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ABSTRACT

In this paper, the biased Cramér-Rao Lower Bound (BCRLB)
is used to derive the estimate of unknown parameters in a
linear model with an arbitrary known additive noise proba-
bility density function (PDF).We show that the derived lin-
ear estimators (not unique) are linear functions of the ob-
servations. Examples are included to illustrate their perfor-
mances. We show that a biased estimator obtained by opti-
mization of BCRLB is not necessary satisfactory in a gen-
eral case; therefore, additional considerations must be taken
into account. If the Fisher information matrix (FIM) is sin-
gular, we use the method of singular value decomposition
(SVD) to extract the parameter estimate of linear model.
For example we show that in a linear model, parameter esti-
mation based on single observation leads to the normalized
least mean square (NLMS) algorithm. In this example us-
ing BCRLB optimization, we find the relation between the
step size of the NLMS algorithm and bound of bias gradient
matrix.

1. INTRODUCTION

The Cramér Rao bound (CRB) which is the inverse of Fisher
information matrix (FIM), provides a lower bound on the
covariance matrix of any unbiased estimate of a non random
parameter [1,2]. Lower bounds on the covariance matrix are
also achievable using biased estimators [3—-5]. Hero et al,
developed a lower bound on biased estimators [3,4]. Fol-
lowing them, Eldar [5] derived bounds on the total variance
of any estimate W of W with bias gradient matrix whose
norm is bounded by a constant. In [3-5], the FIM is treated
as a nonsingular matrix.

In this paper, we study the biased estimators of the pa-
rameters of a linear model either with nonsingular or sin-
gular FIM with the criterion of attaining the lower bound.
We show that any estimator attaining the lower bound has
two components, the first component is a linear function
of observations. The second component is invariant with
the parameter. We give some examples to compare the per-
formances of these estimators. All of them have the same
total variance and bias gradient matrix. However, it does
not mean that all of them are satisfactory estimators. Since,

they have different weight estimate errors, we conclude that
BCRLB is not always a convenient criteria.

In many applications, the rank r of the signal covariance
is often smaller than the number of observations or the fil-
ter order. In such applications the FIM is singular. In such
cases, there is no unbiased estimator with finite variance,
except under unusual conditions [6]. We extend the biased
Cramer Rao lower bound (BCRLB) on the total variance
when the FIM is singular. Similar to the nonsingular case,
we apply the results to a linear regressive model using sin-
gular value decomposition (SVD) and derive the optimum
biased estimators. In linear models, parameter estimation
based on single observation is an example of singular FIM
that leads to the well known normalized least mean square
(NLMS) algorithm, where its step-size is a function of bias
gradient matrix bound.

Accordingly the paper is organized as follows. In sec-
tion 2 the biased Cramér Rao lower bound (BCRLB) opti-
mization is reviewed. In section 3 the BCRLB estimate of a
linear time invariant model is extracted. Assuming an arbi-
trary additive noise with known PDF, we show that the re-
sult is a linear function of observations. Some examples are
given to compare the performances of the estimators. Sec-
tion 4 describes the problem of singular FIM. In this section
we find the BCRLB when the FIM is singular. In section
5 we use the new results to extract the estimate of parame-
ter in a linear time invariant system, based on SVD method.
The conclusions of the paper are drawn in Section 6.

2. PARAMETER ESTIMATION BASED ON
BIASED CRLB (BCRLB)-NONSINGULAR CASE

The Biased CRLB is summarized in the following theorem
[1-5].

Theorem 1 Consider the problem of estimating an unknown
deterministic parameter vector W € C™ using given mea-
surements Y € C", where the relationship between Y and
W is described by the conditional probability density func-
tion (PDF) of Y, f(Y|W). We assume that f(Y|W) is
twice differentiable with respect to W. Let W denote an



estimation of W with bias:
b(W)=EW]-W (1)
and the following covariance
C = E[(W — E[W))(W — E[W))"], )

where H stands for complex transpose. Then the covariance
matrix C must satisfy [7, 8]:

C>(I+D)J ' (I+D)", (3)

where I is (m x m) identity matrix', if the m x m Fisher
information matrix defined by:

<abgfaqw0)f{(8bgfﬁﬂwﬁ)]’ @)

J=F oW oW

is nonsingular and the bias gradient m X m matrix D, is
defined by

Ab(W)

D = .
ow

u ®)

In general, the above shows that using a biased estimator
allows further reduction in the covariance, and biased es-
timators are proposed, exploiting the tradeoff between the
bias and covariance by bounding a norm of the gradient of
the bias [3,4]. Assuming J is nonsingular, Eldar proposed
minimizing the total variance,

C = u[(I+D)J (1 +D)], (6)

where tr[.] stands for trace, subject to a bounded bias gradi-
ent matrix, i.e., tr[DHDA] < ~, where A is a non-negative
hermitian matrix and v > 0 [5]. For simplicity we assume
A= ;51 (e, tr[DHD] < mp2' where {)2 is a positive
constant). The result of this constrained minimization is [5]

D=-I+al+ad)”'J, a>0 @)

and
C=atu[(I+a])?)], a>0. (8)

where a@ > 0 is the (unique) positive real solution of the
following equation

mp® = tw[I+ad)?] = Z ! )

2T ran)?
and {\,}7*, are the eigenvalues of J. If p € [0, 1], there
exists a unique nonnegative solution for equation (9), since
Y orey m is a decreasing function of o > 0 and takes

'In this paper I is used for identity matrix. The perception of its dimen-
sion is taken from other matrices that added to it.

values of m and 0 for « = 0 and o — o0, respectively. Note
that, for p = 1 (or equivalently o = 0) the optimum solution
is D = —I which represents the case in which the covari-
ance is zero while the estimator has considerable gradient
bias. The other extreme case is where an unbiased estima-
tor is used; this case is represented by p = 0 (or equivalently
a — 00).

3. LINEAR TIME INVARIANT
MODEL-NONSINGULAR FIM

We use the above results in parameter estimation of a linear
model described by?

= XfW4ve, k=mng,ng+1,---,n (10)

where T stands for transpose, W &€ R™ is unknown vec-
tor of parameters, {yx};_,, are n — ng + 1 observations,
{ Xk }r—,, are known m x 1 input vectors, and {vy }_,, is
an i.i.d additive noise sequence with PDF f,(.). Rewriting
the model in matrix form, we get,

Y, = X W +V,, (an

where Y, = [Yng, - »Ynl"s Xn = [Xng, -, Xn], and
Vo = [Ung,- -+ ,vn]T. Given the observation Y,, and input
matrix X,,, for the model (11) the FIM J,, is given by (See
Appendix)

J, = 0X, X%, (12)
where
Lo\ | = £ @
9=kF || = v \*),
(fv(v)> LR W

and f‘,, (v) = d%fv(v). From (7), (8) and (12), for a given
«,, the bias gradient matrix D,, and the constrained mini-
mized total variance C,, are respectively given by

Dn =
Cn

I+ (o, 07 T+ X X0) T XT, (14)
a2 u(1+ a,0X,X5) 20X, XT],  (15)

where o, is computed from
mp? = tr[DID,] = tr[(I + a,6X,X1) 2. (16)

For the model (11), we consider the following linear esti-
mator>:

Imzmm+m=muM{?], (17

2Without loss of generality we assumed the model is real. It is because
a linear complex equation can be represented by two linear real equations.
3The estimator (17) is a linear function of [V,I, 1]7.



Table 1. The recursion for computing W,

Initial values: Wy, =0, P, = a,01,
For k = ng,--- ,n,
er = yr— X Wi_1,

_ _ Py 1 Xn X Py_y
Py = Pi 1+ X' Py 1 Xy
Wi = Wi_1+ P, Xreg,
w, = W,+ H,.

where H,, is an arbitrary known vector independent of W
and show that W,, can attain the minimum total variance
while satisfying the constraint on the norm of the biased
gradient matrix. For the above estimator using (11), the bias
gradient matrix is given by

_ (W)

D, = =-1+G,X". 18
B + n (18)

In order to determine G,,, we compare (14) and (18) and get
G, = (' 07 T+ X, X2) X, (19)

Equivalently, the estimator is given by
W, = (a; 071+ X, X)XV, + H, (20)

Hence BCRLB is achievable using any linear estimator of
the form (20). It is to be notified that if W,,_; is any given
a priori estimate of W and if we choose H,, as follows

Hy =W, 1 — (0707 1+ X, XD) "X, XEW,, 1, 1)
then from (20) we get
Wn = Wn—l + (O‘;laill + ang)ilxng”’ (22)

where &, = Y, — XZWn_l. The above can be viewed
as an innovation based method in parameter estimation. By
using matrix inversion lemma [8] in computing (16~ 1T+
X, XT)~1 iteratively as in Table 1, we observe that the above
algorithm looks similar to the recursive least square (RLS)
algorithm. In particular, if «,,0 is constant and H,, = 0
the above algorithm will reduce to the RLS. We however
note that appropriate choice of H,, and/or «,, improves the
performance.

The following examples are given to illustrate the use-
fulness of the above discussions.
Examplel Consider the linear model in (10) where X; =
[k, 71_1]7, and x}, is randomly distributed in {£1}. The
additive noise v,, is Gaussian with mean ~y and variance o2,
We assumed W = [—1,2]T. Two RLS algorithms were
executed. The first one used y;, as the desired signal and
the second one used y; — 7, i.e., we removed the known
mean of the additive noise. Since +y is independent of W

3 ~-=RLS
\ —RLS2
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Fig. 1. Comparison of ||W,, — W||? for two RLS algorithm
@)y =4,02=0.1,a0 =5(b)y = 4,02 = 15,08 = 0.5

both algorithms are solutions of BCRLB optimization, i.e.,
both of them attain the same total variance C,, and bias gra-
dient matrix D,,. Figure 1 compares the average of the error
squared of parameter estimate |W — W, ||?, over 50 runs.
As it shows the performance of the second RLS algorithm
has improved. Actually the difference between these two
estimators can be viewed as using H,, = 0 for the first one
while H, = —(a= 07T + X, X)X, [y, - ,9]" for
the second.

The following example illustrates that even if the addi-
tive noise has zero mean, the performance of the estimator
may be improved by choosing proper H,,.

Example2 In the above example assume that the additive
noise is v = uy + by, where uy, and by, two independent iid
sequences, uy, is a zero mean Gaussian noise with variance
o2 and by, is equal to either «y or —y with probability %, ie.,
Fo@) = 57— (exp(=C535) + exp(—15527)). Ob-
viously vy, has zero mean and for v > o, we have § ~ o 2,
The RLS algorithm which is the solution of BCRLB opti-
mization with H,, = 0 and «,, = a = cte is a candidate for
estimating W = [wq, w1]?7 = [~1,2]. In order to improve
the performance of the algorithm, we also add a known se-
quence to yy and use the resulting sequence in the second
RLS algorithm. For v > o, with a high probability we
have vsign(vg) =~ by. Therefore, v, —ysign(vy) is almost a
zero mean Gaussian noise with variance o2. However, since
sign(vy,) is not available, we subtract ysign(yy — X} W,,_1)
as an estimate of vsign(vg) from y,, and use gx = yr —
ysign(yx — XFW,—1) = XI'W + ¥y, as the desired signal,
where ¥y, = vg—vsign(ex), ek = Y — X} W1, and W,,_4
is the a prior estimate of the second RLS algorithm at time
instant n — 1. In this example, we assume 02 = 1 ~ =1,
and o = 2.5. Figure 2 shows the average of weight er-
ror squared ||[W — W,,||? of both RLS algorithms over 50
runs for v = 5 and v = 0.5. For the case v = 5, as Fig-
ure 2a shows, significant improvement is achieved by using
the second algorithm. Note that at time instant n, the dif-
ference between parameter estimate of the two algorithms
n
is given by —(a 1071 + X, X} )1 3 Xjysign(eg). For
k=ng

sufficiently large v, sign(ej) =~ sign(vy) and therefore the




10° 10

== RLS1]|
---RLS2

== RLS]|
---RLS2

10 Yo,
\

IW-w I

10° B LT e

4| 3|
10 0 200 400 600 800 1000 10 0
time

(a) (b)

200 400 600 800 1000
time

Fig. 2. Comparison of the weight square error of two RLS
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above relation (i.e. H,, in the second RLS algorithm) is in-
dependent of W. For v = 0.5 the first algorithm has better
performance. Note that in this case the second algorithm is
not a BCRLB optimized algorithm because the assumption
sign(e,) =~ sign(vy,,) is invalid and the above relation is a
function of W.

4. PARAMETER ESTIMATION BASED ON
BIASED CRLB-SINGULAR CASE

In this section we assume that the FIM is singular. In this
case, the covariance matrix C must satisfy [8]

C>(I+D)JI(1+D)A (23)

Where J is Moore—Penrose pseudoinverse of J. It is to
be notified that for singular J, there is no unbiased estima-
tor with finite covariance. Assuming biased estimator, the
regular condition of finite variance on each element of the
estimator requires [6]

I+D=(1+D)JJ (24)
If we utilize the eigenvector/eigenvalue representation of J,
ie.,
A 0 ut
s—uvile o] es)

where [/ V)] is orthonormal, A € C"*" is diagonal and
positive definite, and 7 is the rank of J, then equation (24)
implies that

I+D=Bu" (26)

where each column of m X r matrix ¢/ is an eigenvector cor-
responding to one of nonzero eigenvalues of J and B is an
arbitrary m X r matrix. In the following theorem, minimiz-
ing tr[(I + D)J'(I + D)#'] with the constraint tr[D7D] <

m—-r
m

myp? for a positive < p < lisouraim.

Theorem 2 Consider inequality (23) the bias gradient ma-
trix D which minimizes

C =w|(I+D)J'(I+ D)) 27)

with the constraint

D D] < mp?, (28)

for a positive ﬁ < p <1, is given by
D=—1+ald(A ' +ol)~ U (29)
where o > 0 is the unique solution of the following equation
tr[(I4 aA) 72 = mp? —m +r, (30)
and the minimum of C is given by
C=atr[(A 4+ al)7?]. (31)
Proof: For p = 1, obviously, « = 0,D,, = —I, and C = 0.

m—r
m

For < p < 1, minimizing C under the constraint

tr(DH D) < mp? is done by the Lagrangian method [8]
L = C + a(tr([DD] — mp?) (32)
where o must be nonnegative [9]. From (25) we have
J=ur"'u". (33)

Substituting (26) and (33) in (27) and the result in (32) leads
to the following strictly convex function of BU/,

L = tu[BA7'B] + a(u[(BUT —T)(BUY — D] — mp?)

where B and o > 0 should be find. Differentiating L with
respect to B and setting the result to zero, leads to

B=oal(A™' +al)! (34)

Replacing (34) in (26) leads to equation (29). Under con-
straint tr[(BU — 1)(BU? — 1)H] = u[D¥ D] < mp?, the
unique minimum of the strictly convex function L is given
by satisfying (28)(in which D = —I + BUH) with equal-
ity [9]. i.e.

tr[(BUY — ) (BUT —1)H] = mp>. (35)
Replacing (34) in (35) and with some algebraic computa-
tions we get (30). |

It is not difficult to show that for p < pin = 1/ 7" there

is no appropriate solution. It means that for singular case, as
we mentioned before the estimator definitely will be biased.

5. LINEAR TIME INVARIANT
MODEL-SINGULAR FIM

Consider again the linear model (10) where the FIM J,, is
singular with rank r, i.e.,

T
J, = 60X, XL = U, V,] { An 0 } [ Uy,

0 0 VT} (36)



To get the estimator in this case, we replace X, by its skinny
SVD in (11). The skinny SVD of X, is given by [10]

Uy,
] @

where [U,, V,] is the orthonormal matrix of left singular
vectors of X,,. Using (37) in (11), we get

_%A%

Using Theorem 2 and (38), the optimum gradient matrix
and the optimum total variance of model are given by

D = I+ anlhy(A; + and) UL (39)

Cn = 2tr[(A, Y + a, 1) 2A Y, (40)

where for a given p,, € |

m—-r
m

, 1] the value of «, is the
smallest positive solution of

tr[(T+ anAy) 2] =mp? —m +r 1)

We find the class of linear estimators of the form W,, =
G.,Y, + H, where their constrained total variances reach
the BCRLB. The gradient matrix of this estimator is given
by
Ob(W)
ow
Comparing (39) and (42), we get

— 1+ G XL = 146 G U, ARUT. (42)

05 Golly = anlhy (A1 + an])~TAL 2. 43)

Hence, the (linear) estimate of W based on BCRLB opti-
mization is given by

W, = 0% anlly (A + D) " AL 2UTY, + Hy.  (44)

Assuming «,, = cte > 0, and H,, = 0, there are some
methods to compute W,, from observations iteratively (for
instance see [13] for a class of low-rank adaptive filters).
While full-rank RLS algorithm has a complexity of O(m?),
these algorithms, require only O(mr) operations per time-
step. One interesting case is parameter estimation based on
a single observation ng = n, i.e., Y,, = y, and X,, = X,,.

In this case we have U,, = %, U, =1, A, = 0||X,]%,
and o, = ﬁ; therefore from (44), we get
1- n
= ﬁxnyn +H, (45)

Assuming H,, is independent of 6, the parameter estimate
W,, is also independent of 6. It means that the above esti-
mator is robust against the noise PDF. If we choose,

1—pp,
1 Xn 12

Hn = Wn—l - Xan?Wn—l (46)
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Fig. 3. Comparison of the weight square error of two NLMS
algorithm (a) 02 = 0.01 (b) 02 = 0.3

where W,,_; is the prior estimate of W, we get the follow-
ing normalized least mean squared (NLMS) algorithm

Wp=Wn1 4+ —2X,en, (47)

where u, = 1—p, is the step size and e,, = yn—Xan_l.
The maximum value of the step-size that keeps the algo-
rithm to be a BCRLB minimization, is given by pmax =
1= pmin = 1 - mr;l Hence for NLMS algorithm
to be a BCRLB minimization method we must have p,, €

(0,1 — y/™=1]. We also note that p,, = 1 does not neces-

sary mean an estimator with undesirable bias, e.g., see the
following example.

example3 Consider Example 2 where, two NLMS algo-
rithm are executed. For the first one (NLMS1) we assume
pn = 0.99 and for the second one (NLMS2), we use the
following,

[ el <
Pn= { 0.99 if |en| > 7. “8)
We also assumed v = 1. Figure 3 shows the average of
weight error squared || —W,,||? of both NLMS algorithms
over 50 runs for 02 = 0.01 and 02 = 0.3. For the case
o2 = 0.01, as Figure 3a shows, significant improvement
is achieved by the second algorithm. By using a counter
in program, we noticed that for the second algorithm about
%50 of time p,, = 1.

6. CONCLUSION

In this paper, we used the BCRLB to find the optimum es-
timate of an unknown parameter vector of a linear model.
We shown that for a linear model, the optimum solution of
BCRLB is achievable by a class of linear estimators. Our
examples illustrated that while all estimators in this class
have the same total variance and the same gradient matrix,
their performances are not necessary the same. We con-
cluded that the BCRLB is not a sufficient criteria to design
optimal estimators. We also demonstrated that when the
FIM is singular the input vectors must be projected onto a



dominant signal subspace of reduced ranks. We showed that
the NLMS algorithm is optimal by means of the BCRLB
criterion for estimating the unknown parameter, where only
one single observation is used at a time. An example is also
given to illustrate that large gradient matrix does not neces-
sary mean an estimator with an undesirable bias.

Appendix: The FIM for a linear model

Because in (10) the noise process {vy} is an i.i.d random
sequence, we have:

FOW) = ] Folur — XIW). (49)
k=ng
Hence
log f(YulW) = Y log fu(yx — X"W).  (50)
k?:no

Therefore from (10) and above, we get

dlog f(YaW) _ §~ fulon)

ow k=ng fv(vk) .

(51
From the definition of FIM (4), we find that

NV Folwr) fo(v) T
U PP lmvk) fvm)} Al oY

k}:’ﬂo l:’I’LQ

Since {v } is an i.i.d. sequence, for k # [, we have

folog) folvr) B £.() 2 )
fv('Uk) fv(vl)] o (E [fv(’@]) =0. (53)
It is because

/ 2 ,

fv(,u) o o0 ’ e
(e [%85]) = (/- o)

and the right hand side is given by f, (00) — fy (—00), where
fyv(o00) = fyu(—00) = 0. For k = [, we have

E

’ ’ , 2
fv (k) fy(vi) K@)\ | a
E = =0. 54
[fv@k) fv(m} <fv(v)> oY
Hence substituting (53) and (54) in (52), we obtain
Jo=0Y XpX[. (55)
k=ng

which is equivalent to (12).
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