fig. 1. If the sensors are identical and omni-
design arrays with desired isotropic or anisotropic beravi gjrectional, the-dimensional output of the antenna array

The bound from [9] serves as a starting point t0 OWan be expressed as phased replicas of the emitted signal, as
work. We show that the azimuth and elevation CRBs, anf|jgws

also the asymptotic normalized mean square angular error

(ANMSAE) [7], are scaled, rotated or translated versions on ¢) EOE a:M(t)]T

of the other. The_y can be_ uniquely represented by a single exp (QjﬁpTl sin(0) cos(® — ¢1))
scalar-valued cosine function that depends only on thecsour ]

azimuth. The sensors locations affect only the maximum and = : s(t) +n(?)
minimum values of the cosine function which are always met exp (2jm 4L sin(0) cos(® — dar)

at perpendicular directions. At the same time, we retrieve = a(®,0)s(t) + n(t),

II. DATA MODEL AND PREVIOUS RESULTS
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is function of the array-dependent constants
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o ! I1l. PERFORMANCEMEASURE
// i O The developed CRBs are uniquely described by the azimuth-
O < . Y independent functiorC (®). This is also the case of the
N - : (scalar-valued) ANMSAE proposed in [12] as an alternative
{ h ‘tl performance measure. The ANMSAE is associated to the angle
P N Pm between the bearing vector pointing at the source and islequa
O ) ¥ to N [sin®(©)Css + Coe]. We, hence, have
ANMSAE s
O Sensorm e = 20av + tan®(©)C(® + )
xT SNR
Fig. 1. Planar array and source DoAs.
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where the m-th entry ok(¢) (resp.n(t)) is the signal (resp.
noise) component collected at sensofat time indext. They [5in(0)] 2
are assumed to be Gaussian-distributed, zero-mean, yutual Lommmmmmm oo
independent and spatially and temporally white, with vares 1hooo .
o? ando?, respectively. The antenna output is collected at time ! !
indexesT, - - -, Ty and snapshots(T}), - - -, x(T) are used 1 Ne
to perform DOA estimation. The CRB expresses the Iowes& 2 o ] 1' o SCann Ay
achievable estimation error. Usually attained by the maxim T T [cos(©)]
likelihood algorithm, it is, in this case, also achievabletbe :
popular and less complex MUSIC algorithm [11]. The entries 1
of the CRB matrix
c= Caee Coo :
- [Ces Coo 2 |
[cos(©)]” '
associated with the parameter vectdr, ©]7 have recently
been proved [9] to be given by: ANMSAE
2CsnrCAv

Csne 1

Cso = N sinQ(@)C@) (1)
Csne 1 ™
Coo = N w2 @° (2+5) 2)

_Osve 1 S[Theap(—2)9)]

Cae N sin(20) T2 — [Ty ®)
where
OSNR£471r2 Z_§ <1 * J\fo?)
and
¢ (@) L To + R [Theap(—2j9)] @

— ‘T2‘2

Fig. 2. lllustration of the linear dependence between attinamd elevation
CRBs, ANMSAE andC (@) [equations (1), (6) and (7)]. The thick line in the
horizontal left axis represents the interval of possiblries.

Consequently, we consider the k&y(®) function as a
unique performance measure that fully characterizes the wa
the antenna performance depends on the source position and
the array geometry. It is-periodical and fluctuates around the
mean value

Ty
T3 = |

which, consequently, is a measure of the average (over &l po
sible azimuth angles) estimation performance. The redaligp

C(<I>)+C(<I>+g) — Cay

(5)

Cav=



allows us to highlight the linear dependence, illustrateflig. The proposed gain function is relevant to design and assess
2, between the azimuth and elevation CRBs and the ANMSAterformance of directive arrays. A pragmatic approach is

since it enables us to write, presented in the next section.
2
NCSNRCAV = Sin2(®)C<1><p + COSQ(@)C@@ (6)
ANMSAE = 2CsnrCav + Nsin?(0)Coo  (7) V. ANTENNA ARRAY DESIGNMETHODOLOGY

The first equation expresses the trade-off that needs to He ma desi ke i h biqui b
between azimuth and elevation estimation. An antenna arra An;[)enlna_l e_S|gn| mufst ta ehlnto acc;lo l:jn;t € a(;n Iguity prob-
that optimizes both DoA estimates at the same look directi&) - Only its simplest form, the so-called first-order aniifg

can not be found. Finally, we can easily show &) attains IS c_onsid(_ared here. Higher-order am_big_uities are mainly an
its maximum/minimum ifftan(28) = —S (Tb) /R (Tb) i.e., alyt|c_ally intractable. Elrst-ord_er amblgqlty occurs whgm
minimum and maximum values @ (®) are met at perpen- steering vectors associated with two distinct look dikatdiare
dicular look directions. identical. Only sufficient conditions for (first-order) aigbity-

lee antenna are known. For instance, an antenna is ampiguit

To assess the DoA estimation performance of a givi 't at least t of 3 ulfil ;
array, we refer to the UCA having the same number € Il al least one set of 5 sensors 1uffills some spacings

sensors spaced by half the wavelength [13]. We introduce ﬁ;]%ndmons [10].
following azimuth-dependent gain function To further simplify the design problem, we impose a particu-
lar structure to the antenna array. V-shaped arrays argial tri
G(®) = C(®) choice for planar array. They include the efficient L-shaped
C(®)luca antenna array [2]. As depicted in Fig. 3, the two branches of
_ M (3) the V shape start at the origin. The coordinates of sensors 1,

16sin” () 2 and 3 are fixed in order to satisfy [10]. The other sensors

L .__are placed such that each branch forms a uniform linear array
as a measure of the antenna directivity and the estimati L_A) with half-the-wavelength spacing. Apart from ensigi
engancelmint (W'r't.'d to tdhe UCA). If the.soubrlce Is such th t(first-order) ambiguity-free antenna, the applicatior]df]

G(®2) <1, the considered antenna array is able to more aCClftects the performance of the antenna array only marginall

rately estimate the source azimuth angle th_an the_ equlvalﬁnthe antenna size is large enough. This fact can be verified
UCA. At the same time, however, the elevation estimate m3¥1alytically

be worse. Only wheig;(®) < 1 for all ®, both DoA param-

eters can be more accurately estimated than using the UCA,

regardless of the source location. The gain functiq®) is Y
better illustrated in polar representation, simultangousth
the unit radius circle, as in Fig. 4. The directional behavio 4 ‘/"

@

of a given array can be more compactly represented by the
following three parameters :

« ming G(®) : it represents the maximal enhancement w.r.t. 1
the azimuth estimation.
e maxg G(®) : if Pyn=argmingG(P), thenG(Pyn +

m/2) = maxg G(P) i.e. Coo = [maxg G(P)] x

(Cosluca) for every source with azimutfyn. Hence, o
maxg G(P) expresses eventually a degradation of the 5 T

elevation estimation. e

« Ivin : the width of the sector over which the studied
array outperforms the UCA, i.e. the interval within which
G(®) < 1.

From (4), if T, = 0, azimuth and elevation estimates are
uncorrelated Coo equals zero) and the respective CRBs are The sensors positions (and hence, the array performance)
constant, in concordance with [5], [6], [7]. This, in factare functions of the angle\ between the two branches.
is the only known result about the array geometry impa&ixamples of the gain function are represented in Fig. 4.
on DoA estimation. For a variety of application, howeveThe V-shaped geometry shows to be suitable as directive
isotropy is not a desired property. For air-borne emergenayrays. The V-shaped array always outperforms the UCAt(w.r.
positioning systems, for example, some a priori knowledgzimuth estimation) over some (azimuth) sector. The latger
is available about the target location. At the same time, te@mhancement, the narrower the sector. The directivity @an b
number of sensors that can be afforded may be very limitedanaged by varying the angle. The gain functior(®) can
Hence, directive antenna arrays can be of a practical stterde computed analytically. Whel tends to infinity, it is given
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Fig. 3. The V-shaped antenna.



by

3 .
G(®) = m x oot . s
{4 — 3 cos’ (%) + {5 cos® (%) - 4} cos(2(I>)} . 0‘7

The associated parametensing G(®), maxe G(®) and 0s
Iy are reported as function ah, in Fig. 5(a), Fig. 5(b)
and Fig. 6, respectively. For a varying andie Fig. 5 shows
that the estimation errors on the azimuth and elevationesngl
evolve in opposite manners. Interestingly, for a given eaofy 03
A, they are both lower than those obtained using the UCA.
This range is the one for whichyn in Fig. 6 equalsi80

05

0.4

[DEG]. We also notice that a given gaining G(®) may be o
reached by two V-shaped arrays. In this case, the one with o—- = = T T T
the largerA is preferred because the associated interval width DEG

Iy is larger.
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Fig. 4. Polar representation of(®) for V-shaped arrays witly

sensors. The legend shows the angyleThe solid line represents the 2w @ w80 10 120 w0 10
unit radius circle. bEG
The angleA can be chosen to obtain an isotropic behavior ®

as well. WhenM tends to infinity, such anglé is given by - _ . .

2 arctan(1/2) and the (constant) gaifi(®) of the isotropic Fig. 5. Minimum (@) and maximum (b) values of_ the galn_functlon
arc ; 9 P G(®) for a varying angleA (reported on the horizontal axis). The

V-Shaped al’l’ay tendS %/271'2 l.e. 24% enhancement W.I.t. |egends show the number of sensors.

the UCA.

V. CONCLUSION
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