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ABSTRACT

In this paper, we address the problem of blind separation
of m independent sources from theirn linear mixtures in
the overdetermined systems (n ≥ m) with unknown num-
ber of sources. After generalizing the definition of classical
and nonsymmetrical contrast functions, we exhibit a wide
class of generalized contrast functions using some super-
additive functionals and concave functions. Two practical
generalized contrasts based on the support Lebesgue mea-
sure (SLM) and the mutual information (MI) criteria are
proposed and discussed. Finally, computer simulations il-
lustrate the results and demonstrate all the interest we can
find in considering a generalized contrast function.

1. INTRODUCTION

In blind source separation(BSS), the goal is to extract sta-
tistically independent but otherwise unknown source sig-
nals from their mixtures without knowing the mixing co-
efficients [2]. This kind of blind techniques have applica-
tions in several areas, such as data communications, speech
processing, and various biomedical signal processing prob-
lems (MEG/EEG data) [7]. Formally the linear BSS model
is of the form

x(t) = As(t), t = 1 . . . T (1)

wherex = (x1, · · · , xn)T is a random vector of obser-
vations,s = (s1, · · · , sm)T is a random vector of hidden
sources with mutually independent components, andA is
an n × m nonsingular mixing matrix. DefineB = A−1,
which is usually called the demixing or separating matrix.
The goal of BSS is to find a separating matrixB such that
the output vector

y = Bx (2)

contains accurate estimates of them (less thann) origi-
nal source signals. It is well known thatA (thus B) is
identifiable up to ambiguity of order, sign and scaling [2].
This type of unmixing problems is also called independent
component analysis (ICA) in signal processing engineering.

Among the great number of approaches that have been pro-
posed in the recent literature, we are primary concerned
with contrast function approach, e.g. [2, 9, 12, 13]. In
this field, contrast functions constitute separation criteria in
the sense that their maximization solve the source separa-
tion problem. Thus, a typical BSS algorithm is primarily
composed of a contrast function and an optimization pro-
cedure. Although many methods and algorithms have been
proposed for the BSS problem, in their corresponding mod-
els it is usually assumed that the number of sources sig-
nals is known in advance. Typically it should be equal to
the number of sensors and outputs. However, in practice,
these assumptions do not often hold. In that case, we can
extract the sources one by one using a deflation procedure
[5]. Such algorithms work regardless of the source number,
but the separation quality would increasingly degrade due
to accumulated errors. Another way consists in achieving
the blind separation in two stages. Firstly, the observations
are pre-processed such that the sensor vector is transformed
to a white vector and at the same time the dimensionality is
reduced fromn to m, and then anm × m orthogonal ma-
trix is determined to obtain source separation. This scheme
suffers from poor separation results for ill conditioned mix-
ing matrix or weak sources. In [1] the authors confirm sur-
prisingly by extensive experiments that one can use directly
the natural gradient algorithm to learn ann × n nonsingu-
lar matrix, and show that amongn outputs at convergence,
there arem independent components, and each of the re-
mainingn−m component is a rescaled or rearranged copy
of some independent component. Recently, a generalized
natural gradient algorithm was proposed in [14] to perform
the BSS in the unknown number of sources case.

The first main objective of this paper is to introduce a gen-
eralized contrast functions as a valuable extension of the ex-
isting classical [2] and nonsymmetrical [9] ones to perform
overdetermined blind separation withm unknown. The sec-
ond objective is the construction of a family of generalized
contrast functions composing the super additivity property
of some independence measure indexes and the convexity
property of a real function to obtain a more regular crite-
ria. In particular, we use the proposed approach to construct



two practical generalized contrasts. The first one is based
on the SLM of the outputs and the second is based on the
MI criterion. Finally, we extend the Jacobi like algorithms
to maximizing the generalized SLM contrast and we use the
generalized natural algorithm proposed in [14] for the gen-
eralized MI contrast optimization. Notice that one of the
main advantages of our approach will be the application to
the overdetermined blind separation(n > m) with an un-
known number of sources.

2. GENERALIZED CONTRAST FUNCTIONS

Let us define some notations which will be useful in the
following. Ym the set ofm-dimensional output vectors built
from the BSS model (2).Sm the set of source vectors which
are assumed stationary and independent.Cp denotes the set
of p × p nonsingular matrix.Dp denotes the set ofp × p

invertible diagonal matrices.Pp denotes the set ofp × p

generalized permutation matrices.Sn denotes the set of
n-dimensional vector, such that them first components of
which are them original sources signals and the restn −
m components consist of zero or a copies of some source
signal. All matricesW such that for anyz ∈ Sn, Wz is a
re-scaled version of a vectorz̃ ∈ Sn, form the setWn.

We first recall the initial definition of a contrast [2].

Definition 1 - Classical Contrast: A contrast onYm is
a multivariate mappingI from the siteYm to IR, which
satisfies the following three requirements:
R1 - ∀y ∈ Ym, ∀C ∈ Pm, I(Cy) = I(y);
R2 - ∀s ∈ Sm, ∀C ∈ Cm, I(Cs) ≤ I(s);
R3 - ∀s ∈ Sm, ∀C ∈ Cm, I(Cs) = I(s) ⇐⇒ C ∈ Pm

Such contrast are symmetrical and scale invariant functions
(R1) which have to be maximised (R2) to get separation
(R3). According to this definition, numerous contrasts has
been proposed, see e.g. [2]. In order to consider non sym-
metrical functions, Moreau have been proposed the follow-
ing definition of a contrast [9]:

Definition 2 - Nonsymmetrical Contrast: LetPd be a non-
empty set ofP. A contrast function on(Ym,Pd) is a multi-
variate mappingI from the setYm to IR, which satisfies the
following three requirements:
R1 - ∀y ∈ Ym, ∀D ∈ Dm, I(Dy) = I(y);
R2 - ∀s ∈ Sm, ∀C ∈ Cm, I(Cs) ≤ I(s);
R3 - ∀s ∈ Sm, ∀C ∈ Cm, ∃Pd ⊂ Pm, Pd 6= ∅ / I(Cs) =
I(s) ⇐⇒ C ∈ Pd

From these definition, it is can be seen that a classical con-
trast have to be symmetrical function and invariant under a
phase shift. This implies that they are invariant under all
separation states. Hence the global maximization of such
a contrast is a necessary and sufficient condition for source

separation, whereas a nonsymmetrical contrast is merely in-
variant to non-zero scale transformation and its maximiza-
tion no longer necessary and sufficient condition for source
separation but a sufficient one. Now, in order to consider
overdetermined mixture with unknown number of sources,
we propose the main idea of this paper which lies in that all
local maxima of the generalized contrast must correspond to
source separation, whereas only the global ones of the clas-
sical and nonsymmetrical contrasts do so. In other words,
we propose a new definition of the concept of contrast func-
tion such that the maximization lead ton local maxima
wheren outputs are composed ofm independent compo-
nents andn−m redundant components, whereas no redun-
dant component is allowed using the classical and nonsym-
metrical contrast.

Hence, for this task, it becomes necessary to extend the
notion of contrast functions. It is the reason why the follow-
ing generalized definition is proposed.

Definition 3 - Generalized Contrast: We define a general-
ized contrast function on(Yn, W̄n) as a multivariate map-
ping I from the setYn to IR, which satisfies the following
three requirements:
R1 - ∀y ∈ Yn, ∀D ∈ Dn, I(Dy) = I(y);
R2 - ∀y ∈ Yn, ∃ǫ > 0, I(y + ǫy) ≤ I(y) ⇒ ∃ z ∈ Sn

andD ∈ Dn such thaty = Dz;
R3 - ∀z ∈ Sn, ∀M ∈ Cn, ∃ W̄n ⊂ Wn, I(Mz) = I(z) ⇔
M ∈ W̄n

Obviously, when a generalized contrast function is maxi-
mized, the outputs provide all the source signals up to or-
dering and non-zero scaling. It is also be noticed that con-
trasts in the classical and nonsymmetrical sense are con-
trasts in the generalized sense as special instances. A gen-
eralized contrast functionI(y,B) of then output compo-
nents reaches its local maxima if and only ify = Pz, where
P ∈ Pn ( an n × n generalized permutation matrix) and
z ∈ Sn. Hence the maximization of the generalized con-
trast function converge when the outputy containsm in-
dependent components that are the separated sources and
n − m redundant components.

Theorem 1 Maximizing a generalized contrast function,
all the source signals are recovered at least once and the
composite BSS system matrixC = BA takes the following
form

C = P





Im

−−
∆n−m



 (3)

whereP is a generalized permutation matrix and each col-
umn vectorδi of∆n−m is either a null vector or a column of
the identity matrix. In other words, we can straightforward
that a generalized contrast of the BSS problem meaning

C(y;B) = 0 ⇔ C = P (Im | ∆n−m)
T



Such empirical findings were first reported by Cichocki et
al. in [1] and from optimization point of view in [14] to ex-
tend the gradient algorithm to the unknown source number
case. Here we present the theoretical justification behind it
from the viewpoint of contrast function.

Remark 1 Because of lack of place, the proofs are omitted
and reported in a full-length journal paper version.

3. GENERALIZED CONTRAST CONSTRUCTION

Definition 4 A functionalF of the distribution of a ran-
dom variableX, denoted byF(X), is said to be scale equivari-
ant ifF(aX) = |a|F(X) for any real numbera.

Note that ifF is scale equivariant, then|F| is also scale
equivariant. Hence, we can without loss of generality as-
sume in this workF ≥ 0.

3.1. Super-Additivity and Concavity based Contrasts

Definition 5 A functionalG of the distribution of a random
variableX, denoted byG(X), is said to beσ-super-additive
if

Gσ(X + Y ) ≥ Gσ(X) + Gσ(Y ) (4)

for any two independent random variablesX and Y . For
σ = 1, this equation coincides with the classical super-
additivity.

Lemma 1 Letσ andα are two positive real numbers. Then,
theσ-super-additivity implies theα-super-additivity if and
only if σ ≤ α. In particular, it implies2-super-additivity if
and only ifσ ≤ 2.

In a similar way, as the results that we have been presented
in [12], we can prove the following its generalization.

Theorem 2 LetG is a2-super-additive and scale equivari-
ant functional. Then for all increasing and concave real
functiong, the following objective function

Cg(y1, · · · , yn;B) = −
n

∑

i=1

g[G(yi)] + g[|det(B)|] (5)

is a generalized contrast for blind separation of overdeter-
mined linear mixtures with unknown source number.

Thus,Cg(y;B) constitutes a family of objective functions
and one needs only to find a2-super-additive scale equivari-
ant functionalG to achieve the BSS. One can consider func-
tions such asg(u) = λ ln(u), whereλ ≥ 0.

Remark 2 (Key remark.) The main advantage of using an
appropriate increasing concave functiong is that the con-
trast function becomes more regular and easier to optimize.

Remark 3 When the source number is unknown, both the
classical and the nonsymmetrical contrasts do not work,
and it is necessary to use the generalized contrast. Since
the numbern of observations is always at hand, the sepa-
rating matrixB can be imposed to be ann×n nonsingular
matrix that we decompose asB = (B1 | B2)

T whereB1

is composed of the firstm rows ofB and B2 is the sub-
matrix composed of the remainingn − m rows. Inspired
from the mutual information contrast structure [14], it can
be conjectured that the technical assumptions in theorem 2
can be replaced equivalently by the necessary and sufficient
following conditions8><>: Cg(y1, · · · , yn;B) = Cg(y1, · · · , ym;B1) +

n-mX
k=1

g[G(ym+k)]

g[G(ym+k)] ≥ max
j=1,...,m

g[G([B2A]m+k,jsj)]

3.2. Support Lebesgue Measure (SLM) Contrast

Here we present a criterion for the extraction of the sources
whose density has the minimum SLM. Note that in this sec-
tion, we will assume implicitly that the signal sources has
measurable densities with finite SLM.

Definition 6 - Density Support Measure: Let us denote
the density of the outputy asf(y). We define the measure
of the density support set of a random variabley as

L(y) =

∫

{y;f(y)>0}

dµ = µ {y; f(y) > 0} (6)

whereµ(.) denotes the Lebesgue measure.

Unfortunately, this definition does not allow us to show the
super-additivity property of the SLM criteria. Nevertheless,
another probabilistic definition may be proposed.

Definition 7
1- For any measureµ on IRd, its supportSµ is defined to be
the set ofx ∈ IRd such thatµ(G) > 0 for any open setG
containingx. The support setSµ is a closed set.
2- For any random variableX on IRd, the support of its
distributionPX is called the support ofX and denoted by
SX = S(X). It is the smallest closed setF satisfying
P (X ∈ F ) = 1.

The following lemma is basic in using supports of random
variables for BSS in the next.

Lemma 2 If X andY are independent random variables
on IRd, thenSX+Y is the closure of{x + y : x ∈ SX , y ∈
SY }, that is,SX+Y = SX + SY

Proof 1 If x ∈ SX andy ∈ SY , thenx+y ∈ SX+Y , since,
for anyǫ > 0,

P{|X+Y −x−y| < ǫ} ≥ P{|X−x| <
ǫ

2
}P{|Y −y| <

ǫ

2
} > 0



HenceSX+Y ⊃ SX + SY .
Conversely, ifK1 andK2 are both compact, thenK1+K2 is
compact. Consequently,SX+SY is the union of a countable
number of compact sets, hence it is a Borel set. We have

P{X + Y ∈ SX + SY } ≥ P{X ∈ SX}P{Y ∈ SY } = 1.

HenceSX + SY is a closed set withPX+Y -measure 1. There-
fore it containsSX+Y .

Proposition 1 Let X andY be two independent random
variables with finite support Lebesgue measure (SLM) of

densitiesL(X)
def
= µ(SX) and L(Y ), whereµ(.) denote

the Lebesgue measure. Then the SLM is (super- and sub-)
additive

L(X + Y ) = L(X) + L(Y ) (7)

This result follows directly from the above lemma 2.

Theorem 3 For all increasing and concave real function
g, the following support Lebesgue measure criterion (SLM)

S(y;B) = −

n
∑

i=1

g[L(yi)] + g[|det(B)|]

= −

n
∑

i=1

g (µ{yi; f(yi) > 0}) + g(|det(B)|).

is a generalized contrast for blind separation of overdeter-
mined linear mixtures with unknown source number.

Proof 2 From the above proposition 1, we have equiva-
lently shown that the density support Lebesgue measure de-
fined in (6) is super-additive, then from lemma 1 it is also
2-super-additive. We can see also that the density support
measure is equivariant, then from theorem (2) the SLM is a
generalized contrast function.

For maximizing a generalized contrast functionC(y;B) with
respect toB, gradient based methods may be applied if it
is always possible to compute the required data statistics.
This strongly depends on the functional form and a compli-
cate functional form may lead to unimplementable gradient
BSS algorithm. Indeed, to apply such algorithm, we must
know the differential of the used criterion (SLM in this sec-
tion), that is, its variation resulting from a small deviation
in its argument. Unfortunately, it is not easy to use this ap-
proach because the differential of the SLM cost function is
a more difficult problem in our knowledge. For convenience
we will use algebraic Jacobi like algorithms (e.g. see [11]).
Recall that this method consist of estimatingB as a product
of Givens rotations according to

B =
∏

#sweeps

∏

1≤p<q≤n

Ωpq(θ)

WhereΩpq(θ) is the elementary Givens rotation defined as
orthogonal matrix where all diagonal elements are 1 except
for the two elementsc = cos(θ) in rows (and columns)p
and q. Likewise, all off-diagonal elements ofΩpq(θ) are
0 except for the two elementss = sin(θ) and−s at posi-
tions (p, q) and (q, p), respectively. The maximization of
S(y;B) = S(y;Ωpq(θ)) = S(y; θ) is done numerically
by searchingθ using a fine grid into[0, 2π].
A well-known problem of multimodal source separation is
the existence of spurious maxima for usual BSS contrasts.
This is e.g. the case when using the opposite of the out-
put marginal entropy [13]. In order to avoid the existence of
spurious maxima, it is interesting to derive contrasts thatare
convex on each quadrantQp. In the following, the convex-
ity of the generalized contrast functionS(y; θ) for bounded
sources is proven in all quadrants.

Proposition 2 For g(t) = ln(t), the generalized contrast
functionS(y; θ) is convex forθ in each quadrantQp ; p ∈
{1, 2, 3, 4}.

Proof 3 We remark that the criterionS(y; θ) is a result of
many operations which preserve convexity, like pointwise
addition of functions and the composition with another con-
vex function. We should note that− ln(.), ln |det(.)| and
L(.) (see [13]) are convex functions in all quadrants.

Then, the so called SLM separating algorithm is composed
of the following steps:

⋄ Optimization

• Initialization: B0 = I;

• Whitening: find a n × n matrix W so that the
sample covariance matrix of the whitened mixtures
y(t) = Wx(t) equals the identity matrix [11]. This
can be done by PCA methods [1];

• Iteration: compute an estimatêB ( n×n matrix)
that maximize the SLM cost function using the Jacobi
rotations parametrization;

⋄ Postprocessing

• Source number estimation: apply the result
presented in [14] to estimate the source numberm as
the rank of a data matrixX = [x(t + 1), · · · ,x(t +
K)]T whereK is a large samples number, for exam-
ple,K = n or 2n;

• Source extraction: since the desired signals
appear at the firstm channels, to extract the original
sources we use the global system matrixC1 = B̂1Â,
whereB̂1 is the submatrix composed of the firstm

rows ofB̂ andÂ is the estimate of the mixing matrix
A computed as a pseudo inverse ofB̂.



In our knowledge there is no Mathematical results concern-
ing the convergence of such Jacobi algorithm. However,
according to the experiences of several authors [2] and the
author of the present paper [11], convergence is achieved in
practice. Using the order statistics theory, Pham showed in
[8], that the opposite of the sum of the log-marginal sup-
port widths of the output distributions is a global contrast
for source separation. In [4], the authors introduce the min-
imum support criterion as a zero-order limiting case of the
Renyi’s entropy contrast. Recently, the authors of [13] de-
rive a convex contrast, based on the support width of a single
output distribution to separate bounded sources. Comple-
mentarily to these existing utilizations of the support mea-
sure in the BSS problem, we generalize these kind of cri-
teria using some increasing concave image of the support
Lebesgue measure. The aims of this generalization is to en-
force the cost function to be more regular and suitable for
nice optimization to handle the BSS problem of overdeter-
mined systems with unknown source number. In addition
this freedom of theg concave function choice can be ex-
ploited to handle some other questions in the BSS problem,
like as the robustness against a non-gaussian noise and the
multimodality of the sources distributions. The proposed
contrast allows the separation even when the sources are non
identically distributed.

3.3. Mutual Information Contrast

Let G(Y ) = eH(Y ) define the square root of the entropy
power (whereh denote the differential entropy [3] and let
g(t) = ln(t) the concave logarithm function. ThenG is
scale equivariant and it is shown in [3] that this information
measure is2-super-additive and more over the inequality
(4) can be an equality (forσ = 2) only if bothX andY are
Gaussian. Then we have the following result.

Theorem 4 The following mutual information based cri-
terion

I(y1, · · · , yn;B) = −

n
∑

i=1

ln[G(yi)] + ln |det(B)|

= −

n
∑

i=1

H(yi) + ln |det(B)| (8)

is a generalized contrast for blind separation of overdeter-
mined linear mixtures with unknown source number.

Thus using theorem 2, we get a proof that the mutual infor-
mation contrast can be extended to be a generalized contrast
for the blind separation of the overdetermined mixtures.

To maximize a generalized contrast, whitening based
approaches has some disadvantages, too. The most notable

of these is that for ill-conditioned mixing matrices and weak
sources the separation results may be poor. Therefore, some
other algorithms have been developed that learn the separat-
ing matrixB directly [1]. Of particular note is the natural
gradient algorithm which is based on the above MI criterion
(8) and generalized in [14] as

B(t + 1) = B(t) + η(t){R − ϕ[y(t)]y(t)T }B(t) (9)

in which

R = E{ϕ[y(t)]y(t)T }|y(t)=Pz(t) (10)

andη(t) is a positive learning rate, whereP ∈ Pn, z ∈
Sn andϕ[.] is an appropriate class of nonlinear functions
that replace the unknown source score functions. Finally,
it should be noticed that the separating matrix must be of
the form n × n to perform overdetermined BSS whether
the source numberm is known or not. We note also that
the constrainty(t) = Pz(t) used in (10) ensuring that the
stationary condition be hold for the desired outputy(t) =
Pz(t) and then the gradient algorithm (9) convergence .

4. SIMULATION RESULTS

We report some of our simulations results to illustrate the
performance of our procedures.

First experiment . Separation of a noisy overdetermined
mixture with unknown source number using the SLM con-
trast.
For a comparison purpose, we consider here the same sec-
ond example presented in [4] with five sources in the overde-
termined case (n = 8). In this experiment we mixed150
sample of five (m = 5) binary sources through a random
mixing matrix in presence of additive white Gaussian noise
with a maximum SNR of10 dB. By using the generalized
Jacobi algorithm as presented above, we minimized the sup-
port Lebesgue measure of the output. Thus, the algorithm
converged to a global system matrix

C =

0BBBB� −0.99 0.01 0.00 0.03 0.01 0.01 0.99 0.00

0.06 0.97 −0.01 0.01 0.89 0.00 −0.06 0.00

0.02 −0.07 0.00 0.00 −0.05 0.02 −0.02 0.00

0.02 −0.07 0.09 0.86 −0.01 0.00 −0.02 0.01

0.02 −0.07 0.98 0.01 −0.00 0.00 −0.01 0.00

1CCCCAT

and all the five sources are extracted. One can observe that
as expected, the first five components corresponds to the five
original sources, whereas the 6-th and the 8-th corresponds
to zero vectors and the 7-th component consist of a copy of
the first source.
Second experiment. Separation of a noisy mixture of
Gaussian and non-Gaussian sources with known source num-
ber usingSOBI, JADE, SLM and theGENERALIZED NAT-
URAL GRADIENT algorithm (9).

In this example, we consider four zero-mean unit-variance
signals as sources. The first three sources are i.i.d:s1 has
a Gaussian distribution,s2 a Uniform distribution ands3
an Alpha-Stable distribution (withα = 1.5 and dispersion
γ = 1). The fourth signals4 is Gaussian filtered with an
AR1 low-pass filter:s4 = 0.7s4(t − 1) + ǫ(t), whereǫ(t)
is a Gaussian signal. All signals are 5000 points long. The



mixing matrix is randomly generated at each iteration.

To measure the quality of separation we will use Amari’s
error criterion as a performance index (PI) defined as

PI =
1

n

nX
i=1

0� mX
j=1

|Ci,j |

maxk |Ci,k|
− 1

1A+
1

m

mX
j=1

 
nX

i=1

|Ci,j |

maxk |Ck,j |
− 1

!
whereC = (Ci,j)1≤i≤n ; 1≤j≤m = BA is the global

BSS system. After convergence we can compare the perfor-
mance indexPI of each method as shown in Figure 1. This
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Fig. 1. The performance index versus the sample size.

Figure show that SOBI and JADE fail to separate this mix-
ture, whereas the generalized gradient continues to produce
good BSS solutions and that the SLM algorithm present the
best performance. Note that the higher-order methods are
able to separate mixture if at most one source is Gaussian,
then JADE cannot separates1 ands4. Similarly, second-
order methods can only perform separation if the sources
have different autocorrelation functions. Then, SOBI can-
not separates1, s2 ands3 and the only source that can be
recovered iss4.

5. CONCLUSION

In this paper, we introduced a generalized definition of con-
trast function, which includes the existing classical and non-
symmetrical contrast as two special cases, to handle the
problem of source separation of overdetermined linear mix-
tures with unknown source number. With the adjustment
of the separating matrix form to be of dimensionn × n,
we justified the fact that a natural gradient or Jacobi like
algorithms can be extended to maximizing the considered
generalized contrast function. These contrasts are shown
to have no spurious local maxima, i.e. all the local max-
ima are relevant from the source separation point of view;
they all correspond to non-mixing BSS solutions. However
some question still open for this generalized case. Indeed,
the effect of sources multimodality will be theoretically in-
vestigated in our futur works. Also the local stability of the
generalized natural gradient algorithm will be analyzed and

similarly convergence of the generalized Jacobi algorithm
must be discussed.
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