ASYMPTOTICS FOR LINEAR PREDICTORS OF STRONGLY DEPENDENT TIME SERIES

Pascal Bondonh Wilfredo Palma
Laboratoire des Signaux et Sgstes, Pontificia Universidad Cética de Chile,
CNRS UMR 8506, Department of Mathematics,
France. Chile.
ABSTRACT predictor of X; based on the finite pa$X;_,..., X;—1},

This paper assesses the performance of finite-sample pre(-:oUId be expected. e .
Second, the computation of; ,, is cumbersome since

dictors as compared to forecasts based on the infinite past, _ . -
in the context of long-memory processes. We establish the'© h!ghly efficient methods for calculating the coefficients
rate at which the autoregressive expansion based on a fj e 1N n

nite number of past observations for a large class of long- Xin = Z I

memory processes, including the popular fractional autore- 1

gressive moving average model, converges in mean squar@gem tg be available yet. For example, while the arithmetic

to the best linear predptor given the entlre l|n.f|n|te past, as complexity of the innovations algorithm is ordefor short-

the number of observations increases to infinity. memory autoregressive moving average (ARMA) processes
(Brockwell and Davis, 1991, section 5.3), for long-memory

1. INTRODUCTION processes, all the available methods up to date, including

the Durbin-Levinson algorithm, have arithmetic complexity

Let (X;), t € Z, be a real, zero-mean, purely nondeter- 2,

ministic weakly stationary process with covariance function Third, the computation of the coefficients ,, requires

(v¢) and spectral density. Long-memory in(X;) occurs  the evaluation of~;). But, as described by Sowell (1992),

when (v;) tends to zero at infinity like a power function this is highly demanding computationally in the case of a

and so slowly thab ", || = oc. In the frequency do- fractionally integrated ARMA (ARFIMA) time series, since

main, long-range dependence corresponds to the blow-ughis requires the calculation of the Gaussian hypergeometric

of f at the origin. Long-memory appears quite frequently series.

in fields as diverse as hydrology and economics, see for  Apart from the difficulties for calculating the predictors

example the surveys by Beran (1994), Baillie (1996) and themselves, one-step finite past predictors are also neces-

Doukhan et al. (2003). If the probabilistic aspects of long- sary for computing maximum likelihood estimates. For in-

range dependence (central limits theorems and theirs constance, Hasslett and Raftery (1989) have used a combina-

nections) as well as the statistical aspects related to its detjon of optimal and approximate predictors to obtain quasi-

tection and its estimation (parametric, semi-parametric, andmaximum likelihood estimates. In the same line, Bhansali

non-parametric methods) have been well investigated theaAnd Kokoszka (2003), among others, have approximated

last twenty years, optimal prediction of long-memory pro- X, by truncating the ARfc) expansion ofX;,

cesses has been less studied although it poses several fun- -

danllc_antal probl_ems to t_|me series _analysts. _ _ X, = Z . @

irst, since in practice only a finite sample is available, Pt

the past ofX; is truncated. For short-memory processes

this truncation may not affect dramatically the prediction Where the series is mean square convergent(apyl are

quality since the influence of an observation far into the the AR(co) parameters ofX;). Thenth partial sum of (1)

past may be negligible. On the contrary, for long-memory 9ives the predictor

processes the effect of a distant observation could be large, n

so that an important difference betwe&n, the best mean Stn = Z%thkv

square linear predictor of; based on the entire infinite past k=1

Xy s < t— 1}, and X, ,, the best mean square linear o . N . .
X5 < } tn d which is suboptimal compared 18; ,,, but is easier to cal-

*This research was supported by grant ECOS/CONICYT CO3EO07. culate because the coefficiemtsdo not depend on. This




technique was also used by Beran (1994, section 5.6) to obparametersay,) of (X;) are defined recursively by

tain approximate estimates for an ARFIMA process. Other
applications of the AR truncation of an ARFIMA process
have been considered by Shumway and Stoffer (2000, sec
tion 2.10).

Whenn tends to infinity,a; ,, converges taz;, for all
k > 1 (Pourahmadi, 2001, Theorem 7.14), and bﬁtpn
ands; ,, converge in mean squareﬁ. To the best of our
knowledge, the rate of convergence $f,, to )?t has not
been studied in detail. This paper provides an asymptotic
formula for Var(X; — S; ) that applies to a large class of
long-memory processes, including the ARFIMA model and
some processes discussed by Giraitis and Surgailis (2002
that are useful in econometrics and finance to model long-
memory both in conditional mean and in conditional vari-
ance. Ifd denotes the long-memory parameter of the pro-
cess,d € (0,1/2), we establish thaVar(X; — S ) ~
dtan(wd)/mn for largen. Besides its intrinsic theoretical
interest for the prediction of a long-memory process, this

k—1
Ca=-1,  a=-) agic, (k>1), (2
=0
and both(ay) and(c,) only depend on the Fourier coeffi-
cients ofln f. When the sequendey,) is summable, the
series in (1) converges absolutelylin.
The mean square behaviors &t ,, andS; , asn in-
creases are characterized by the rates of convergence to zero

bn = Var(X, — X;.,) — Var(e,) = Var(X, — X;.),

) o = Var(X; — S;.) — Var(e;) = Var(X, — Si.0). ()

It results directly from these definitions that < r,,. With-
out lost of generality, we will suppose in the following that
(Xt) is normalized such thafar(e;) = 1.

The asymptotic behaviors @f, andr,, differ whether
(X:) is a short or a long-memory process. A typical short-

simple formula has several practical consequences. For i”'memory process is the ARMA model, and a general class

stance, it shows that the quality of the ARY truncation
depends only od andn asymptotically and is therefore in-
dependent of any short-memory component of the model.
Moreover, the rate of convergence is of ordér. and thus
does not depend aih In section 4, simulation results with
ARFIMA processes show the good precision of this for-
mula, even for small values of. This suggests that it may
be helpful to determine in practice an appropriate truncation
sizen to achieve a given level of approximation error.

The remaining of the paper is structured as follows. Sec-
tion 2 gives an overview of the problem. Section 3 contains
the main results and section 4 illustrates the usefulness o
the theoretical results by means of numerical experiments.
The conclusion is presented in section 5.

2. BACKGROUND

Throughout the papetlo Ly (Q, F,P) is the Hilbert
space of square integrable real random variables define
on the probability spac&?, F, P), endowed with the inner
product(X,Y) = E XY and norm|| X || = vVE X2, where
E stands for the expectation operator. In what follows, con-
vergence of a series of random variables will always be in
Lo.

As (X;) is purely nondeterministic, its Wold decompo-
sition reduces to

o
X = E Ck€t—k,
k=0

where (e;) is the innovation process dfX;), i.e., e =
X; — Xi, the coefficientqc) are called the MAx) pa-
rameters of X;), co = 1, and_ -, ci < co. The AR(o0)

of long-memory processes is the ARFIMA model. This
model was introduced by Granger and Joyeux (1980) and
Hosking (1981) and has been used to describe long-memory
phenomena in a wide variety of scientific disciplines, from
hydrology to economics. More precise(yX;) is called an
long-memory ARFIMA({p, d, q) process if X;) satisfies the
difference equation

¢(B)(1 - B)'X; = 0(B)Z, 4)

where B is the backward shift operatoBX; = X, 1,

f(Zt) is a sequence of uncorrelated random variables,in

(Var(Z;) = 1 without lost of generality)d € (0,1/2), ¢
andd are polynomials of degrees ¢ respectively without
common zeros and without zeroes in the closed unit disk
{z € C : |z] < 1}. Under these conditions, the (unique)
stationary solution( X;) of (4) is purely nondeterministic,
(Z,) is the innovation process ¢X;), )A(t has the ARco)
epresentation (1), the MAc) and ARco) parameters of
X;) are the coefficients in the Taylor series expansion of
h(z) = (1 — 2)~%0(2)/¢(z) and—1/h(z) for |z| < 1, re-
spectively;y,, ~ C1n??~!asn — ocoandf(A) ~ Ca|A| 724
as\ — 0, whereC7,(Cy are some constants, see for in-
stance Brockwell and Davis (1991, section 13.2). Then
(7¢) is not summable and has a pole at the origin. If
#(z) = 0(z) = 1, (X;) is called a fractional noise. Lastly,
whend = 0 in (4), (X;) is the usual ARMAp, q) short-
memory processy, = O(a™) for somex € (0,1) andf is
bounded and bounded away from zero.

The convergence rate 6f for different classes of spec-
tral densities has been considered by many authors. Typi-
cally, if f satisfies the boundedness condition

0<ce<L f<C <,

(®)



and some additional smoothness conditiahsmay con-
verge at least exponentiallyi, = O(a™) for somea €
(0,1) (Grenander and Rosenblatt, 1954, Theorem 4),,0r
may converge at least hyperbolicalf;, = O(n=2P) with

p > 1/2, p non-integer (Ibragimov, 1964, Theorem 1). For
instance, if X;) is an ARMA process),, converges at least
exponentially. Iff does not comply with (5) but takes the
form

FO) =AW ] le™ = 2%,
j=1

where f; is positive and satisfies a Lipschitz condition of
ordera > 1/2, (A;) are distinct values ifi—m, 7], and all
d; < 1/2,d; # 0, then Ibragimov and Solev (1968) have
shown thav,, < 1/n, i.e.,c¢/n < 4, < C/n for some pos-
itive constants: andC. Under different smoothness con-
ditions onf;, Ginovian (1999) has obtained similar results.

Now, Inoue (2000, Theorem 6.4) has established the pre- FOV

cise rate of convergendg ~ d?/n for a particular class of
processes satisfying, ~ n2¢=1i(n) whered € (0,1/2)
and! € Ry, with R, the set of slowly varying functions
at infinity: the set of positive, measurable functidnsle-
fined on some neighborhodd, o) of infinity, such that,
forany A > 0, I(\x)/l(z) — 1 asxz — oo (Bingham

Theorem 1 which is a consequence of Kokoszka and Taqqu
(1995, Corollary 3.1).

Theorem 1. The MA(o0) and ARoo) parameters of an
ARFIMA process withd € (0, 1/2) satisfy (6) and (7), re-
spectively, with the constant functiéfx) = 0(1)/4(1).

We establish in Theorem 2 the long-memory character
of the processes satisfying (6).

Theorem 2. Let! € Ry andd € (0,1/2). Condition (6)
implies that

, D(1-2d)

O

(n—o00). (8)
If, in addition, lo(k) = ~,n'~2? is quasi-monotone slowly
varying at infinity, we have

(1 — d)I(d)

1
~ %A‘leo(l /)

Proof. (8) results from the equality, = > ,-, CkChit|n|»
(6), and a technical lemma in Inoue (1997). (9) is obtained
using an Abelian-type result in Bingham et al. (1987)

Either (8) or (9) wherel € (0,1/2) is a common def-

etal., 1987, chapter I). Since the class of processes considmjtion of long-range dependence, see Taqqu (2003). On
ered by Inoue (2000) does not contain the ARFIMA model, the other hand, a process with completely monotone covari-
Inoue (2002, Theorem 4.3) has shown that the asymptoticance function satisfying (8) also satisfies (6) and (7) (Inoue,
behaviors,, ~ d*/n holds also for ARFIMA processes with 2000, Theorems 5.1 and 7.3).

d € (0,1/2). Under condition (7), the sequence;,) is summable,
The study of the asymptotic behavior of is relevant  and therefore, the series in (1) converges absolutelyin
only when the AR¢o) expansion (1) exists. If satisfies  Fyrthermore, we deduce from Bingham et al. (1987, Propo-

(5), this is actually the case aidgd < r,, < ,,C/c (Bondon sition 1.5.10) that

and Palma, 2004, Theorem 2). Hengég andr,, have con-
vergence rates of the same order.f lis unbounded or has
zeros, the series (1) may not converge in mean square and
the relationr,, < §,, does not necessarily hold. In this case,
the asymptotic behavior af, does not derive from those of
on. As far as we know, the asymptotic behaviorrgfhas
not been studied for strongly dependent processes. This, de-
spite the great attention that AR truncation approaches have
attracted in the long-memory context.

> akl~n~U(n) ' TA—d)7!, (n— o0). (10)

k=n+1
00 2
(3 )
k=n-+1

and then (10) implies that, = O(n=2%(n)~2) asn — oo,
which in turn implies that,, = o(n=2¢+¢) for anye > 0.
In the case of a short memory process of the ARMA type,
we havela,,| = O(a™) for somea € (0, 1), and therr,,
O(a™).

Theorem 3 states that conditions (6) and (7) imply the
precise convergence rate (11) for.

According to (3),

oo
T :Var( Z akXt—k) <7
k=n-+1

3. MAIN RESULTS

We establish the rate of convergence to zerg,aisn — oo
for the class of process¢X;) whose MAco) and AR(o0)
parameters satisfy, respectively,

~n~ =D (n)0(d) 6
Cn ) d(n) ( 1) ’ ) (n—=o0),  (6) Theorem 3. Letl € Ry andd € (0,1/2). Conditions (6)
Qp ~ =N~ n) "I'(=d)" 7, n — 00), an imply that
DY) T (~d) ( ), d (7) imply th
wherel € Ry, d € (0,1/2), andT is the Gamma func- . dtan(md) (n — o0) (11)
tion. This class includes the ARFIMA model, as shown by " m '



Remark 1. According to (11),r, increases to infinity as  (12) the numerical values given by (13) and a truncated ver-
the long-memory parametertends tol/2. On the other  sion of (14),r,, can be calculated for any ARFIMA, d, q)
hand, for any ARFIMAp, d, ¢) process withd € (0,1/2), process.

its results from Inoue (2002, Theorem 4.3) that~ d?/n, In the simulationg X;) is the ARFIMA(1, d, 1) model

and thery,, remains bounded aktends tol /2. defined by the difference equation

1—¢B)(1— B)X, = (1+6B)Z,.
4. NUMERICAL EXPERIMENTS (L= ¢B)( )X = (1+0B)Z,

Let
Since the calculation of exact predictors and parameter es- a(n, é,d,0) = TMin
timates in the context of long-memory models is highly de- dtan(md)
manding computationally, many authors have explored al- Figure 1 showsy(n, ¢,d, #) for n € {1,...,30} and sev-

ternative methods involving AR approximations. In this ergl values of ¢, d,0). Observe that(n, ¢, d, §) tends tol
section, we discuss the practical usefulness of (11) to asyapidly in all cases. For example, we havén, ¢, d, 0) —

sess the quality of these AR approximation-based methods.1| < 0.2 for anyn > 13 and the combination of parameters
To study the accuracy of (11) as a function of the truncation considered.

sizen, we need to calculate the exact value-gf For this, For a fractional noise, Figure 2 showsn, 0, d, 0) for
we deduce from (1) that n € {1,...,60} and several values af. We observe that
o n a(n,0,d,0) tends tol more rapidly than in the case of
Z ap Xk = —€r — Z arXi—k, an ARFIMA(1, d, 1) process since we have(n,0,d,0) —
ket 1 =0 1] < 0.05 for anyn > 10 and the parametersconsidered.
o Figure 3 displays the value afsuch thata(n,0,d, 0)—
which implies that 1| = eford € (0,1/2) ande € {2%, ...,5%}. We see that
n n this value ofn is quite small, even for smadl
Ty = Z Z arparyi—r — 1. (12) Due to the good precision of the asymptotic relation (11)
5—0 1—=0 observed in the numerical experiments, even for small val-

) ) ues ofn, it seems to be helpful to determine in practice a
~ Consider the ARFIMA model (4) witd € (0,1/2). It truncation size: such thatr,, does not exceed a given per-
is well known that{ X;) can be regarded as the ARMA q) centage of the innovation variance.
processy(B)X; = 6(B)Y; driven by the fractional noise

Y; = (1 — B)~%Z,. Let(a}) and(v)) be the AR0)

parameters and the covariance functiorf¥gf). Then, 5. CONCLUSION

k In this paper, we have discussed the rate at which the trun-
ap = ZajakY_j’ (k> 0), (13) cated AR(o) expansion converges in mean square to its ex-
=0 act value as the size of the past increases to infinity. The re-
oo sults are applicable to a large class of second-order station-
Ve = Z ﬁjfy,f_j, (k> 0), (14) ary long-memory processes including the ARFIMA model.
j=—o0 The considered processes are characterized by the asymp-
totic behavior of their MAco) and AR co) parameters. If
these parameters behave like those of a fractional noise up
to a slowly varying function, we have obtained an equiva-
lence formula for the rate of convergence. This formula is
proportional to the inverse of the size of the past, and the
multiplicative constant depends only on the long-memory

wherea; is the j-th coefficient in the Taylor series expan-
sion of ¢(2)/6(z) for |z| < 1, (¥;) is the covariance func-
tion of the ARMA(p, ¢) model¢(B) X, = 6(B)W; where
(W) is an uncorrelated sequence with zero mean and unit
variance, and

T'(k —d) parameter. Simulations results have shown the good preci-
Y _ . . . .
ap = _—F(k FOT(—d)’ (k = 0), sion of this formula, and we expect it would be useful in
T(k + d)T(1 — 2d) practice to assess the performance of both estimation and
7 = , (k> 0), prediction techniques in the context of long-memory mod-
N'k+1—-ad)(1—ad)'(d) - eling.

see Brockwell and Davis (1991, section 13.2). Exact numer-
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~; converges to zero at least exponentially| #stends to
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