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ABSTRACT A?(.), H(-) are known functions with proper dimensions and the

. . . . notation(-);..,, indicates all the elements from tinido time m.
We consider partially observed non-Gaussian dynamic state space process noisev’, and measurement noige are assumed
k1

models in which the pr ion consi f mbination of X : . )
. odels cf the process equation co SStS.O a comb atq %% be mutually independent zero-mean Gaussian white noise se-
linear and nonlinear states and the process noise for the nonlinear

e . . ) quencesw; ~ N(w};0,Q;) ande, ~ N(ex; 0, Ry). The
state update is distributed acc_ordl_ng to a mixture of Gaussians. Inprocess noise driving (2) is assumed to be a white noise sequence
this paper, we solve a Bayesian filtering problem. The proposed

filter is an efficient combination of the particle filter and the ap- thatis distributed according to a Gaussian Mixture Model (GMM)

proximate conditional mean filter. Simulation results on a time— N
varying autoregressive signal demonstrate the effectiveness of the p(w) = ZpiN(wi;Wf’(j), Qi’m) (4)
proposed algorithm. =

1. INTRODUCTION wherezj.vzlpj = 1. Furthermore, the initial states are assumed
to be mutually independent zero-mean Gaussian random variables,
In many signal processing problems, we encounter a dynamic statex} ~ A/ (a3; £3, 13(1]) andz? ~ N (x; &2, pg)_
space model (DSSM) of the form of (1) — (3). That ipyartially The main objective is to sequentially in time compute the min-
observed non-GaussiddSSM which consists of a combination  jmum mean square error estimate (MMSE)af= [z+ 7, 2277,
of linear and nonlinear states, and where the process noise for theand its associated covarian@e,,, |y, ) [zx]. Thatis,
nonlinear state update can be modeled as a mixture of Gaussians. )

Such models are useful e.g., in time—varying autoregressive mod-

els. Similar models have been considered in [1]. In this case, opti- Epailyrp) [B6] = /wkp(mﬂytk)dmk ®)
mal filtering is a difficult problem. Arguably, the prescribed solu-

tion is the extended mixture Kalman filter (EMKF) [3]. Although COVp(aylyy.p) [XE] = /@@Tp(wklylzk)dwk (6)

it is efficient, it may be possible to outperform the former. In this
paper, we propose a novel parti_cle filter that combir_1es t_he approX-wherez, = xj — Ep(ay |y, [@x]. Unfortunately, the evalua-
imate conditional mean (ACM) filter [4] and the particle filter (PF)  tion of (5) and (6) involve complex intractable multidimensional

[2] to render an efficient alternative for solving this problem.  jntegrals. Thus, we propose to use particle filtering to recursively
The remainder of this paper is organized as follows. In Section gstimate (5) and (6).

2, we introduce the considered DSSM. In Sections 3 and 4, we
review the PF, and the EMKF, respectively. Section 5 presents
the proposed approximate conditional mean patrticle filter. Section 3. PARTICLE FILTER

6 presents some simulation results, and section 7 concludes this - _ )
paper. A standard PF utilizes a weighted set of samples to approximate

thejoint posterior probability density function (pdf{x, 7 |y,.5,)-
Thus at timek, by drawingN,, samples ofz},, 7 ) from aimpor-
tance functiony(x}, 2 |@t,,_,, @2, y,) thatis(x, ", x> @)

We consider a DSSM of the following form: ~ gzl @}|zh 2y, fori = 1,...,N, and recur-

sively updating the importance weigr{twff)}fvjl with

2. DYNAMIC STATE SPACE MODEL

mi = Fl(mifn:kfl) + Al(mi7":k71)$}€71 + ’LU}Q (1)
2} = FX@}_ 1)+ AN@E )Tk i (2) oo plar Oy ey Olal ) ah? )

2 Wy X Wiy 1,(3) _.2,(3)..1,(3) 2,(3) 7)
yr = H(zp)+ex ©) gy, @y ey s 1Y)

wherezi € R™, 2 € R™ are the unobserved processes and \We have for an estimate of (5) and (6)

y, € R™ the noisy observations. Her&'(-), A'(-), F?(-),
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N This approach is also known as the Rao-Blackwellized PF (RBPF)

v _ = (1) (1) () T : . .
COVp(aylyyp) [BR] = Z W, T, T 9) [1]. Thus at timek, if we draw N, samples ofx7, I;,) from aim-
=t portance functioy(z?, I|@2.,_1, [1.k—1, ¥y ), thatis(z @ 1)
whered(" = [Y N7, w{] " w® is the normalized importance  ~ q(@%, I|z7\” |, I{4_;,y,) for i = 1,...,N, and recur-
weight andz\” = (" — Ep(z, 1y, ) [24]. sively update the importance weighta\” } %, as
In (7), the likelihoo »@yis given b 2,30\, (. 20) 7)) 2.6) (G
™ Pyl ) 1S g 4 (4) p(yilzy ( ))p(wk( )7112 )lwl:l(clbjl(:l)c—l) (4)
2,() 2,() Wi 20 020 [0 Wi=y- (19)
pyilzy™”) = Ny, H(z, ™), Ri) (10) q(@y, ™ e I Y)
and the priom(mi,milmif,ﬁal, mf?,(fll) by Expectations of interest, such B$,|y,.,) ] and its associ-
‘ ' ated covarianceovy(z, |y,.,) [£+] can be approximated by
1 2 1,(2 2,(1
p(wkvmk|mlzl<czlvw1:l(cll) 7 [ 1} % =(4) ,1,(4) (16)
(i (i (i @ zlly,..) [ Tk] = Wy, Ty
= plaileyi 2 aly) Dp(eile” 20, (1) vk =

where No o .

o1 17 _ ~(4) 1,(4)

COVp(a}ly1.x) 1] = Zwk (Pm
i=1

plale iy w2yl
N ) ] 1,4) B 1 1,(4) & 11\T
=Y pN@k i), ) + w2 @~ Epaiivin 2@~ By [#:]) )
j=1 17)
+A% @) e, Q) (12) N
Hal ) 20 | Epa2 iy, [#0) = i 2y (18)
p(@g]T iy, 102 0) R i=1
1 1 2,(4 1 2,(4 1,(z 1
= N(ak, FH@il), ) + A @Rl D2, Q4)(23) Yoo
. . —— C/O\Up(wQ\y ) [wi} = Zwl(;)fiy(Z)Ei’(wT (19)
In practice, particle filtering suffer frorthe Degeneracy prob- kLR P
lem That is, after a few iterations, all but a few particles possess 1.0 ) 1.0)
insignificant weights. As a result, (8) to (9) form poor approx- wheremk’lk =E 2,](Ci)71§fvl)€)[wk}v Pk"k :Covp(mllc‘z%g)Jy])c)

(@} @)

imations of (5) and (6), respectively. Typically, to mitigate this 1 —2,(8) _ _2,() T 2
[zi] andz, ™ = 2 — 2y, ) [21]-

problem, we introduce a resampling step [2]. The basic idea is .
to discard particles with weak importance weights and to multi- In (15), the likelihoodp(y, |} ") is given by (10) and the
ply ones with significant importance weights. In this work, we prior p(x3, Ik\mfj,(jll, Iff,)cfl) by

introduce resampling dynamically. That is, we only resample if

n v s
the effective sample siz&l.;; = 1/ 37 (@\”)? is below the i, el 1)
thresholdN;, = 0.5N,,. =p(@ilel) | 10 I)p(I)  (20)

where
2, 2,(i i 2 2.(i i
p($k‘w1:§cz17 I{:I)cfb Iy) = N(zi; wk\(k)—u qu)k—l) (21)

4. EXTENDED MIXTURE KALMAN FILTER

For the considered DSSM, it is possible to design a better PF that _ _ _
admits estimates with lower variances. The idea is to exploit the is a Gaussian pdf with meati]gl = E[z2|z2", 19 | 1,

linear sub-structure of our given DSSM. Indeed, if we follow the and covariances _ Cov[m2|m2,(i) O ]. As men-
lead of [3], and introduce a indicator random variables 7V = klk—1 — kIP1k—1 f1ck—1o - o i
{njn =1,..., N} that satisfies tioned before, we can use the KF to efficiently comm{teﬂa:lg,(jll,

19 1), 259 PLin (20), (16), (17), respectively, i.e.,
1 ifw?~Nwhw>D, QW) e T @i P

Iy = : mllc\gj) = mi]g)—1+P11c’\§cil1A2(xiﬁ2:k71)T
N it w} e~ Nwhw Y, Q™) xS\ @k — i) (22)

sheret = )= rtl = V) < g wecnnoe P = PP AL
Tk 1.k reduces to a linear Gaus ><55;&;11142(afii(ﬁ;kq)lec]g)—l (23)

sian (LG) system inc for which the Kalman filter (KF) is the
optimal estimator. Intuitively, the random variablg indicates where

the effectivedistribution ofw}, at time indexk. Thus if we write 1,33) 1, 9 1, 2.0 1,(9)
p(@, 21, Likly.,) @S T =F (@hnikem1) T AT, )T (24)
1,(2) _ 41 2,(1) 1,(2) 1 2,(1) T 1
p(et @t ualyye) = p@bleta, hop@h Ly, Piiemr =4 @ )P A (@) 4 Qi (29)
(14) wQ,(i) :F2 :B2’ i —|—A2 w2,(i) ml,(i) +w 2,(I 26
itis apparent that we can use the optimal KF to obtain the Gaussian = */*~* ( 1;—?1:1@—1) v( k‘””“;? klk=1 : II( )
pdfp(z}|@2,, 111 ), and use the PF to estimater?.,,, I1.x|y,.. ). S\ =A%) P AR, )Ty 27)



Thus, the EMKF is more efficient than the standard PF. Yet, it may practical applications, it is infeasible to sequentially in time com-
be possible to further increase efficiency. Indeed, for particle filter- putew,ﬁ’ﬁj) andP,lc";” for all time indexesk. Thus, with the aim
ing, it is advantageous to reduce the dimensionality of the space ingf gesigning a computationally attractive algorithm, we follow [4]
which we draw samples from [2]. Thus, for the considered DSSM, and adopt the surprisingly effective assumption that for all time in-
we endeavor to design a novel PF that exploits the structure of thegexest, p(z; |22, ;) is a Gaussian pd¥/ (zL; &l 1s Phip_1)s
considered DSSM while dispensing of the need to introduce a In- that is

dicator random variablé,. The advantages are clear. By elim-

inating the need to introduce a Indicator random varidhlethe p(i|zte_1) = N(@k; Thpg_1, Phjg_1)- (32)
task of using a PF to approximatéx?.,,, I1.x|y,.,.) is reduced to ) _ o )
one of approximating a lower dimensional paltc? ;. |y,.;). In- Under this assumption, which is known as tiasreliez approx-

tuitively, we require a reduced number of particles to achieve a imation, we can derive a so-called ACM filter [7, 6] far. In
certain level of performance. In the following, we develop these [4], for a linear DSSM with non-Gaussian observation noise dis-
ideas, and proceed with the derivation of the ACM-PF. tributed in accordance to a GMM, the ACM filter yields near opti-
mal performance. In particular, conditional @#.;,, (1)-(2) consti-
tutes such a model, that is, a linear substructure with non-Gaussian
observation noise distributed in accordance to a GMM. Hence, we
propose to merge the ACM filter, and the standard PF into a hy-
brid algorithm called the ACM-PF. That is, conditional on thia
particlex>:(”, we computer,’(” and P’ with a ACM filter

K|k k|k
p(wi,wiﬂyl:k) = p(wi|w§:k)p(w%:k|y1:k)‘ (28) [4]:

5. APPROXIMATE CONDITIONAL MEAN PARTICLE
FILTER

We begin by writing the joint posterior pgf{x1.,., 3..|v,.,) as

As mentioned before, we aim to exploit the linear substructure z) =g P AR @R, D) @) (39)
of the considered DSSM. Thus, we only need to derive a parti-

L(1) _ pl.(i) 1,(3) 2/ .2,(4) T
cle filtering algorithm that approximateg 3., |y,.,). Thus at Pip = Pyjizy = Pyji AT (@) 2 ne-)
timezk,‘ if we draw]\;p samples ofc? fromq(x2|x3.,_1, v, ), that XGk(fﬂi’(i))AQ(93%7(2;;@71)13;1@]?_1 (34)
iszy® ~ g(ax?|z>”,, y,) fori = 1,..., N, and update the
importance weightgw "}, as where
1,0z 2,(i 2,(i 1,(i
0 p(yk|$2'<i))p(w2’(i)|$2’(i> ) 0 xk|§q)—1 = Fl(ﬂfkizﬂeﬂ) + Al(mk£2:k71)$k£f|k_1 (35)
A k k 1:k—1 7
w,.’ X - - wy. 29 1,(8)  _ Aly2,(8) 1,(4) 1, 2,(4) T 1
F q(mi’(z)\w?j,(jll,yk) ket (29) Pk|k—1 =A (xkfn:k—l)Pk—l\k—lA (@}, 0e—1) +Qy (36)
T 2,(i)y . . and
where the likelihootb(y, |z, ") is given by (10) and the prior
p(xi|x.,_1) by (39) which is discussed below. It can be shown 2,(6)y _ 1 2,(4)(.2,(4)
that an approximation g andit iated condi 9@ ) = =S g Ve OP@ @)
.a an approxnma ion P<wi\y11:k>[w’“]_ and its associated condi- JC TP R BT
tional covarianceov, 1, (1] are in the form of (37)
Ny Gr@p) = Vﬁi,u)gk(wi’m)r (38)
E zi]| = TR 30 . .
P@klyie) (1] ; k Tklk (30) In the above, the notatiox denotes the gradient operator. More-
N, over, sincep(z}|@? ;1) = N(zh; Tg_1, Pijr_1), it can be
) ) . PR -
C/&’p(wilyl-k) [wi] _ Z w}(:) (PIIC]S) shown that the prior density(xj|z7.,,_;) is in the form of
‘ i=1 N
. —~ . ~ 2 2 2 2,(9) 2,(4)
1,(i) 1 1,(i) 1\T xrLlxl 1) = iN(xy; 2., ., P 39
+(wk|k 7Ep(w}€\y1:k> [mk])(mk‘k 7Ep(wi\ylzk) [af:k]) ) p(xk|Tik—1) jzzlpy (zk klk—1° 1 klk 1) (39)
(31)
where
1,(4) _ o 1 1,(4) _ o 1 . s
wherez, iy =B 1 g2 ) [#4] andPyil =cov, o 2o [2h]- 0200 —p2a? )+ A2 @F )Tk s +,20140)

For this case, we also use (18) and (19) to compute approximations 2,3) 5, o L 2, o - 2,j)
for B, z2y,.,) [2k] andcov, 2, ) [#7], respectively. Asin Pl =AY (@ pik—1) Prjr—1 A™ (Th—nie—1)” + Q- (41)

the case of the EMKF, we aim to compmgiﬁ) ande‘Sj) analyt- Thus, by using (29), (10), (39) and a appropriately chosen impor-
ically. Recall for the EMKF, the former are computed via the KF. - tance functiony(x2|z2 " |, ), we can recursively in time com-

; e 11,208y ;
However, in [S] it is shown thap(x |21, is @ GMM such that pute the importance Weiglnt“), and all the estimates of interest.

the number of mixands increases exponentially withHence, Finally, we point out that the ACM filter (33)—(38) has a struc-
x,);,” and P, 7 are obtained through a growing symphony of tyre that is similar to the KF (22)—(27). Indeed, it can be shown

KF's, each corresponding to one mixand ﬂfpﬂmfjfj)). For that the ACM filter reduces to the KF when? is Gaussian dis-
' tributed. Therefore, it follows that the ACM-PF is equivalent to
1For the ACM-PF, we emphasize that the importance Weigf,if% are the EMKF if wj ~ N(wi, 1, 3) wherep and is some mean

given by (29) not (15). and covariance, respectively. The algorithm for the ACM-PF is



summarized as follows. o o2

k k
1 1
Approximate conditional mean Particle filter (ACM-PF)
—— Estimate
05
1. Initialization: Fori = 1,. .., N, we initialize the particles,
2,(4 1,(i “ 1,31 51 i
g RIS p(xd), :l:o‘é) = &}, Po\é) = Py and setw(()) =
1
Ni.
P -0.5
2. New particles: Fof = 1,.. Np, setg; ) =axd@
~1,(2) 1,(%) _ 1,() _
Ty ie—1 = Tp_1jp—1 Pk—llk—l = Pkfl\kfl' 1750 100 150 200 250
o Proposals: Dravi} " ~ q(x2|22\" |, y,). at
1
e ACM prediction: Computm”:ilgj)l, Pk";)l using
(35), and (36), respectively. 05

e ACM update: Computé’:}c"f), 15;13? using (33), and
(34), respectively.

3. Calculate Importance Weights: Fo= 1,..., N, evalu- 05 o5
ate the importance weights up to a normalizing constant
~2,(1) 1 ~2,(2) _ _
0 o w® plyplEy Dp@Er 12 ) Y750 100 150 200 250 'S0 100 150 200 250
k k—1 ~2,(1) | =2, (7,
(2, 1T 0021 Yn)

‘ Fig. 1. True and estimated trajectory @f, for N = 250 observa-
and normalize importance Weightsmﬁj). tions, N, = 50 particles

4. 1f Nojs < Nun,

25 T
1 = True
2 1,(4) —— Estimate |]
° Resamplqu7(n+lk — 12 ;16\ }z 11{Pk|k }:p1 20 ot
w.r.t |mportance weights to obtalfnxifzﬂz,C iV:"l 151 i \ 1
{a Y, AP, and setw) = w, fori = 10 ih 1
L.y Np. = F“"“?‘l"‘iwl‘ i | .:fgs‘ s ! : ‘ i 1t
N g4 1 i 1 A IiuI i i
otherwise o i Wik I i e, L i IH--,!I‘ ’. i I ) -5",‘
1,0 1, ity oy I A s e A
) Setmk( )+1k = Xk<'r)L+1k’ wk‘;) = wk‘; , and - i
Py =Py fori=1,....N,.
—1s| ,
. . 17— 1
5. EStlmateS' Cc;mpUﬂEP<mllg‘yl:k) [wk} ’ Zovp(fi\yuk) [wk]’ 2% 50 100 150 200 250
Ep@?ly1.p) (7], andc‘?”p(milyhm [x7] using (30), (31), k
(18), and (19), respectively. ) ) )
6. Setk — k + 1. and o back to step 2 Fig. 2. True and estimated trajectory gf for N = 250 observa-
. Setk = k + 1, and go back to step 2. tions, N, = 50 particles
6. SIMULATIONS mentioned before, the driving noise is distributed according to
a GMM
The proposed algorithm is applied toR&xth order time-varying 2\ _ 2, 2,
autoregressive (TVAR) model that is driven by mixture Gaussian p(wi) = 0.8N (wi; =3, 1) + 0.2N (wi; 8, 1). (45)
noise. Thatis, Here, we choos®; = (0.01)?Ipxp, andR, = 1. The ele-
_ p 1 42 ments ofap and zo.p—1 are each distributed in accordance with
ar = Fapa+wg , (42) a Gaussian distribution with medn and variance).5. We con-
ze = G(zp—pik—1)ar +wy (43) sider a fourth order TVAR model = 4) with known coefficient
ye = zn+ex, k=1,...,N (44) (B = 0.995. It should be noted that the considered DSSM is a spe-
cial case of (1) - (3). That isz plays the role ofci, andz; the
where F = BIpxp, ar = [ai,...,ak} are the AR coeffi-  role ofz% in (1) - (3).
cients,G(zr—pk—1) = [26—1...2z6—p], w} ~ N(0,Q}) is the Figs. 1 and 2, show a typical realizationa®f andzy, respec-

process noise, ang. ~ N(0, Ry) is the measurement noise. As tively. As shown above, with onlyv,, = 50 particles and the prior
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Fig. 4. Average MSE forN = 250 observations and/ = 200

Fig. 3. MSE curves fotV, = 50 andM = 200 Monte Carlo runs Monte Carlo runs

(39) for the importance function(z|z%.._1,¥,), the ACM-PF largely attributed to the apparently large acquisition time of the
tracks both the AR coefficients; and the AR process. remark- EMKE.

ably well.

In the following, we show the error performances of the con-
sidered algorithms. This includes the ACM-PF, the standard PF,
and the EMKF, each using the appropriate prior distribution for
the importance function. To this end, we consider two metrics.
The first is the mean square error (MSE) at kith time step, i.e.,

7. CONCLUSION

In this paper, we have proposed a novel filter for a particular class
of partially observed non-Gaussian DSSM’s. The proposed method
called the ACM-PF is a efficient combination of the ACM filter and
1M ' _ _ _ the PF. The performance of this approach has been demonstrated
MSEy = 5 > (||a§€ —ahpll3 + N2k — 22|k\|§> (46) by simulations.
=1

where|| - ||2 is the euclidean normiil,c andé,i‘k is an estimate 8. REFERENCES
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