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ABSTRACT

Message passing agorithms have had dramatic impacts on
important problems in signa processing, learning theory,
communication theory, and information theory throughtheir
computational efficiency. Expectation-maximization algo-
rithms have had dramatic impacts on problems in estima-
tion and detection theory, but their computational efficiency
often limits their applicability. Given a bipartite graphical
model for the data, if a set of hidden independent random
variables can be associated with the edges, then a result-
ing expectation-maximization algorithm is message pass-
ing on this graph. The agorithms are computationally effi-
cient inthe same sense as other message passing algorithms.
One example of such algorithmsisthe standard expectation-
maximization agorithm for emission tomography. Another
examplefor asignal in Gaussian noiseyieldsa statistical in-
terpretation to efficient algorithms for sparse linear inverse
problems.

1. INTRODUCTION

When attempting to solve problemsin statistical signal pro-
cessing, the performance for the problem must often be bal -
anced against performance of the implementation. Indeed,
one of the core challenges in statistical signal processing is
the derivation of algorithmsthat have implementationswith
fixed or bounded computational and communication com-
plexity, and have provable performance bounds for the sta-
tistical signal processing problem. Inthispaper, we describe
a class of algorithms that meet aspects of this challenge.
Whenever a problem can be put into the format described in
this paper, the resulting a gorithms have bounded computa-
tional and communication complexity and share the conver-

gence and performance properties of expectation-maximization

(EM) agorithms. Several example applications that illus-
trate the idea are shown.

M essage passing algorithms originated in computer sci-
ence, being used for inference on Bayesian networks. The

success of message passing algorithms in iterative decod-
ing, learning theory, communication theory, and signal pro-
cessing has led to the derivation of general message passing
algorithms and the reinterpretation of many existing algo-
rithms (including the Kalman filter) as being message pass-
ing [4, 6]. The primary class of message passing algorithms
that have been explored in this way can be viewed as com-
puting the marginals of a joint distribution (see [1]). Sim-
ilarly, important algorithms in image processing, includ-
ing the EM algorithm for emission tomography, have local-
ity and parall€elizability properties (see below) and can be
viewed as message passing algorithms. We examine a gen-
eral class of problems in statistical signal processing that
yield message passing EM agorithms.

Heskes, et a. [5] describe a family of approximate ex-
pectation maximization algorithms derived by using belief
propagation on a graphical model to compute approxima-
tionsto the expectations needed in the E-step of the EM al-
gorithm. As they note, thisis equivalent to using a Kikuchi
approximationto afree energy; that is, an approximate prob-
ability distribution is used for the posterior on the hidden
variables given the measured (incomplete) data and the cur-
rent estimates of the parameters. Their algorithmismessage
passing on a graph and therefore efficient. When a model
can be derived in the form that we describe here, there is
no need to use their approach to approximate the E-step.
When models of the form described here are not available,
approximate expectation maximization may be an attractive
option.

The need for efficient computationsis especially impor-
tant in high dimensional optimization problems such asim-
age reconstruction. Standard tomography algorithms such
as filtered backprojection have complexity proportional to
the number of projections times the computations per pro-
jection; the computations per projection typically involve a
Fourier transform and thus have n log n complexity, with n
being the number of samples in one projection.

Iterative algorithms, including those designed to max-
imize likelihood, usualy seek to minimize the complex-



ity per iteration. Algorithms whose complexity per itera-
tionisproportional to the complexity of computing forward
and backward projections can be viewed as computing on
the graph determined by the forward projection operator.
Other researchers refer to this property as a local compu-
tation property. For example, Sauer and Bouman [10] de-
scribe Gauss-Seidel iterations for transmission tomography
that have this locality property. A closely related prop-
erty is paralldizability: if the computations are local and
alarge subset of the computations can be performed simul-
taneoudly, then the algorithm is parallelizable. The Gauss-
Seidel iterations of Sauer and Bouman are not paralleliz-
able. Jeffrey Fesder [3] has described this property, and
examined the parallelizability of many algorithms from the
literature, including the EM algorithm.

For the problem of estimatinga signal in Gaussian noise,
theresulting EM algorithms (parameterized by the choice of
the hidden variables) efficiently solve linear inverse prob-
lems.

In order to emphasize the common properties of the al-

gorithms, acommon exampl e graphi cal model isused, namely

arandom sparse matrix, with entrieseither zero or one. This
matrix is both the adjacency matrix for the bipartite graph
and the matrix parameterizing the measurement system.

2. PROBLEM DEFINITION

Consider adata mode! of the form

p(yls) = Hp(yj|8k,k € K(5)), @

J

where s is the parameter vector taking values in a finite
dimensional space, and XC(j) is a subset of indices such
that Y; isindependent of the remaining elements of s given
{sk : k € K(j)}. We consider both random and nonran-
dom parameters. For random parameters, we assume that
the S;, are independent random variables with known prob-
ability density function,

p(s) = [T ps)- @
k

This data model defines a bipartite graph, with nodes cor-
responding to variables. One type of node corresponds to
the measurements y;, while another corresponds to the pa-
rameters s;. Thereisan edge between nodes corresponding
to y; and s, if and only if k& € KC(j). We define the set of
indices for y; such that there is an edge between y; and sy,
for k fixed as 7 (k):

J(k)={j:keK()} ©)

The maximum likelihood estimation problem given mea-
surement vector y is to find the vector s that maximizes

the loglikelihood function In p(y|s); in EM algorithm ter-
minology thisisthe incomplete data loglikelihood function.
The maximum a posteriori estimation problem given mea-
surement vector y isto find the vector s that maximizes the
loglikelihood functionIn p(y|s) + Inp(s). Thefollowingis
our key assumption.

Assumption 2.1 There exist random variables X ;;, associ-
ated with each edge such that (for the random parameter
case): (i) Y and S are independent given {X .}

p(ylx,s) = p(y|x); 4

(ii) the random variable Y; depends only on the random
variables on edges attached to y ;

p(ylx) = Hp(yjlxjk, ke K(5)); 5

J

(iii) therandom variables { X i, j € J(k)} are condition-
ally independent given Sy, and are conditionally indepen-
dent of all other Sy/, k" # k

p(xls) =TT TI »plailse)- (6)

k jeJ(k)

In the EM framework, we view X as the complete data.
The basis of the EM algorithm is the equality

i | [ oy ptxlsax

- g o [ o @

where the minimization is over all conditional probability
density functions ®(x|y, s). The minimum is achieved by
the probability density function

_ py|x)p(x[s)
Y- S) = T R s)dx ®

The equality (7) isavariational representation of theincom-
plete dataloglikelihood function. Given thisvariational rep-
resentation, the EM algorithm is equivalent to the double
minimization
d(x|y,s
(x]y. s) ] ©

min iy | 90y, 5)1n [p<y|x>p<x|s>

Alternately minimizing over s and ¢ leads to the EM algo-
rithm:

(1) Set m = 0, select an initial guess s(?;

(2) Minimize over ¢ to obtain

(m)
B x|y, s(M)) = p(y[x)p(x|s"™) (10)

= Tply)p(x|stm)dx



(3) (E-step) Compute the Q-function
Q™) = [ 8y, s I p(xls)ax; (1)

(4) (M-step) Maximize Q(s|s(™)) over s

s — argmax Q(s|s™); (12

(5) Set m = m + 1, check for convergence, go to step 2.

Note that in the computation for & (™+1) instep 2, y and
s(™) are fixed. The minimization over all possible density
functions on x yields thisresult.

3. MESSAGE PASSING EM ALGORITHM

The key assumption makes this EM agorithm a message
passing a gorithm on the bipartite graph defined above.

Definition 3.1 An iterative algorithm is message passing
on a graph if computations can be associated with nodes,
and communi cation associated with edges. Thatis, the com-
putations at a given node at a given iteration use only the
results of previous computations at that node and informa-
tion communi cated from other nodes connected to the given
node by an edge.

In practice, we assume the nodes have bounded memory
and the edges have bounded communication, independent
of the problem dimensions. For our bipartitegraph, let g be
functions associated with nodes corresponding to s and f
be functions associated with nodes correspondingtoy ;. Let
;1 be the message from the node for s, to the node for y;
and and let 15, be the message from the node for y; to the
node for si. Let 7, be the value in memory at the node for
s, and let o; be in memory at the node for y;. Aniterative
algorithm is message passing on this bipartite graph if the
computations at the nodes for ; are of the form

[V ke Ky oY
LU ke k()Y ai™)

and the computations at the nodes for s, are of the form

[{ (m+1)7]6j( )} (m+1)} _
ae({ee™ g e Tk ™).

To see that the EM a gorithm here is message passing,
note that

Z Z hlp xgk|5k

k jeJ(k)

Inp(x|s) (13)

so the Q-functionis

=2 2

k jed(k)

Q(s[s™) [hlp jk|8k)|y,s(m)}- (14)

The marginal probability density functions on x ;5 giveny
and s are needed; denote these marginals by ¢, and note that

1 / )

¢($jk|y7 s)

< (T 11

|7 keK(n)

X H H dxj’k’:|

| 7" K'eK(G), (5" k) £(k)

p($j’k’|8k')} al(Sk')]
™

1

T Zly sk € K(G)) /p(yﬂxjkw’f’ € K@)

X

IT pljelse) 11

ke (5) k' eK(5), k' £k

dxjkr,

where Z (y;, sk, k' € K(j)) normalizes ¢ tobe adensity on
x ;5. The important thing to notice is that the computation
of thisdensity depends only on {sx, k" € K(j)}.

The messages sent from nodes corresponding to s can
be the estimates themselves, sk ™. The message sent from
y; 10 s, is either the posterior densty

0D (@) = dlaiulys s K € K(G),  (16)
the corresponding part of the Q-function,
Ellnp(X;else)ly; syt K € KGYL. (@D

or asufficient statistic for this computation.

3.1. Gaussian MAP Problems

L et the random parameters to be estimated, S, be indepen-
dent and identically distributed Gaussian random variables
with zero mean and variance 1. Suppose that

Vi= Y ApSe+ W,
kel (s)

(18)

where W; are zero mean independent Gaussian random vari-
ables with variances O'JQ-, independent of S. The entries Ay,

are known. Define the random variables
Xk = AjpSk + Wi, (19)

where W), is Gaussian, zero mean, variance o7, such that
Ykex() ok + 0% = o7, and al W, are independent of
each other and of S. Then
Vi= Y X+ Wi,
kEK())

(20)

(15)



and W, is Gaussian, zero mean, variance o 0 Itisinterest-
ing to note that the maximum a posteriori estl mation prob-
lem is then equivalent to the double minimization

. . 1
min - min Z—Q(yj_

r 203

Y Y g Aus)® (22)

J ke/C(J) Jk

1
+ > §sz. (23)
k

> )’ (21)

kG’C(J')

The EM algorithm is then immediate. Note that the mes-
sages from nodes s, to nodes y;, are the estimates S]gm)
themselves (or the estimates multiplied by A ;). The mes-
sages from y; to s, can bejust the innovations

S Aps” (24)

keK(s)

(or the innovations multiplied by 0%, /0%, that is the ex-
pected value of X, given y; and the previous estimate for
S).

If ¥ = diag(c?), the MAP estimate for s satisfies

ATy ly (ATSTTA +1)s. (25)

The EM agorithm is computationally efficient especially
when A is sparse. In the high signal to noise ratio case,
with diagonal 3, the solution is approximately

s = APy, (26)

where A# isthe pseudoinverse of A.

3.2. Emission Tomography
Suppose that Y is Poisson distributed with mean

keK(s)

All measurements are independent of each other. In order
to simplify the presentation, consider only matrices H that
have entries that are either zero or one, with H;, = 1 if
and only if £ € K(j). Define the random variables X ;;; to
be independent Poisson distributed random variables with
means sj. Then

> Xk (28)

keK(j)

The compl ete data loglikelihood function is a sum of terms
of theform a1 In 55, — s;,. The sufficient statistic that must

be passed from y; to s, is the expected value of X, given
y; and the last estimate for s. This expected value equals

(m)
dpt = ey (29)
2 _ S(m)
k'eK(j) k'
The next estimate for s, isgiven by
(m+1) _ IR (m+1) 30
JEIT (k)

Clearly thisis message passing. This property of the EM al-
gorithmfor emission tomography has previously been noted
by several authors (see for example Fessler [3]).

3.3. Transmission Tomography

Suppose that Y is Poisson distributed with mean

Ipexp ( Z Ajksk> . (3D

keK(j)

All entries of A, are positive. The EM algorithm derived
by O’ Sullivan and Benac [9] takes the form

S](cm+1) _ S](cm) _ lln 2 iea ) AikYi ] @
4 ZjeJ(MAikql(cm)

where

q,(C —Ioexp( Z Ajksk ) (33

keK(F)
Clearly thisis message passing. The original derivation by
Lange and Carson [7] defines hidden random variables on
edges of the corresponding bipartite graph and thus is also
message passing.

4. COMPUTATIONAL RESULTS

Each of the three algorithms described above was imple-
mented usinga common model. The matrix A is selected as
in the emission tomography example to be A = H, where
H isamatrix of onesand zeros. The matrix H is chosen us-
ing the strategy to design low density parity check codes as
a 10000 x 5000 regular (3,6) matrix. That is, H has 10000
rows with 3 ones in each row and 5000 columns with 6 ones
in each column. Other than those constraints, H is chosen
at random. The results for four noise levelsin the Gaussian
MAP problem are shown in Figure 1 (with Ny/2 =

and Np/6 = 0%,). For the emission and transmission to-
mography problems, the error is measured in terms of |-
divergence. The convergence rates are determined in part
by the set of matrices from which H isdrawn and in part by
the specific form of the likelihood function.
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Fig. 1. Gaussian maximum a posteriori problem estimation
error per component versus iteration.
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Fig. 3. Transmission tomography problem estimation error
per component versus iteration.



