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ABSTRACT

We consider partially observed non-Gaussian dynamic state space
models in which the process equation consists of a combination of
linear and nonlinear states and the process noise for the nonlinear
state update is distributed according to a mixture of Gaussians. In
this paper, we solve a Bayesian filtering problem. The proposed
filter is an efficient combination of the particle filter and the ap-
proximate conditional mean filter. Simulation results on a time–
varying autoregressive signal demonstrate the effectiveness of the
proposed algorithm.

1. INTRODUCTION

In many signal processing problems, we encounter a dynamic state
space model (DSSM) of the form of (1) – (3). That is, apartially
observed non-GaussianDSSM which consists of a combination
of linear and nonlinear states, and where the process noise for the
nonlinear state update can be modeled as a mixture of Gaussians.
Such models are useful e.g., in time–varying autoregressive mod-
els. Similar models have been considered in [1]. In this case, opti-
mal filtering is a difficult problem. Arguably, the prescribed solu-
tion is the extended mixture Kalman filter (EMKF) [3]. Although
it is efficient, it may be possible to outperform the former. In this
paper, we propose a novel particle filter that combines the approx-
imate conditional mean (ACM) filter [4] and the particle filter (PF)
[2] to render an efficient alternative for solving this problem.

The remainder of this paper is organized as follows. In Section
2, we introduce the considered DSSM. In Sections 3 and 4, we
review the PF, and the EMKF, respectively. Section 5 presents
the proposed approximate conditional mean particle filter. Section
6 presents some simulation results, and section 7 concludes this
paper.

2. DYNAMIC STATE SPACE MODEL

We consider a DSSM of the following form:

x1
k = F 1(x2

k−n:k−1) + A1(x2
k−n:k−1)x

1
k−1 + w1

k (1)

x2
k = F 2(x2

k−n:k−1) + A2(x2
k−n:k−1)x

1
k + w2

k (2)

yk = H(x2
k) + ek (3)

wherex1
k ∈ Rn1 , x2

k ∈ Rn2 are the unobserved processes and
yk ∈ Rny the noisy observations. Here,F 1(·), A1(·), F 2(·),
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A2(·), H(·) are known functions with proper dimensions and the
notation(·)l:m, indicates all the elements from timel to timem.
The process noisew1

k, and measurement noiseek are assumed
to be mutually independent zero-mean Gaussian white noise se-
quences,w1

k ∼ N (w1
k;0, Q1

k) andek ∼ N (ek;0, Rk). The
process noise driving (2) is assumed to be a white noise sequence
that is distributed according to a Gaussian Mixture Model (GMM)

p(w2
k) =

N∑
j=1

pjN (w2
k; w

2,(j)
k , Q

2,(j)
k ) (4)

where
∑N

j=1 pj = 1. Furthermore, the initial states are assumed
to be mutually independent zero-mean Gaussian random variables,

x1
0 ∼ N (x1

0; x̂
1
0, P̂

1

0) andx2
0 ∼ N (x2

0; x̂
2
0, P̂

2

0).
The main objective is to sequentially in time compute the min-

imum mean square error estimate (MMSE) ofxk = [x1 T
k , x2 T

k ]T ,
and its associated covariancecovp(xk|y1:k) [xk]. That is,

Ep(xk|y1:k) [xk] =

∫
xkp(xk|y1:k)dxk (5)

covp(xk|y1:k) [xk] =

∫
xkx T

k p(xk|y1:k)dxk (6)

wherexk = xk − Ep(xk|y1:k) [xk]. Unfortunately, the evalua-
tion of (5) and (6) involve complex intractable multidimensional
integrals. Thus, we propose to use particle filtering to recursively
estimate (5) and (6).

3. PARTICLE FILTER

A standard PF utilizes a weighted set of samples to approximate
thejoint posterior probability density function (pdf)p(x1

k, x2
k|y1:k).

Thus at timek, by drawingNp samples of(x1
k, x2

k) from aimpor-
tance functionq(x1

k, x2
k|x1

1:k−1, x
2
1:k−1, yk), that is(x1,(i)

k , x
2,(i)
k )

∼ q(x1
k, x2

k|x1,(i)
1:k−1, x

2,(i)
1:k−1, yk) for i = 1, . . . , Np and recur-

sively updating the importance weights{w(i)
k }Np

i=1 with

w
(i)
k ∝ w

(i)
k−1

p(yk|x2,(i)
k )p(x

1,(i)
k , x

2,(i)
k |x1,(i)

1:k−1, x
2,(i)
1:k−1)

q(x
1,(i)
k , x

2,(i)
k |x1,(i)

1:k−1, x
2,(i)
1:k−1, yk)

.(7)

We have for an estimate of (5) and (6)

Êp(xk|y1:k) [xk] =

Np∑
i=1

w̃
(i)
k xk (8)



ĉovp(xk|y1:k) [xk] =

Np∑
i=1

w̃
(i)
k x

(i)
k x

(i) T
k (9)

wherew̃
(i)
k = [

∑Np

j=1 w
(j)
k ]−1w

(i)
k is the normalized importance

weight andx(i)
k = x

(i)
k − Êp(xk|y1:k) [xk].

In (7), the likelihoodp(yk|x2,(i)
k ) is given by

p(yk|x2,(i)
k ) = N(yk; H(x

2,(i)
k ), Rk) (10)

and the priorp(x1
k, x2

k|x1,(i)
1:k−1, x

2,(i)
1:k−1) by

p(x1
k, x2

k|x1,(i)
1:k−1, x

2,(i)
1:k−1)

= p(x2
k|x1,(i)

1:k−1, x
1
k, x

2,(i)
1:k−1)p(x1

k|x1,(i)
1:k−1, x

2,(i)
1:k−1) (11)

where

p(x2
k|x1,(i)

1:k−1, x
1
k, x

2,(i)
1:k−1)

=

N∑
j=1

pjN (x2
k, F 2(x

2,(i)
k−n:k−1) + w

2,(j)
k

+A2(x
2,(i)
k−n:k−1)x

1
k, Q

2,(j)
k ) (12)

p(x1
k|x1,(i)

1:k−1, x
2,(i)
1:k−1)

= N (x1
k, F 1(x

2,(i)
k−n:k−1) + A1(x

2,(i)
k−n:k−1)x

1,(i)
k−1 , Q1

k).(13)

In practice, particle filtering suffer fromthe Degeneracy prob-
lem. That is, after a few iterations, all but a few particles possess
insignificant weights. As a result, (8) to (9) form poor approx-
imations of (5) and (6), respectively. Typically, to mitigate this
problem, we introduce a resampling step [2]. The basic idea is
to discard particles with weak importance weights and to multi-
ply ones with significant importance weights. In this work, we
introduce resampling dynamically. That is, we only resample if
the effective sample sizêNeff = 1/

∑Np

i=1(w̃
(i)
k )2 is below the

thresholdNth = 0.5Np.

4. EXTENDED MIXTURE KALMAN FILTER

For the considered DSSM, it is possible to design a better PF that
admits estimates with lower variances. The idea is to exploit the
linear sub-structure of our given DSSM. Indeed, if we follow the
lead of [3], and introduce a indicator random variableIk ∈ IN =
{n|n = 1, . . . , N} that satisfies

Ik =





1 if w2
k ∼ N (w2

k; w
2,(1)

k , Q
2,(1)
k )

...
N if w2

k ∼ N (w2
k; w

2,(N)
k , Q

2,(N)
k )

wherep(Ik = 1) = p1, . . . , p(Ik = N) = pN , we can note
that (1)-(2) conditional onx2

1:k andI1:k reduces to a linear Gaus-
sian (LG) system inx1

k for which the Kalman filter (KF) is the
optimal estimator. Intuitively, the random variableIk indicates
theeffectivedistribution ofw2

k at time indexk. Thus if we write
p(x1

k, x2
1:k, I1:k|y1:k) as

p(x1
k, x2

1:k, I1:k|y1:k) = p(x1
k|x2

1:k, I1:k)p(x2
1:k, I1:k|y1:k),

(14)
it is apparent that we can use the optimal KF to obtain the Gaussian
pdfp(x1

k|x2
1:k, I1:k), and use the PF to estimatep(x2

1:k, I1:k|y1:k).

This approach is also known as the Rao-Blackwellized PF (RBPF)
[1]. Thus at timek, if we drawNp samples of(x2

k, Ik) from a im-
portance functionq(x2

k, Ik|x2
1:k−1, I1:k−1, yk), that is(x2,(i)

k , I
(i)
k )

∼ q(x2
k, Ik|x2,(i)

1:k−1, I
(i)
1:k−1, yk) for i = 1, . . . , Np and recur-

sively update the importance weights{w(i)
k }Np

i=1 as

w
(i)
k ∝ p(yk|x2,(i)

k )p(x
2,(i)
k , I

(i)
k |x2,(i)

1:k−1, I
(i)
1:k−1)

q(x
2,(i)
k , I

(i)
k |x2,(i)

1:k−1, I
(i)
1:k−1, yk)

w
(i)
k−1. (15)

Expectations of interest, such asEp(xk|y1:k) [xk] and its associ-
ated covariancecovp(xk|y1:k) [xk] can be approximated by

Êp(x1
k
|y1:k)

[
x1

k

]
=

Np∑
i=1

w̃
(i)
k x

1,(i)

k|k (16)

ĉovp(x1
k
|y1:k)

[
x1

k

]
=

Np∑
i=1

w̃
(i)
k

(
P

1,(i)

k|k

+(x
1,(i)

k|k − Êp(x1
k
|y1:k)

[
x1

k

]
)(x

1,(i)

k|k − Êp(x1
k
|y1:k)

[
x1

k

]
)T

)

(17)

Êp(x2
k
|y1:k)

[
x2

k

]
=

Np∑
i=1

w̃
(i)
k x

2,(i)
k (18)

ĉovp(x2
k
|y1:k)

[
x2

k

]
=

Np∑
i=1

w̃
(i)
k x

2,(i)
k x

2,(i) T
k (19)

wherex
1,(i)

k|k =E
p(x1

k
|x2,(i)

1:k ,I
(i)
1:k)

[x1
k], P

1,(i)

k|k =cov
p(x1

k
|x2,(i)

1:k ,I
(i)
1:k)[

x1
k

]
andx

2,(i)
k = x

2,(i)
k − Êp(x2

k
|y1:k)

[
x2

k

]
.

In (15), the likelihoodp(yk|x2,(i)
k ) is given by (10) and the

prior p(x2
k, Ik|x2,(i)

1:k−1, I
(i)
1:k−1) by

p(x2
k, Ik|x2,(i)

1:k−1, I
(i)
1:k−1)

= p(x2
k|x2,(i)

1:k−1, I
(i)
1:k−1, Ik)p(Ik) (20)

where

p(x2
k|x2,(i)

1:k−1, I
(i)
1:k−1, Ik) = N(x2

k; x
2,(i)

k|k−1, S
(i)

k|k−1) (21)

is a Gaussian pdf with meanx2,(i)

k|k−1 = E[x2
k|x2,(i)

1:k−1, I
(i)
1:k−1, Ik],

and covarianceS(i)

k|k−1 = cov[x2
k|x2,(i)

1:k−1, I
(i)
1:k−1, Ik]. As men-

tioned before, we can use the KF to efficiently computep(x2
k|x2,(i)

1:k−1,

I
(i)
1:k−1, Ik), x

1,(i)

k|k , P
1,(i)

k|k in (20), (16), (17), respectively, i.e.,

x
1,(i)

k|k = x
1,(i)

k|k−1+P
1,(i)

k|k−1A
2(x

2,(i)
k−n:k−1)

T

×S
(i)−1

k|k−1(x
2
k − x

2,(i)

k|k−1) (22)

P
1,(i)

k|k = P
1,(i)

k|k−1−P
1,(i)

k|k−1A
2(x

2,(i)
k−n:k−1)

T

×S
(i)−1

k|k−1A
2(x

2,(i)
k−n:k−1)P

1,(i)

k|k−1 (23)

where

x
1,(i)

k|k−1=F 1(x2
k−n:k−1)+A1(x

2,(i)
k−n:k−1)x

1,(i)

k−1|k−1 (24)

P
1,(i)

k|k−1=A1(x
2,(i)
k−n:k−1)P

1,(i)

k−1|k−1A
1(x

2,(i)
k−n:k−1)

T +Q1
k (25)

x
2,(i)

k|k−1=F 2(x
2,(i)
k−n:k−1)+A2(x

2,(i)
k−n:k−1)x

1,(i)

k|k−1+w
2,(Ik)

k (26)

S
(i)

k|k−1=A2(x
2,(i)
k−n:k−1)P

1,(i)

k|k−1A
2(x

2,(i)
k−n:k−1)

T +Q
2,(Ik)
k .(27)



Thus, the EMKF is more efficient than the standard PF. Yet, it may
be possible to further increase efficiency. Indeed, for particle filter-
ing, it is advantageous to reduce the dimensionality of the space in
which we draw samples from [2]. Thus, for the considered DSSM,
we endeavor to design a novel PF that exploits the structure of the
considered DSSM while dispensing of the need to introduce a In-
dicator random variableIk. The advantages are clear. By elim-
inating the need to introduce a Indicator random variableIk, the
task of using a PF to approximatep(x2

1:k, I1:k|y1:k) is reduced to
one of approximating a lower dimensional pdfp(x2

1:k|y1:k). In-
tuitively, we require a reduced number of particles to achieve a
certain level of performance. In the following, we develop these
ideas, and proceed with the derivation of the ACM-PF.

5. APPROXIMATE CONDITIONAL MEAN PARTICLE
FILTER

We begin by writing the joint posterior pdfp(x1
1:k, x2

1:k|y1:k) as

p(x1
k, x2

1:k|y1:k) = p(x1
k|x2

1:k)p(x2
1:k|y1:k). (28)

As mentioned before, we aim to exploit the linear substructure
of the considered DSSM. Thus, we only need to derive a parti-
cle filtering algorithm that approximatesp(x2

1:k|y1:k). Thus at
timek, if we drawNp samples ofx2

k from q(x2
k|x2

1:k−1, yk), that

is x
2,(i)
k ∼ q(x2

k|x2,(i)
1:k−1, yk) for i = 1, . . . , Np and update the

importance weights{w(i)
k }Np

i=1 as

w
(i)
k ∝ p(yk|x2,(i)

k )p(x
2,(i)
k |x2,(i)

1:k−1)

q(x
2,(i)
k |x2,(i)

1:k−1, yk)
w

(i)
k−1 (29)

where the likelihoodp(yk|x2,(i)
k ) is given by (10) and the prior

p(x2
k|x2

1:k−1) by (39) which is discussed below. It can be shown
that an approximation ofEp(x1

k
|y1:k)[x

1
k] and its associated condi-

tional covariancecovp(x1
k
|y1:k)[x

1
k] are in the form of

Êp(x1
k
|y1:k)

[
x1

k

]
=

Np∑
i=1

w̃
(i)
k x

1,(i)

k|k (30)

ĉovp(x1
k
|y1:k)

[
x1

k

]
=

Np∑
i=1

w̃
(i)
k

(
P

1,(i)

k|k

+(x
1,(i)

k|k − Êp(x1
k
|y1:k)

[
x1

k

]
)(x

1,(i)

k|k − Êp(x1
k
|y1:k)

[
x1

k

]
)T

)

(31)

wherex1,(i)

k|k =E
p(x1

k
|x2,(i)

1:k )

[
x1

k

]
andP

1,(i)

k|k =cov
p(x1

k
|x2,(i)

1:k )

[
x1

k

]
.

For this case, we also use (18) and (19) to compute approximations
for Ep(x2

k
|y1:k)

[
x2

k

]
andcovp(x2

k
|y1:k)

[
x2

k

]
, respectively1. As in

the case of the EMKF, we aim to computex
1,(i)

k|k andP
1,(i)

k|k analyt-
ically. Recall for the EMKF, the former are computed via the KF.
However, in [5] it is shown thatp(x1

k|x2,(i)
1:k ) is a GMM such that

the number of mixands increases exponentially withk. Hence,
x

1,(i)

k|k and P
1,(i)

k|k are obtained through a growing symphony of

KF’s, each corresponding to one mixand ofp(x1
k|x2,(i)

1:k ). For

1For the ACM-PF, we emphasize that the importance weightsw
(i)
k are

given by (29) not (15).

practical applications, it is infeasible to sequentially in time com-
putex

1,(i)

k|k andP
1,(i)

k|k for all time indexesk. Thus, with the aim
of designing a computationally attractive algorithm, we follow [4]
and adopt the surprisingly effective assumption that for all time in-
dexesk, p(x1

k|x2
1:k−1) is a Gaussian pdfN (x1

k; x1
k|k−1, P

1
k|k−1),

that is

p(x1
k|x2

1:k−1) = N (x1
k; x1

k|k−1, P
1
k|k−1). (32)

Under this assumption, which is known as theMasreliez approx-
imation, we can derive a so-called ACM filter [7, 6] forx1

k. In
[4], for a linear DSSM with non-Gaussian observation noise dis-
tributed in accordance to a GMM, the ACM filter yields near opti-
mal performance. In particular, conditional onx2

1:k, (1)-(2) consti-
tutes such a model, that is, a linear substructure with non-Gaussian
observation noise distributed in accordance to a GMM. Hence, we
propose to merge the ACM filter, and the standard PF into a hy-
brid algorithm called the ACM-PF. That is, conditional on thei-th
particlex

2,(i)
1:k , we computex1,(i)

k|k andP
1,(i)

k|k with a ACM filter
[4]:

x
1,(i)

k|k = x
1,(i)

k|k−1 + P
1,(i)

k|k−1A
2(x

2,(i)
k−n:k−1)

T gk(x
2,(i)
k ) (33)

P
1,(i)

k|k = P
1,(i)

k|k−1 − P
1,(i)

k|k−1A
2(x

2,(i)
k−n:k−1)

T

×Gk(x
2,(i)
k )A2(x

2,(i)
k−n:k−1)P

1,(i)

k|k−1 (34)

where

x
1,(i)

k|k−1 = F 1(x
2,(i)
k−n:k−1) + A1(x

2,(i)
k−n:k−1)x

1,(i)

k−1|k−1 (35)

P
1,(i)

k|k−1 = A1(x
2,(i)
k−n:k−1)P

1,(i)

k−1|k−1A
1(x

2,(i)
k−n:k−1)

T+Q1
k (36)

and

gk(x
2,(i)
k ) = − 1

p(x
2,(i)
k |x2,(i)

1:k−1)
∇

x
2,(i)
k

p(x
2,(i)
k |x2,(i)

1:k−1)

(37)

Gk(x
2,(i)
k ) = ∇

x
2,(i)
k

gk(x
2,(i)
k )T . (38)

In the above, the notation∇ denotes the gradient operator. More-
over, sincep(x1

k|x2
1:k−1) = N (x1

k; x1
k|k−1, P

1
k|k−1), it can be

shown that the prior densityp(x2
k|x2

1:k−1) is in the form of

p(x2
k|x2

1:k−1) =

N∑
j=1

pjN(x2
k; x

2,(j)

k|k−1, P
2,(j)

k|k−1) (39)

where

x
2,(j)

k|k−1=F 2(x2
k−n:k−1) + A2(x2

k−n:k−1)x
1
k|k−1 + w

2,(j)
k (40)

P
2,(j)

k|k−1=A2(x2
k−n:k−1)P

1
k|k−1A

2(x2
k−n:k−1)

T + Q
2,(j)
k .(41)

Thus, by using (29), (10), (39) and a appropriately chosen impor-
tance functionq(x2

k|x2,(i)
1:k−1, yk), we can recursively in time com-

pute the importance weightw(i)
k , and all the estimates of interest.

Finally, we point out that the ACM filter (33)–(38) has a struc-
ture that is similar to the KF (22)–(27). Indeed, it can be shown
that the ACM filter reduces to the KF whenw2

k is Gaussian dis-
tributed. Therefore, it follows that the ACM-PF is equivalent to
the EMKF if w2

k ∼ N (w2
k; µ,Σ) whereµ andΣ is some mean

and covariance, respectively. The algorithm for the ACM-PF is



summarized as follows.

Approximate conditional mean Particle filter (ACM-PF)

1. Initialization: Fori = 1, . . . , Np, we initialize the particles,

x
2,(i)
0 ∼ p(x2

0), x
1,(i)

0|0 = x̂1
0, P

1,(i)

0|0 = P̂
1

0 and setw(i)
0 =

1
Np

.

2. New particles: Fori = 1, . . . , Np, setx̃2,(i)
k−n:k−1=x

2,(i)
k−n:k−1,

x̃
1,(i)

k−1|k−1 = x
1,(i)

k−1|k−1, P̃
1,(i)

k−1|k−1 = P
1,(i)

k−1|k−1.

• Proposals: Draw̃x2,(i)
k ∼ q(x2

k|x̃2,(i)
1:k−1, yk).

• ACM prediction: Computẽx1,(i)

k|k−1, P̃
1,(i)

k|k−1 using
(35), and (36), respectively.

• ACM update: Computẽx1,(i)

k|k , P̃
1,(i)

k|k using (33), and
(34), respectively.

3. Calculate Importance Weights: Fori = 1, . . . , Np, evalu-
ate the importance weights up to a normalizing constant

w
(i)
k ∝ w

(i)
k−1

p(yk|x̃2,(i)
k )p(x̃

2,(i)
k |x̃2,(i)

1:k−1)

q(x̃
2,(i)
k |x̃2,(i)

1:k−1, yk)

and normalize importance weights tõw
(i)
k .

4. If N̂eff < Nth,

• Resample{x̃2,(i)
k−n+1:k}

Np

i=1, {x̃1,(i)

k|k }
Np

i=1, {P̃ 1,(i)

k|k }Np

i=1

w.r.t importance weights to obtain{x2,(i)
k−n+1:k}

Np

i=1,

{x1,(i)

k|k }
Np

i=1, {P 1,(i)

k|k }
Np

i=1 and setw(i)
k = 1

Np
for i =

1, . . . , Np.

otherwise

• Set x̃2,(i)
k−n+1:k = x2,(i)

k−n+1:k, x̃
1,(i)

k|k = x
1,(i)

k|k , and

P̃
1,(i)

k|k = P
1,(i)

k|k for i = 1, . . . , Np.

5. Estimates: ComputêEp(x1
k
|y1:k)

[
x1

k

]
, ĉovp(x1

k
|y1:k)

[
x1

k

]
,

Êp(x2
k
|y1:k)

[
x2

k

]
, andĉovp(x2

k
|y1:k)

[
x2

k

]
using (30), (31),

(18), and (19), respectively.

6. Setk = k + 1, and go back to step 2.

6. SIMULATIONS

The proposed algorithm is applied to aP -th order time-varying
autoregressive (TVAR) model that is driven by mixture Gaussian
noise. That is,

ak = Fak−1 + w1
k (42)

zk = G(zk−P :k−1)ak + w2
k (43)

yk = zk + ek, k = 1, . . . , N (44)

whereF = βIP×P , ak = [a1
k, . . . , aP

k ]T are the AR coeffi-
cients,G(zk−P :k−1) = [zk−1 . . . zk−P ], w1

k ∼ N (0, Q1
k) is the

process noise, andek ∼ N (0, Rk) is the measurement noise. As
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Fig. 1. True and estimated trajectory ofak for N = 250 observa-
tions,Np = 50 particles
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Fig. 2. True and estimated trajectory ofzk for N = 250 observa-
tions,Np = 50 particles

mentioned before, the driving noisew2
k is distributed according to

a GMM

p(w2
k) = 0.8N (w2

k;−3, 1) + 0.2N (w2
k; 8, 1). (45)

Here, we chooseQ1
k = (0.01)2IP×P , andRk = 1. The ele-

ments ofa0 andz0:P−1 are each distributed in accordance with
a Gaussian distribution with mean0, and variance0.5. We con-
sider a fourth order TVAR model (P = 4) with known coefficient
β = 0.995. It should be noted that the considered DSSM is a spe-
cial case of (1) - (3). That is,ak plays the role ofx1

k, andzk the
role ofx2

k in (1) - (3).
Figs. 1 and 2, show a typical realization ofak andzk, respec-

tively. As shown above, with onlyNp = 50 particles and the prior
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Fig. 3. MSE curves forNp = 50 andM = 200 Monte Carlo runs

(39) for the importance functionq(x2
k|x2

1:k−1, yk), the ACM-PF
tracks both the AR coefficientsak and the AR processzk remark-
ably well.

In the following, we show the error performances of the con-
sidered algorithms. This includes the ACM-PF, the standard PF,
and the EMKF, each using the appropriate prior distribution for
the importance function. To this end, we consider two metrics.
The first is the mean square error (MSE) at thek-th time step, i.e.,

MSEk =
1

M

M∑
i=1

(
‖ai

k − âi
k|k‖22 + ‖zi

k − ẑi
k|k‖22

)
(46)

where‖ · ‖2 is the euclidean norm,̂ai
k|k and ẑi

k|k is an estimate
of ai

k andzi
k for thei-th MC simulation. The other is the average

MSE defined as

MSE =
1

N

N∑

k=1

MSEk. (47)

Note, in calculating (46) and hence (47) , we ran each filter on the
same realizations of data and repeated the experimentM = 200
times.

Figure 3 depicts the MSE curves forN = 250 observations.
Each filter was implemented withNp = 50 particles. Clearly,
both the ACM-PF and the EMKF significantly outperform the PF.
In particular, the steady state MSE of both the ACM-PF and the
EMKF are nearly identical. However, of the considered algo-
rithms, the ACM-PF yielded the shortest acquisition time. Thus,
for this experiment, the ACM-PF offers the best performance.

Finally, we calculate the average MSE forNp = 10, 50, 100
and200 particles. The results are shown in Figure 4. The ACM-PF
yields much improved performance over the PF. For example, in
Figure 4, the ACM-PF merely uses 50 particles to yield a average
MSE of0.7, while in the case of the PF, even200 particles does not
result in a comparable MSE. As compared to the EMKF, the ACM-
PF provides better performance. However, one must be careful in
making any general conclusions. Indeed, for the majority of the
simulations, we have found that the EMKF and the ACM-PF yield
comparable steady state MSE as shown in Figure 3. Thus, the
performance differences between the ACM-PF and the EMKF are
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Fig. 4. Average MSE forN = 250 observations andM = 200
Monte Carlo runs

largely attributed to the apparently large acquisition time of the
EMKF.

7. CONCLUSION

In this paper, we have proposed a novel filter for a particular class
of partially observed non-Gaussian DSSM’s. The proposed method
called the ACM-PF is a efficient combination of the ACM filter and
the PF. The performance of this approach has been demonstrated
by simulations.

8. REFERENCES

[1] C. Andrieu and A. Doucet, “Particle filtering for partially ob-
served Gaussian state space models,”J. Royal Statist. Soc. B,
vol. 64, pp. 827–836, 2002.

[2] A. Doucet, N. de Freitas, and N. J. Gordon, Eds.,Sequential
Monte Carlo Methods in Practice. Springer-Verlag, 2001.

[3] J. S. Liu and R. Chen, “Mixture Kalman filters,”J. Roy. Statis-
tic. Soc. B, vol. 62, pp. 493–508, 2000.

[4] C. J. Masreliez, “Approximate non-Gaussian filtering with lin-
ear state and observation relations,”IEEE Trans. Automat.
Contr., vol. 20, no. 1, pp. 107–110, Jan. 1975.

[5] H. W. Sorenson and D. L. Alspach, “Recursive Bayesian es-
timation using Gaussian sums,”Automatica, vol. 7, pp. 465–
479, 1971.

[6] R. Vijayan and H. V. Poor, “Nonlinear techniques for interfer-
ence suppression in spread-spectrum systems,”IEEE Trans.
Commun., vol. 38, no. 7, pp. 1060–1065, 1990.

[7] X. Wang and H. V. Poor, “Joint channel estimation and sym-
bol detection in Rayleigh flat-fading channels with impulsive
noise,” IEEE Commun. Lett., vol. 1, no. 1, pp. 19–21, Jan.
1997.


