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ABSTRACT

We consider the asymptotic properties of the sample co-
variance sequence of a field composed of the sum of
evanescent components and a purely-indeterministic com-
ponent. In this framework a Bartlett-type formula for
the covariance function of the sample covariances of a
horizontal evanescent field observed in the presence of a
purely-indeterministic field, is derived. The asymptotic
normality of the sample covariances is established.

Keywords: Homogeneous random fields, sample co-
variance, asymptotic normality.

1. INTRODUCTION

It is well known, [2], that any 2-D regular and homogeneous
discrete random field can be represented as a sum of two
mutually orthogonal components: a purely-indeterministic
field and a deterministic one. The deterministic component
is further orthogonally decomposed into a harmonic field
and a countable number of mutually orthogonal evanescent
fields.

In this paper we consider the asymptotic properties of
the sample autocovariance sequence of a field composed of
the sum of evanescent components and a purely-
indeterministic component.

Asymptotic normality of the sample autocovariances for
linear processeswas first introduced by Bartlett (see Brock-
well and Davis [1], Propositions 7.3.1-7.3.4). The asymp-
totic normality of the sample autocovariances for real multi-
variate time series withcontinuous spectrawas established
by Hannan ([4], pp. 209-212). Stoicaet. al. [11] proved
the asymptotic normality of the sample autocovariances of
a time series where the observed series is the sum of i.i.d.
noise samples and a finite number of real sinusoids. Liet.
al. [8] proved the asymptotic normality of the sample auto-
covariances for a time series withmixed spectra, where the
observedmixed-spectrumprocess is the sum of a station-
ary process with a continuous spectra, and a finite number
of real sinusoids. The results in [8] generalize the previous

results of Mackisack and Poskit [10], as well as those of
Stoicaet. al. [11], to the case ofcolorednoise, and fully
extend the classical results of Bartlett to the general case of
a mixed-spectrum time series. This problem arises in many
frequency estimation procedures (e.g. [6]), which aim to es-
timate the unknown frequencies of a sinusoidal component,
based on sample autocovariances of a noisy data record. Fi-
nally, Li [9] completed the generalization of Bartlett’s result
to the case ofcomplex multivariatetime series withmixed
spectra.

To the best of our knowledge, the problem of analyz-
ing the asymptotic properties of the sample autocovariance
sequence of homogenous random fields, remains an open
problem. The asymptotic normality of the sample autoco-
variance sequence of a homogenous field with no evanes-
cent components (i.e., the field is composed of only har-
monic and purely-indeterministic components), can be shown
based on the results of [8]. In this paper we derive a Bartlett-
type formula for ahorizontal evanescentcomponent, ob-
served in the presence of a purely-indeterministic compo-
nent. Finally, we establish the asymptotic normality of the
sample autocovariance function of the observed field.

2. PROBLEM DEFINITION

Recall from [2], [3], the definitions of an evanescent compo-
nent. LetO denote the set of all possible RNSHP (rational
non-symmetrical half-plane) definitions on the 2-D lattice
and leta,b be two coprime integers, that define the slope
of the RNSHP. The evanescent field corresponding to the
RNSHP defined by(a, b) ∈ O is given by

e(a,b)(n, m) =
I(a,b)∑
i=1

e
(a,b)
i (n, m)

=
I(a,b)∑
i=1

s
(a,b)
i (na + mb) cos

(
ν

(a,b)
i (nc + md)

)
+t

(a,b)
i (na + mb) sin

(
ν

(a,b)
i (nc + md)

)
(1)
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wherec andd are coprime integers such that|ad− bc| = 1.
For the case where(a, b) = (0, 1) we have(c, d) = (1, 0),
and for(a, b) = (1, 0) we have(c, d) = (0, 1). The 1-D
purely-indeterministic processes{s(a,b)

i (na + mb)},
{s(a,b)

j (na+mb)}, {t(a,b)
k (na+mb)}, {t(a,b)

` (na+mb)} are
mutually orthogonal for alli, j, k, `, i 6= j, k 6= `, and for
all i the processes{s(a,b)

i (na+mb)} and{t(a,b)
i (na+mb)}

have an identical autocorrelation function.
The evanescent component with parameters(a, b) =

(1, 0) and(c, d) = (0, 1) is usually calledhorizontal evanes-
cent. We consider the case where a horizontal evanescent
component is observed in the presence of a purely-
indeterministic component.

Let {y(n, m)}, (n, m) ∈ D whereD = {(i, j) | 0 ≤
i ≤ N − 1, 0 ≤ j ≤ M − 1} be the observed 2-D real
valued homogeneous random field such that,

y(n, m) = e(1,0)(n, m) + w(n, m). (2)

The purely-indeterministic component,{w(n, m)} is a 2-
D zero mean random field with a finite varianceσ2, which
is assumed to be Gaussian. The field{e(1,0)(n, m)} is an
evanescent random field,i.e.,

e(1,0)(n, m) =
I(1,0)∑
i=1

[
s
(1,0)
i (n) cos

(
ν(1,0)

i
m

)
+ t(1,0)

i
(n) sin

(
ν

(1,0)
i m

) ]
. (3)

In the following, for simplicity, we omit the index (1,0). The
processes{si(n)} and{ti(n)} have an identical autocorre-
lation function given by

Ci(τ) = E[si(n + τ)si(n)] = E[ti(n + τ)ti(n)]. (4)

Assumption 1: The modulating 1-D processes{si(n)}
and{ti(n)} of each evanescent field are infinite order MA
processes,i.e.,

si(n) =
∞∑

j=−∞
ai(j)ξi(n− j) , (5)

and

ti(n) =
∞∑

j=−∞
ai(j)ζi(n− j) , (6)

where{ξi(n)}, {ζi(n)} are i.i.d. 1-D zero mean processes,
independent of each other and of{w(n, m)}. Both have an
identical varianceσ2 such that

E
[
ξ4
i (n)

]
= E

[
ζ4
i (n)

]
= ησ4 < ∞ (7)

and
∑∞

j=−∞ |ai(j)| < ∞.

For any two jointly homogeneous random fields{u(n, m)}
and{v(n, m)} thecovariance functionbetween{u(n, m)}
and{v(n, m)} is given by

Cuv(τ, ρ) = E[u(n + τ,m + ρ)v(n, m)] . (8)

Thesample covariance function(SCF) of any two such fields
is defined by

C̃N,M
uv (τ, ρ) =

1
NM

N−1∑
n=0

M−1∑
m=0

u(n + τ,m + ρ)v(n, m).

(9)
Similarly, thesample covariance function(SCF) of the sta-
tionary 1-D processes{u(n)} and{v(n)} is defined by

C̃N
uv(τ) =

1
N

N−1∑
n=0

u(n + τ)v(n). (10)

In the following, for simplicity, we will omit the superscript
notationN,M and the SCF will be denoted bỹCuv(τ, ρ)
(and similarly forC̃N

uv(τ)).
Using (4), the covariance function of{e(n, m)} is given

by

Cee(τ, ρ) = E[e(n+τ,m+ρ)e(n, m)] =
I∑

i=1

Ci(τ) cos(νiρ).

(11)
The spectral measure of the evanescent field is not abso-
lutely continuous with respect to the Lebesgue measure on
the torus, and therefore its covariance function is not abso-
lutely summable with respect toτ andρ. We also make the
following assumption:

Assumption 2: The covariance function of the noise
field Cww(τ, ρ) is absolutely summable with respect toτ
andρ.

Note that Assumption 1 implies the absolute summabil-
ity of the covariance functionCi(τ) with respect toτ .

The mutual orthogonality of the evanescent and noise
fields ensures that,

Cyy(τ, ρ) = Cee(τ, ρ) + Cww(τ, ρ). (12)

The SACF of{y(n, m)} is a function of the SACF and
SCF of{e(n, m)} and{w(n, m)}:

C̃yy(τ, ρ) = C̃ee(τ, ρ) + C̃ew(τ, ρ)
+C̃we(τ, ρ) + C̃ww(τ, ρ).

(13)

It can be easily verified that̃Cyy(τ, ρ) is an unbiased esti-
mator ofCyy(τ, ρ), i.e.

E
[
C̃yy(τ, ρ)

]
= Cyy(τ, ρ). (14)

Let

∆C̃uv(τ, ρ) = C̃uv(τ, ρ)− Cuv(τ, ρ). (15)

In the next section we establish the asymptotic normal-
ity of the sample autocovariances of the observed field.
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3. THE MAIN RESULT

Let {Ψi} be a sequence of rectangles such that

Ψi = {(n, m) ∈ Z2 | 0 ≤ n ≤ Ni − 1, 0 ≤ m ≤ Mi − 1}.

Definition 1: The sequence of subsets{Ψi} is said to tend
to infinity (we adopt the notationΨi → ∞) as i → ∞
if lim

i→∞
min(Ni,Mi) = ∞ and0 < lim

i→∞
(Ni/Mi) < ∞.

To simplify notations, we shall omit in the following the
subscripti. Thus, the notationΨ(N,M) → ∞ implies
that bothN andM tend to infinity as functions ofi, and
at roughly the same rate.

To establish the main result we shall need the following
proposition:

Proposition 1 LetΨ(N,M) →∞. Then,

N
1
2 ∆C̃yy(τ, ρ) = N

1
2 X(τ, ρ) + oP (1) (16)

where

X(τ, ρ) =
I∑

i=1

[
δ{νi 6=0}{

1
2
[∆C̃sisi

(τ) + ∆C̃titi
(τ)] cos(νiρ)

+
1
2
[C̃tisi

(τ)− C̃siti
(τ)] sin(νiρ)}+ δ{νi=0}∆C̃sisi

(τ)
]
(17)

and where for some setA in [0, 2π), δA is the indicator
function

δA =
{

1, ν ∈ A
0, ν 6∈ A (18)

Proof: See [7] for a detailed proof.
Letg andh be arbitrary non-negative finite integers. De-

note by∆C̃yy the (2h + 1) × (2g + 1) matrix of sample
covariances

∆C̃yy =

∆C̃yy(−h,−g) ∆C̃yy(−h,−g + 1) . . .

∆C̃yy(−h + 1,−g) ∆C̃yy(−h + 1,−g + 1) . . .
...

... . . .
...

... . . .

∆C̃yy(h,−g) ∆C̃yy(h,−g + 1) . . .

. . . ∆C̃yy(−h, g − 1) ∆C̃yy(−h, g)

. . . ∆C̃yy(−h + 1, g − 1) ∆C̃yy(−h + 1, g)

. . .
...

...

. . .
...

...
. . . ∆C̃yy(h, g − 1) ∆C̃yy(h, g)

(19)

The main objective of this section is to establish the
limiting distribution of the(2g + 1)(2h + 1) × 1 vector
N

1
2 vec(∆C̃yy) asΨ(N,M) →∞.

Define a matrixX in a similar way to (19). It is clear
from (16) that asΨ(N,M) →∞

N
1
2 ∆C̃yy = N

1
2 X + oP (1) (20)

whereoP (1) is a(2h + 1) × (2g + 1) matrix where every
entry decays to zero in probability. Define the(h + 1) × 1
vector

∆C̃sisi
=

[
∆C̃sisi

(0),∆C̃sisi
(1), . . . ,∆C̃sisi

(h)
]T

(21)

and define the vectors∆C̃titi
, C̃siti

andC̃tisi
in the similar

manner. Define the(2g + 1)× 1 vector

COSi =
[

cos(−gνi), . . . . . . , cos(gνi)
]T

(22)

Similarly we will define the vectorSINi. Finally, define
theeven mirror duplication(2h + 1)× h matrixD+ by

D+ =



0 . . . 0 1
0 . . . 1 0
...

...
...

...
0 1 . . . 0
1 0 . . . 0
0 1 . . . 0
...

...
...

...
0 . . . 1 0
0 . . . 0 1


(23)

and theodd mirror duplication(2h + 1)× h matrixD− by

D− =



0 . . . 0 −1
0 . . . −1 0
...

...
...

...
0 −1 . . . 0
1 0 . . . 0
0 1 . . . 0
...

...
...

...
0 . . . 1 0
0 . . . 0 1


(24)

Since∆C̃sisi
(τ) and∆C̃titi

(τ) are even functions ofτ
and [C̃tisi

(τ) − C̃siti
(τ)] is an odd function ofτ , we can

write X as:

X =
I∑

i=1

[
δ{νi 6=0}

1
2

{
D+(∆C̃sisi

+ ∆C̃titi
)COST

i

+D−(C̃tisi − C̃siti)SINT
i

}
+ δ{νi=0}D+∆C̃sisi1

T

]
(25)
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where1 is the(2g + 1) × 1 vector of ones. Using simple
matrix manipulations (see [5], p. 254) we have

vec(X)

=
I∑

i=1

[
δ{νi 6=0}

1
2

{
(COSi ⊗D+)(∆C̃sisi

+ ∆C̃titi
)

+(SINi ⊗D−)(C̃tisi
− C̃siti

)
}

+δ{νi=0}(1⊗D+)∆C̃sisi

]
(26)

Based on the classical results of Bartlett for 1-D continuous-
spectrum time series ([1], Proposition 7.3.1-7.3.4), we know
that the vectorN

1
2 ∆C̃sisi

is asymptotically normal with an
asymptotic mean equal to zero, and an asymptotic covari-
ance matrixVi = [vτκ], (τ, κ = 0, . . . , h), where

vτκ = (η − 3)Ci(τ)Ci(κ) +
∞∑

z=−∞

[
Ci(z)Ci(z − τ + κ)

+Ci(z + τ)Ci(z − κ)
]

(27)

The vectorN
1
2 ∆C̃titi

has an identical asymptotic distribu-
tion.

Repeating the same arguments as in [1] , Proposition
7.3.1-7.3.3, it is not difficult to show that the vector
N

1
2 (C̃tisi − C̃siti) is asymptotically normal with a zero

asymptotic mean and an asymptotic covariance matrix
Ui = [uτκ], (τ, κ = 0, . . . , h), where

uτκ =
∞∑

z=−∞

[
2Ci(z)Ci(z + τ − κ)− Ci(z + τ)Ci(z − κ)

−Ci(z − τ)Ci(z + κ)
]

(28)

Sincesi(n) and ti(n) are independent and zero-mean, it
can be easily verified that the vector(C̃tisi − C̃siti) is un-
correlated with the vectors∆C̃sisi

and ∆C̃titi
. Clearly,

∆C̃sisi
and∆C̃titi

are independent. Moreover, the vec-
tors N

1
2 ∆C̃sisi , N

1
2 ∆C̃titi and N

1
2 (C̃tisi − C̃siti) are

asymptotically jointly normal (see Appendix for the proof).
Hence, from [1], Proposition 6.3.1 (Cramer-Wold device)
and Proposition 6.4.2,N

1
2 vec(X) is asymptotically normal

with a zero asymptotic mean and an asymptotic covariance
matrix

Γ =
I∑

i=1

[
δ{νi 6=0}

1
4

{
(COSi ⊗D+)2Vi(COSi ⊗D+)T

+(SINi ⊗D−)Ui(SINi ⊗D−)T
}

+δ{νi=0}(1⊗D+)Vi(1⊗D+)T

]
(29)

Therefore, by Proposition 1 above, and by [1], Proposition
6.3.3,N

1
2 vec(∆C̃yy) has the same limiting distribution as

N
1
2 vec(X). Thus, (29), combined with the 1-D Bartlett for-

mulas (27) and (28), provides a Bartlett-type formula for
the asymptotic covariance matrix of the sample autocovari-
ances. We have just proved the following theorem:

Theorem 1 Let {y(n, m)} be given by (2) and (3), such
that Assumption 1 and Assumption 2 are satisfied. Then,
as Ψ(N,M) → ∞, the vectorN

1
2 vec(∆C̃yy) is asymp-

totically normal with zero asymptotic mean and asymptotic
covariance matrixΓ, given by (29) whereVi and Ui are
given by (27), (28), respectively.

4. DISCUSSION

In the last section we have established the limiting distri-
bution of the sample covariances of a horizontal evanes-
cent field observed in the presence of a Gaussian purely-
indeterministic field. Using a “naive” analogy with the case
of a 1-D mixed-spectrum regular process, one could expect
an (NM)

1
2 convergence rate to the limiting distribution.

However, it turns out that the rate isN
1
2 . This fact could

be explained by observing that the stochastic properties of
the evanescent field are determined by those of its modu-
lating 1-D processes. Since the rate of convergence of the
sample covariances of the modulating processes isN

1
2 , so

is the rate for the evanescent field itself. As a result of this
slow convergence rate, one can expect that in estimating the
covariances of a 2-D homogeneous random field, the dom-
inant estimation error would be due to the evanescent com-
ponents.

5. CONCLUSIONS

In the paper we have considered the asymptotic properties
of the sample covariance sequence of a field composed of
a sum of horizontal evanescent components and a Gaussian
purely-indeterministic component. We have proved that the
sample covariance function of the field is asymptotically
normal and derived a Bartlett-type formula for the asymp-
totic covariances of the sample autocovariances. The proven
results are straightforward to extend to the more general
case where the purely-indeterministic component has an ab-
solutely summable sequence of fourth-order cummulants.
(Thus, the case where the noise field is Gaussian, becomes
a special case, as its fourth-order cummulants are zero).

6. APPENDIX

We would like to show that the vectorsN
1
2 ∆C̃sisi

, N
1
2 ∆C̃titi

andN
1
2 (C̃tisi − C̃siti) are asymptotically jointly normal.

Since the proof follows the technique of [1], Propositions
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7.3.2 and 7.3.3, we will only present the outlines of the
proof.

First, we assume that the modulating 1-D processes{si(n)}
and{ti(n)} of each evanescent field arefinite order MA
processes,i.e.,

si(n) =
m∑

j=−m

ai(j)ξi(n− j) , (30)

ti(n) =
m∑

j=−m

ai(j)ζi(n− j) , (31)

whereξi(n), ζi(n) are independent 1-D zero mean white
innovation processes of identical varianceσ2 and

E
[
ξ4
i (n)

]
= E

[
ζ4
i (n)

]
= ησ4 (32)

For everyi, the sequenceai(j) is an absolutely summable
deterministic sequence,i.e.,

∑m
j=−m |ai(j)| < ∞.

Define a sequence of random3(h+1)×1 vectorsR(n)
by

R(n) =



si(n)si(n)− Ci(0)
...

si(n)si(n + h)− Ci(h)
ti(n)ti(n)− Ci(0)

...
ti(n)ti(n + h)− Ci(h)
ti(n)si(n)− si(n)ti(n)

...
ti(n)si(n + h)− si(n)ti(n + h)


(33)

Thus,{R(n)} is a strictly stationary(2m + h)-dependent
sequence (for a definition ofm-dependence, see [1], Defi-
nition 6.4.3) and

N−1
N−1∑
n=0

R(n) =

 ∆C̃sisi

∆C̃titi

C̃sisi
− C̃titi

 (34)

For any vectorλ ∈ R3(h+1), the sequenceλT R(n) is
an(2m + h)-dependent process. Sincesi(n) andti(n) are
independent with zero mean, it can be easily verified that
the vector(C̃tisi

− C̃siti
) is uncorrelated with the vectors

∆C̃sisi and∆C̃titi . Moreover, the latter two are indepen-
dent. Hence,

lim
N→∞

Nvar{
N−1∑
n=0

λT R(n)} = λT Λλ > 0 (35)

where

Λ =

Vi 0 0
0 Vi 0
0 0 Ui

 (36)

is a positive definite matrix, whereVi andUi are given by
(27), (28), respectively. Then by the central limit theorem
for strictly stationary m-dependent sequences ( [1], Theo-
rem 6.4.2) the sequenceN−1

∑N−1
n=0 λT R(n) is asymptot-

ically normal with zero mean and covarianceN−1λT Λλ
for any λ ∈ R3(h+1). Applying the Cramer-Wold device
([1], Proposition 6.3.1) we obtain thatN

1
2 (C̃tisi − C̃siti) ,

N
1
2 ∆C̃sisi

andN
1
2 ∆C̃titi

jointly asymptotically normal.
Extension to the case where the modulating processes{si(n)}
and {ti(n)} of each evanescent field is theinfinite order
MA model (by m → ∞) follows from exactly the same
reasons as in [1], Proposition 7.3.3.
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