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ABSTRACT

This paper derives fundamental performance bounds for es-
timating 3-D parametric surfaces in inverse problems. Un-
like conventional pixel-based image reconstruction approaches,
our problem is reconstruction of the shape of binary or ho-
mogeneous objects. The fundamental uncertainty of such
estimation problems can be represented by global confidence
regions, which facilitate geometric inference and optimiza-
tion of the imaging system. Compared to two-dimensional
global confidence region analysis in our previous work, com-
putation of the probability that the entire 3-D surface esti-
mate lies within the confidence region is, however, more
challenging, because a surface estimate is an inhomoge-
neous random field continuously indexed by a two-dimensional
index set. We derive an approximate lower bound to this
probability using the so-called tube formula for the tail prob-
ability of a Gaussian random field. Simulation results demon-
strate the tightness of the resulting bound and the usefulness
of 3-D global confidence region approach.

1. INTRODUCTION

The problem of representing and reconstructing three di-
mensional surfaces has been a classical topic in computer
vision, medical imaging, and graphics. A variety of rep-
resentation techniques have been used for shape estimation;
for example, nonuniform rational B-splines surfaces (NURBS)
[1], extended Gaussian image (EGI) [2], or generalized cylin-
ders [3]. Since a surface S is a two-dimensional manifold
in R

3, it is often represented as

S = s(Ψ)
�
= {s(t) : t ∈ Ψ} ∈ R

3 (1.1)

where Ψ denotes a two-dimensional subset of R
2, with bound-

ary ∂Ψ of zero Lebesgue measure.
We consider the following generic statistical model for

estimation of a surface S from a collection of L noisy data
vectors {yi}, which are independently distributed as:

Yi ∼ p(yi|S), Yi ∈ Y1 × · · · × YM , i = 1, . . . , L
(1.2)

where S is given by (1.1), Ym denotes the observation space
for the m-th component Yi(m) of Yi, p(yi|S) is the prob-
ability density function describing the observation model,
and M is the number of components in each observation.
Such problems are encountered in applications such as com-
puter vision, computed tomography (CT), deconvolution,
synthetic aperture radar (SAR), and nonlinear inverse scat-
tering. The measurement model (1.2) encompasses situa-
tions of multisensor fusion or multimodality measurements,
where different components of the vector Yi are produced
by different sensors, each with its own measurement space
Ym.

We often represent the surface S parameterically,

s(t) = s(t;θ) (1.3)

where the K-dimensional parameter vector

θ =
[
θ1 · · · θK

]T ∈ Θ ⊂ Ψ (1.4)

The mapping s : Ψ × R
K → R

3 of (1.3) can be nonlin-
ear. An advantage of such finite parametric representations
is that they alleviate the ill-posedness of inverse problems.
Furthermore, they reduce the surface estimation problem to
the estimation of the finite dimensional parameter θ from
the combined data set Y, where the two are related by the
probability law Y ∼ p(y|θ) obtained from (1.2) and (1.3).

Our goal in this paper is to develop tools for the predic-
tion and assessment of the quality of the estimates s(t; θ̂)
from the measurement model (1.2). Although the well-known
Cramèr-Rao inequality [4] can be used to predict and assess
the quality of the parameter estimator θ̂, one is more inter-
ested in assessing the quality of estimates in easily inter-
preted geometric terms. Rather than the quality of estimates
of θ itself, what is needed is a global quality measure for
the entire surface. Such quantification of the uncertainty in
shape and surface estimation problems may answer ques-
tions such as: what accuracy can be expected at any given
point, which features of a shape are difficult to estimate,
what is the effect of different parameterizations and data
collecting geometries, etc.

Working on a two-dimensional parametric shape esti-
mation problem, Ye, Bresler and Moulin [5] proposed a



technique for constructing small-size global confidence re-
gions in the asymptotic regime where the estimate is un-
biased, efficient, and Gaussian, and provided bounds on the
probability that the entire boundary estimate lies in the global
confidence region. These confidence regions can be con-
veniently visualized, see Fig. 1 for a 2-D example. They
incorporate limits on the estimation performance for inter-
esting geometric parameters such as shape, size, orientation,
and the position of the object into an uncertainty band Uβ .
The parameter β trades off the size of the uncertainty band
against the probability that the true shape belongs to that
band. Then, one can investigate the fundamental perfor-
mance of shape estimation from the geometric properties of
the confidence regions. The usefulness of the global confi-
dence region analysis was demonstrated in imaging appli-
cations such as nonlinear inverse scattering problems, com-
puted tomography, Fourier imaging, deconvolution, com-
puter vision, and discrete tomography [6, 7, 8, 9].

There are significant difficulties, however, in obtaining
a geometrically meaningful global performance measure for
3D surface estimation. The main one is that the surface esti-
mate ŝ(t) = s(t; θ̂) is a random field continuously indexed
by a two dimensional variable t. Therefore, statistical anal-
ysis of surface estimates is harder than the 2-D global con-
fidence region analysis [5], in which the estimate is a 1-D
random process.

The main contribution of this paper is to derive the global
confidence level using the so-called tube formula [10] for
the tail probability of nonhomogeneous Gaussian random
fields. This guarantees that the entire actual surface asymp-
totically lies in the global confidence region formed around
the maximum-likelihood estimate of the surface, with the
calculated probability.

2. MAIN RESULT

To set up the problem and its solution, we summarize some
background material from our previous work on global con-
fidence regions [5]. At each location t ∈ Ψ, we can de-
rive a confidence region for the maximum-likelihood esti-
mator s(t; θ̂). A confidence region is the likely range of the
true value, and gives an indication of how much uncertainty
there is in our estimate. The smaller the region, the more
precise the estimate. Confidence regions are expressed in
terms of a confidence level – the probability that the true
value lies within the confidence region.

According to classical estimation theory [11], for a fixed
t, a confidence region Ûβ(t) for s(t;θ) at confidence level
α ∈ [0, 1] is any subset of R

3 such that

Pr
{
s(t) ∈ Ûβ(t)

}
= α . (2.5)

Of all possible choices of Ûβ(t) for each specified α, the

smallest size confidence region is [12]

Ûβ(t) =
{
x ∈ R : ||x − ŝ(t)||2Cs(t)−1 ≤ β2

}
(2.6)

for an appropriate β > 0, where Cs(t) is the error covari-
ance matrix for s(t; θ̂). Note that for each t, the local con-
fidence region in (2.6) is an ellipsoid in R

3. The parameter
β measures the lengths of the principal axes of this ellipsoid
in units of standard deviation of the estimation error along
these axes. This is a local confidence region, because (for
each t) it only applies to one point of the surface.

We now construct a global confidence region Ûβ for the
entire surface S = {s(t),∀ t ∈ Ψ}:

Ûβ
�
=

⋃
t∈Ψ

Ûβ(t) . (2.7)

Note that the construction of Ûβ is similar to morphological
dilation of the boundary by the spatially varying structur-
ing element Ûβ(t). Therefore, the region Ûβ forms a “thick
shell” around the estimated boundary ŝ(t).

Modifying the local confidence level (2.5) to acommo-
date the probabilistic interpretation of Ûβ , the global confi-
dence level for Ûβ is given by:

γ
�
= Pr

{
S ∈ Ûβ

}
= Pr

{
s(t) ∈ Ûβ , ∀ t ∈ Ψ

}
. (2.8)

This is the probability that the entire surface lies within the
region Ûβ formed around the surface estimate.

A dual probability is

γ′
�
= Pr

{
Ŝ ∈ Uβ

}
= Pr { ŝ(t) ∈ Uβ , ∀ t ∈ Ψ } (2.9)

where ŝ(t) is the estimate of s(t), and the deterministic con-
fidence region Uβ is defined as

Uβ
�
=

⋃
t∈Ψ

Uβ(t) , (2.10)

where Uβ(t) is given by
{
x ∈ R : (x − s(t))T Cs(t)−1 (x − s(t)) ≤ β2

}
.(2.11)

Again, the region Uβ is a shell, but this time centered on the
true boundary. While γ of (2.8) is the a posteriori proba-
bility that the true shape lies in a confidence region gener-
ated around the MLE Ŝ, the a priori probability γ′ of (2.9)
predicts the fundamental uncertainty region for any asymp-
totically normal and efficient estimator. The posterior con-
fidence region Ûβ(t) and its associated probability are com-
puted after the measurements are collected and the MLE
ŝ(t) determined. The a priori confidence region Ûβ and its
associated probability are computed without any measure-
ments, and are only based on the a priori model s(t;θ) and



(1.2). Therefore, in general they are different, and each has
its distinct applications.

By deriving an explicit formula for γ, (or for γ′) we can
compute the corresponding value of β in (2.6) (respectively,
in (2.11)) for the prescribed global confidence level γ (γ′)
and guarantee the probability that the true surface (resp. the
MLE) lies within the confidence region. The goal of this
paper is to determine approximate bounds on γ and γ′ that
are reasonably tight.

2.1. Canonical Coordinates

Now, we return to our main interest: bounds on the prob-
abilities (2.8). These probabilities satisfy the following in-
equalities:

γ
�
= Pr

{
s(t) ∈ Ûβ

}
≥ Pr

{
s(t) ∈ Ûβ(t)

} �
= γLB ,(2.12)

γ′
�
= Pr { ŝ(t) ∈ Uβ } ≥ Pr { ŝ(t) ∈ Uβ(t) } �

= γ′LB,(2.13)

Note the difference between the left-hand sides and the cor-
responding lower bounds on right-hand sides in (2.12) and
(2.13). For example, while γ in (2.12) is the probability that
the surface lies within the global confidence region Ûβ –
which is not a function of t, γLB on the right is the proba-
bility that all points of the surface lie within their respective
local confidence regions Ûβ(t). The inequalities are true,
because in the case of (2.12) there may exist some t �= t′

such that s(t) ∈ Ûβ(t′) (and therefore, by the definition of
Uβ , ŝ(t) ∈ Uβ) while s(t) /∈ Ûβ(t), with the analogous
situation for (2.13). Now, owing to the definitions (2.6) and
(2.11), γLB and γ′LB are asymptotically identical because
Ĉs approaches Cs. Therefore, in the sequel we derive ap-
proximations for γ′LB as a means to obtain, at the same time,
asymptotic lower bounds on both γ and γ′.

Define the transformed parameter-vector

Z
�
= C−1/2

θ

(
θ̂ − θ

)
∈ R

K (2.14)

which is asymptotically normally distributed: Z ∼ N (0, I).
Then, γ′LB can be expressed in terms of the random vector
Z by

γ′LB = Pr
{

ZT P(t)Z ≤ β2, ∀ t ∈ Ψ
}
, (2.15)

where P(t) is the projection matrix onto the range space of
C1/2

θ B(t) given by

P(t)
�
= C1/2

θ B(t)
(
B(t)T CθB(t)

)−1
B(t)T C1/2

θ .(2.16)

Note that the rank of P(t) is equal to η ≤ 3. The problem is
thus reduced to finding an approximation for the right-hand
side of (2.15).

2.2. The Exceedence Probability Bound

A more accurate approximation for γ′LB is derived by taking

into account the characteristics of C1/2
θ B(t) ∈ R

K×3. Let
Q(t) = [q1, · · · ,qη] be theK×η matrix with orthonormal

columns spanning the range space of C1/2
θ B(t) (obtained,

e.g., by a QR decomposition of C1/2
θ B(t)). It follows that

ZT P(t)Z = ZT Q(t)QT (t)Z = ‖G(t)‖2, (2.17)

where G(t)
�
= QT (t)Z ∈ R

η . Consider the following
Gaussian random field :

X(t,ω)
�
= dT (ω)G(t) = dT (ω)QT (t)Z, (2.18)

where the set {d(ω) ∈ R
η,ω ∈ Ω ⊂ R

η−1} is the η-
dimensional unit sphere; here ω denotes spherical coordi-
nates. By defining a new argument

τ = (t,ω) ∈ T = Ψ × Ω ⊂ R
N (2.19)

where
N = η − 1 + dim(Ψ) = η + 1 (2.20)

(for Ψ ⊂ R
2, in the case of surfaces in 3-D) and using the

condition for equality in the Cauchy-Schwarz inequality for
G ∈ R

η, we have,

‖G(t)‖ = sup
d∈R

η

‖d‖=1

[dT G(t)] = sup
ω∈Ω

X(t,ω), (2.21)

hence

γ′LB = Pr
{

ZT P(t)Z ≤ β2, ∀ t ∈ Ψ
}

= Pr

{
sup
t∈Ψ

||G(t)|| ≤ β

}

= Pr

{
sup
t,ω

X(t,ω) ≤ β

}

= 1 − Pr

{
sup
t,ω

X(t,ω) ≥ β

}

= 1 − Pr

{
sup
τ∈T

X(τ ) ≥ β

}
. (2.22)

Therefore, our problem has been reduced to evaluation of
the following exceedence probability (or tail probability) for
a random field:

Pr

{
sup
τ∈T

X(τ ) ≥ β

}
. (2.23)

In spite of its apparent simplicity, the determination of the
exceedence probability of (2.23) is a notoriously difficult
problem. According to Adler [13], there are only six cases
in which the exact formula for the exceedence probability
(2.23) are known. Other than these, only approximate so-
lutions are available, and there are a multitude of different
techniques, in particular for large β [13, 14, 15, 16, 17, 18].



2.2.1. The Tube Formula

Owing to the special geometric structure of X(τ ), we can
use the following, powerful tube formula [10], which pro-
vides a precise asymptotic expansion of (2.23) as β → ∞.
Examples of manifolds without boundary include hyper-
spheres and tori.

Theorem 2.1 (Sun [10]) LetX(τ ) be a nonsingular Gaus-
sian random field on aN -dimensional Borel measurable set
T ⊂ R

N with mean 0, variance 1 and covariance function
r(s, τ ). If r(s, τ ) ∈ C3 has finite Karhunen-Loève expan-
sion

r(s, τ ) =
K∑

i=1

ui(s)ui(τ ) , K <∞ , (2.24)

and the manifold U = {(u1(τ ), · · · , uK(τ )) , τ ∈ T} has
no boundary, then as β → ∞,

Pr

{
sup
τ∈T

X(τ ) ≥ β

}
= κ0ψ0(β) + κ2ψ2(β) + · · ·

+κÑψÑ (β) + o(ψÑ (β))
(2.25)

where Ñ = N for even N and Ñ = N − 1 for odd N,
respectively. Here

ψn(β) =
1

21+n/2π(N+1)/2

∫ ∞

β2/2

u(N+1−n)/2−1e−u du ,

n = 0, 2, · · · , Ñ . (2.26)

and κ0, · · · , κÑ are the constants in Weyl’s formula [19]
for the manifold U .

Discussion: The constants κ0 and κ2 are geometric descrip-
tors of the K-dimensional differentiable manifold U . More
specifically, κ0 denotes the volume (or area) of the manifold
U and κ2 is a total scalar curvature:

κ0 = |U| =
∫

T

||R(τ )||1/2dτ (2.27)

κ2 =
∫

T

(
−C

2
− N(N − 1)

2

)
||R(τ )||1/2dτ

(2.28)

where ||R(τ )|| denotes the determinant of the metric tensor
matrix R(τ ) given by

R(τ ) = (gij(τ ))N×N (2.29)

gij(τ ) =
K∑

l=1

∂ul(τ )
∂ti

∂ul(τ )
∂tj

=
∂2r(s, τ )
∂si∂τj

∣∣∣∣
s=τ

.(2.30)

In (2.28), C is the intrinsic scalar curvature of the manifold,
which is zero for homogeneous random fields. Usually, the

computation of C for inhomogeneous random fields (such
asX(τ )) is quite complicated as it requires the computation
of Christoffel symbols and Ricci curvature tensor. There-
fore, we use the following one-term asymptotic approxima-
tion.

Due to the special structure ofX(τ ), we can easily prove
that the Gaussian random field X(τ ) = X(t,ω) in (2.18)
satisfies the assumptions of Theorem 2.1. Therefore, we
have the following result.

Proposition 2.2 (Ye et al[20]) Suppose s(t;θ) is three times
differentiable. Then,

γ′LB = Pr
{

s(t, θ̂) ∈ Uβ(t), ∀ t ∈ Ψ
}

= 1 − κ0

ωN

(
1 − Γ

(
N + 1

2
,
β2

2

)) [
1 +O(β−2)

]

ωN =
2π(N+1)/2

Γ(N+1
2 )

where κ0, and R(τ ) are given by (2.27), and (2.29).

3. NUMERICAL RESULTS

We now examine the problem of 3-D Fourier imaging from
sparse samples. We will assume a binary object. Consider a
boundary ∂Ω = {s0(t;θ) : t ∈ Ψ} in the form of a nominal
torus

s0(t) = s0(u, v) =


(R+ r cos(v)) cos(u)

(R+ r cos(v)) sin(u)
−r sin(v)


 , (3.1)

where R denotes the radius from the center of the hole to
the center of the torus tube, and r is the radius of the tube.
A more general torus can be obtained by rotation and trans-
lation:

s(t) = Rx(φ)Ry(ψ)s0(t) + T (3.2)

where Rx(φ) and Ry(ψ) are the rotation matrices with re-
spect to the x and y axes with angles φ and ψ, respectively1

; and T is the translation offset given by

T =
[
px py pz

]T
. (3.3)

Knowing that the object to be imaged is a torus, and
assuming that the geometrical parameters of the rotated and
translated torus are unknown, the shape estimation problem
reduces to estimating the vector parameter θ ∈ R

7:

θ =
[
φ ψ r R px py pz

]T
. (3.4)

1Note that the nominal torus in (3.1) has the z-axis as its symmetry axis.
Any affine transform of the torus is completely described by the rotation
and translation of this symmetry axis.



For example, Fig. 2(a) shows the torus with parameters given
by

θ =
[

π
6 0 2 15 5 3 5

]T
. (3.5)

The shape depends nonlinearly on θ, and the measure-
ment depends nonlinearly on all the geometric parameters.
Therefore, the MLE is only asymptotically unbiased, Gaus-
sian, and efficient, and γ′LB → γLB only asymptotically.
Furthermore, for the parametrization in (3.1) and (3.2) the
uncertainty is in all directions, and therefore none of the in-
equalities in (2.12) and (2.13) reduce to equalities. Since the
global confidence region bound of Proposition 2.2 has been
derived based on asymptotic arguments, the bound may not
be accurate for smaller number of measurement samples.
It does however become more accurate as the sample size
increases. In order to illustrate this property, we take N3

measurements by uniformly sampling the (kx, ky, kz) cube,
[−0.5, 0.5]3. The i-th sample along any coordinate axis, say
kx direction is given by

kx(i) =
i+ 1
N + 1

− 1
2
, i = 0, · · · , N − 1.

We choose N to be odd so as to include the DC component
of the Fourier transform.

To proceed, we use a simple extension of the domain
derivative techniques for computation of the CRB in 2-D
shape estimation problems [7], to produce an explicit for-
mula for the Fisher information matrix:

(Iθ)i,j =
1
σ2

N3∑
m=1

[(
∂gm(θ)
∂θi

)∗
∂gm(θ)
∂θj

]
(3.6)

where

∂gm(θ)
∂θj

=
∫

∂Ω

e−i2π(kx(m)x+ky(m)y+kz(m)z) 〈bj ,ν〉νdS ,(3.7)

dS denotes a differential surface element, ν is the outer-
normal vector on the surface ∂Ω, and

bj(u, v) =
∂s(u, v)
∂θj

. (3.8)

The confidence region Uβ is then computed by applica-
tion of the expressions in (2.11), and (2.10), where the noise
variance is set to σ2 = 10 in order to demonstrate consid-
erable thickness of the uncertainty region. For this choice
of parameters, the global confidence region Uβ with param-
eter β = 5 is shown in Fig. 2(b). Compared to the original
torus, we see that the thickness of the uncertainty region is
uneven, and that some areas are more difficult to estimate.

Next we compute the approximate bound on the global
confidence level γ′ and compare it with Monte-Carlo simu-
lation results.

Fig. 3 depicts the exceedence probability approxima-
tion, incomplete gamma bound, and the Monte-Carlo sim-
ulation for N = 9 (accordingly, the number of samples is
93). Here, we do not display the lower bound becausee it is
a lower bound on an upper bound on γ′LB in the asymptotic
region and is not guaranteed to be a lower bound on γ′ in
the nonasymptotic region. The exceedence probability ap-
proximation is quite accurate. Hence, we can conclude that
even for a nonlinear parametrization our asymptotic global
confidence region analysis gives a correct estimate of per-
formance as long as we have a sufficient number of samples.

4. CONCLUSIONS

We have constructed a global confidence region within which
the entire 3D shape estimate resides with a prescribed prob-
ability. The geometric properties of the global confidence
region convey information about which parts of the shape
are difficult to estimate and can be used to optimize imag-
ing system parameters. The 3-D problem is quite challeng-
ing due to the fact that the shape estimate is a nonstationary
random field over a multidimensional index set. Owing to
the special structure of this random field, Sun’s tube formula
can be applied; we found this formula very useful for de-
riving the exceedence probability approximation. We also
found that the new approximation is a generalization of the
simple incomplete bounds for large number of unknown pa-
rameter cases. Based on the theoretical results and several
test applications, this technique may prove useful in appli-
cations of parametric surface estimation to CT, MRI, and
computer vision.
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Fig. 1. Illustration of the global confidence region for a 2-D shape
estimation problem [5] .

(a)

(b)

Fig. 2. (a) Torus with parameters of (3.5), and (b) global confi-
dence region of the torus in Fig. 2 in a Fourier imaging problem.
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Fig. 3. Comparison of Monte-Carlo simulations, the exceedence
probability approximation, and the incomplete Gamma-bound in
the Fourier imaging problem for the sample size of 93.


