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ABSTRACT

Orthogonal Frequency Division Multiplexing (OFDM) has

been adopted by many high speed transmission standards.
Pilot tone assisted modulation (PTAM) is a well known
technique to estimate the channel state information (CSI)
in OFDM but is not bandwidth efficient. To achieve high
bandwidth efficiency, we propose to carry out superimposed
training with techniques described in this paper to im-
prove the quality of the CSI estimate. It is well known
that OFDM signals have high peak-to-average power ra-
tios (PARs) and are thus not power efficient. To improve
the power efficiency, we employ a blind Selected Mapping
(SLM) PAR reduction method in conjunction with superim-
posed training. Simulation results demonstrate that under
medium to low SNR conditions, combining superimposed
training with PAR reduction yields BER performance that
is comparable with PTAM; the benefit of the former is that
bandwidth efficiency is preserved.

1. INTRODUCTION

Orthogonal Frequency Division Multiplexing (OFDM) has
attracted a great deal of attention in recent years mainly
because of its simple equalizer structure. OFDM has been
adopted by many standards, such as digital audio broadcast
(DAB) and digital video broadcast (DVB) in Europe, as
well as in asymmetric digital subscriber line (ADSL), Wire-
less Local Area Network (WLAN) and Broadband Wireless
Access (BWA) applications.

To mitigate the inter-symbol interference (ISI), pilot tone
assisted modulation (PTAM) has been proposed to acquire
the channel state information (CSI) for frequency-selective
channels [1-3]. By maximizing the training-based channel
capacity, it was shown in [3] that the optimal way to place
the pilot tones is to use equi-spaced subcarriers. On the
other hand, by minimizing the mean-squared error (MSE)
of the symbol estimate, it was shown in [2] that equi-spaced
and equi-powered pilot tones are optimal. PTAM has a su-
perior performance in acquiring the CSI due to the decou-
pling of the pilot tones and the information subsymbols.
However, two important issues arise in PTAM-OFDM sys-
tems: reduced bandwidth efficiency due to the dedicated
slots for training and generally low power efficiency due to
the high peak-to-average power ratio (PAR) of the OFDM
signal. In addition, the high PAR values of the OFDM sig-
nals make them sensitive to nonlinear effects in the power
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amplifier (PA). To minimize nonlinear distortions, either
very linear PAs have to be used, or the input signal has to
be backed-off significantly. Both options are power ineffi-
cient.

Based on the optimal pilot tone design in [2], we propose
here a novel joint channel estimation and PAR reduction
technique for OFDM, the aim being to improve the band-
width efficiency as well as to reduce the PAR (thus improv-
ing the power efficiency). We adopt superimposed training
for the purpose of channel estimation; i.e., we add pilot
tones onto the information subsymbols. We can achieve a
high bandwidth efficiency, but the CSI estimate will not be
as accurate as in the dedicated training case. We will pro-
pose two methods to improve the CSI estimate. For better
power efficiency, we employ the selected mapping (SLM) [4]
technique to reduce the PAR, and embed the side infor-
mation about the SLM index in the position of the pilot
tones. We demonstrate the PAR reducing capability of the
proposed method as well as the corresponding BER perfor-
mance. In comparison with PTAM, our proposed method
is advantageous at medium to low SNRs (< 10 dB): higher
bandwidth efficiency can be achieved without sacrificing the
BER.

Notations: A time-domain sequence is represented by
a lower case letter; e.g., s[n]. Its frequency-domain rep-
resentation is denoted by the corresponding capitalized
letter; e.g., S[k]. A bold-faced lower case letter de-
notes a vector of the frequency-domain sequence; e.g.,
s = [S[0], S[1], ..., S[N —1]]*. Its time-domain coun-
terpart is denoted by adding a subscript :; e.g., s; =
[s[0], s[1], ..., s[N —1]]T. A bold-faced capital letter de-
notes a matrix.

2. REVIEW OF PTAM-OFDM

In OFDM, the length N frequency-domain subsymbols
s = [S[0], S[1], ..., S[N —1]]T are transformed into the
time-domain to form the transmitted signal as s, = F s,
where F is the N X N normalized discrete Fourier trans-
form (DFT) matrix with F(k,n) = 1/vN e 25"/~ "and
F is its conjugate transpose. In PTAM-OFDM, P pilot
tones are inserted in the frequency domain in order to ac-
quire the CSI; P > L is assumed where L is the length of
the finite impulse response (FIR) channel. The frequency-
domain transmitted signal is

x=s+b, (1)
where s consists of N — P information subsymbols and P

zeros, b = [B[0], B[1], ..., B[N —1]]* consists of P pilot
tones and N — P zeros. The locations of the zeros in s and



b are carefully selected so that when S[k] = 0, B[k] # 0,
and when B[k] = 0, S[k] # 0. The placement of the pilot
tones and the allocation of the power between b and s have
been studied in [1-3]. The same problem has also been
investigated for single carrier systems [5]. All these studies
point to the same optimality conditions for the pilot tones
for estimating frequency selective block fading channels.

According to [2], the optimal placement strategy is to
modulate P = L pilot tones with equal power onto equi-
spaced subcarriers. For simplicity, let us assume that the
number of sub-carriers N is an integer multiple of P; i.e.,
R = N/P is an integer. Next define a set of P equi-spaced
pilot tone indices as

Qo 2 {k

ki =iR~+60,0<i<P—1,0< 6 gR—1},
(2)
which can be characterized by the shift parameter 6y alone.
We consider a frequency selective block fading channel,
which is modeled by a time-invariant (over each OFDM
block) FIR filter h = [h[0], A[l], ..., h[L —1]]7. With the
insertion/removal of the cyclic prefix (CP), the frequency
selectivity of the channel appears flat on each subcarrier;
ie.,

y=Dpy x+v, (3)

where y = [YV[0], Y[1], ..., Y[N — 1]]T is the received
signal after the CP removal and the application of the
DFT, Dy is a diagonal matrix with the channel DFT coef-
ficients (i.e., H[k] = Zﬁ;é hnle92™kn/N 0 <k < N —1)
on the diagonal, and v = [V[0], V[1], ..., V[N —1]]"
is the normalized DFT of the additive noise v[n]; i.e.,
VIH = g S e 2N,
Substituting (1) into (3), we obtain

y = Dunw (S+b)+v
= Dys+DpFirh+v, (4)

where D g is a diagonal matrix with b on the diagonal, and
Fi.p = VNF(;,1: L) is an N x L DFT matrix consisting
of the first L columns of v NF.

Let B=Dg F;.; and

B = (F{{LDgDBFlzL)71 Fi . Dp (5)

be the pseudoinverse of B. Since B has full column rank,
we can pre-multiply BT on both sides of (4) to obtain

B'y=B' Dy s+h+B'v. (6)

Since the pilot tones and the information subsymbols are
decoupled, we have DX s = 0, which allows us to write
DgDH s = 0 as well. Thus, the first term on the RHS of
(6) is zero and

B'y=h+B'v. (7)
We infer from (7) that the least squares estimate of the

channel h is .
h=B'y. (8)

In other words, h = h + Blv; ‘and hence the unknown s
does not affect the accuracy in h.

Afterwards, the information subsymbols can be estimated
as

§=D,'y-b, (9)

where D; is a diagonal matrix with 1/H[k] on the

diagonal'. § is then decoded to yield the § estimate be-
longing to the symbol constellation.
Remarks:

1. The inserted pilot tones in PTAM reduce the band-
width efficiency. For example, when N = 64, L = 4,
there is a L/N x 100% = 6.25% loss in bandwidth effi-
ciency. To avoid this loss, we propose to keep the equi-
spaced and equi-powered pattern of the pilot tones,
and superimpose these pilot tones onto the informa-
tion data. We will describe methods to improve the
quality of the CSI estimate under such superimposed
training framework.

2. OFDM signals suffer from high PARs. To alleviate
the high PAR problem, we propose to employ SLM
for PAR reduction. We will describe a method to em-
bed the SLM side information in the transmitted data,
which can be recovered blindly at the receiver.

3. SUPERIMPOSED TRAINING FOR OFDM

To improve the bandwidth efficiency of a PTAM-OFDM
system, we propose to superimpose the pilot tones onto the
information subsymbols.

3.1. Improved CSI Estimation

In superimposed training, the pilot tones are no longer de-
coupled from the information subsymbols; i.e., DEs #£ 0,
and thus (7) does not hold any more. Since E[Dy s] = 0,
equation (8) can still be used to estimate the CSI, although
the performance of the channel estimate will not be as ac-
curate as in the PTAM case. To improve (8) for the su-
perimposed training case, we propose two modifications as
described below.

1. Under the superimposed training framework, it can be
shown (e.g., [6,7]) that the variance of the channel esti-
mate in (8) increases with the information signal power
o2, which is undesirable. Therefore, we can reduce the
variance of h[l] by lowering the average power of those
information subsymbols that are co-located with the
pilot tones. For example, let us set

ac?, ke
E[S[H)*] = {02 kel (10)
s 0>

where Q7 denotes the complement of Q¢ and 0 < o <
1. @ = 0 corresponds to PTAM, whereas o = 1 cor-
responds to conventional superimposed training. Let
us denote by [, the power allocation factor, which is
the ratio between the total power allocated to the pilot

1To use this one-tap equalizer, it is assumed that fl[k] #*
0, V k. To cope with this, typically the symbol stream is coded
across subcarriers. The MMSE estimator can also be used.



tones and the total transmitted power. For example,
in PTAM,

2
Po,

A= Po2 + (N — P)o?’

(11)
whereas for superimposed training with (10),

_ Po? (12)
Po?2+ [N - (1 - a)Plo?’

B

2. We can explore the CSI contained in Dgs as described
below. We infer from (4)

u:y—DBFLLh:DHS—&-V. (13)

If S[k] has a constant modulus; i.e., |S[k]| = os, we
can take the magnitude squared on both sides of (13)
to obtain |u|? = |hs 202 + |v|> + 2R{DgDsv*}, where
|-]? is an element-wise magnitude squared operator for
a scalar, a vector, or a matrix, hy is the diagonal of
Dy, D; is a diagonal matrix with s on the diagonal,
R{-} denotes the real part, and (-)* denotes complex
conjugation. Treating the last two items in |u|? as noise
and (8) as the initial estimate of h[l], we can estimate
the magnitude response of h[l] as

: y — DF1..h2 — o2
Ihf| = \/| | ; (14)

o3

where again, the /- operation is carried out on each
element. We propose to take the magnitude response
from (14) but take the phase response from (8) to form
an improved CSI estimate; i.e.,

HIE] = |k 47H 0<k<N-1, (15)
where H,[k] is the DFT of the A[l] in (8), and |Ha[k]|
comes from the kth element of |hy| in (14).

Knowing that the channel has length L < N, the CSI
estimate in (15) can be further improved by smooth-
ing f[[k] Specifically, we take the N-point IFFT of
HIK], truncate the resulting h[l] to retain only the first
L samples, and subsequently take the FF'T of the trun-
cated h[l] to obtain its DFT coefficients for use in the
equalizer.

3.2. Pilot Tone Selection

The main difference between superimposed training and
PTAM is that superimposed training has both data and
pilot on the pilot subcarriers, but PTAM has only pilot
on those subcarriers. Both schemes use the CSI estima-
tor in (8) and they have the same optimality condition for
the placement of the pilot tones, i.e., equi-spaced and equi-
powered pilot tones [2,7]. Among such optimal B[k]’s, two
classes are of interest; i.e.,

op €% ke Qo
Bilk] = P ’ T 0<k<N-1,(16
1[A] {0, peal OSESN-100
Bs[k] = DFT{bz[n]}, a7

where the time-domain sequence bz[n] has a constant-
magnitude and is periodic with period P. The general rules
for constructing Ba[k] sequences (equi-powered in both time
and frequency domains and periodic in time/equi-spaced in
frequency) are not clear, but the following periodic chirp
sequence is a solution [7,8]:

op SBEEFP) podd, 0<n< N -1
bg[n]:{ " BBt C0<n<N-1
op PWPTAMP) Peven, 0 <n<N-—1,
(18)
where [n]p is the residue of n divided by P. We will elabo-
rate next on the use of Bi[k] and Bs[k].

When Blk] = Bjlk], the CSI estimate in (8) can be
greatly simplified. By substituting (16) into (8), we infer
that DEDp = o2 Ia,, where In,(k, k) = 1 for k € Qo and
zero otherwise. In this case, the first term on the RHS of (5)
becomes a scaled identity matrix (Fg, 1., Fag1:0) ™ /op =
I/(Paf,)7 where Fq, 1.1 is areplica of Fy.;, with the kth row,
k € Qg , being zeroed out. Therefore, (8) can be rewritten
as

. 1 -
h = —F .. F
Poy eXp(j¢P) Ptk ye
_ 1 1 [ —i2m00 ] o200k
Poy, exp(jép)/VN R
—j2mgo Bt
.., e Iy, (19)

or in scalar form,

R—-1

L S ylrP 1 e R, 0<i< L1,
r=0

hll] = Poyeitr R
(20)

which is the phase-shifted synchronized average of the re-

ceived time-domain signal y[n]. The receiver is very simple

since the channel estimate (20) only uses a first-order statis-

tic, and the equalizer is a simple one-tap equalizer which is

an appealing feature of OFDM.

The normalized IDFT of By [k] is

R—-1

bl[n]:\/—PNUp % N6l —1P] SR, (21)
=0

which is a periodic impulse pilot sequence. As we show
in [8], among all periodic sequences with the same period,
superimposed training with by [n] gives rise to the worst case
PAR whereas superimposed training with ba[n] (c.f. (18))
leads to the best case PAR. The gap between the comple-
mentary cumulative distribution function (CCDF) of the
best case PAR and that of the worst case PAR is a function
of the number of subcarriers N, the number of pilot tones
P and the power allocation factor 8. For example, when
N =128, P = 8 and 8 = 0.5, the PAR of the transmit-
ted OFDM signal with b1 [n] is 2 dB higher than that of the
OFDM signal with bz [n] at the clipping probability of 10™%.

We will show in Section 5.1. that when SLM is employed
to reduce the PAR of the transmitted signal, Bi[k] and
Bs[k] do not differ much in their impact on the final PAR
value after SLM.



4. BLIND SELECTED MAPPING

One major disadvantage of OFDM is the significant ampli-
tude fluctuations; i.e., the high PAR values, requiring large
backoff of the average operating power of a RF power am-
plifier in order to linearly amplify the signal, thus resulting
in low power efficiency.

The PAR of a time-domain OFDM signal z(t) is defined
as [10]

_ Pmax

PAR(a(t) = e, (22)
Pa'[)
where Pmax = max |z(t)|? is the peak power over one
0<t<T,

symbol duration T, Pay = E[|z(t)|?] is the average power of
the OFDM symbol, and E[] denotes expectation, or time-
averaged expectation if z(¢) is nonstationary.

We are interested in the selected mapping (SLM) ap-
proach, first proposed by Bauml, Fischer and Huber in [4].
SLM is distortionless, and is an effective PAR reduction
method. Denote by ¢(m>[lc], 0<k<N-1,0<m< M-1,
a set of M (random) phase sequences, which is a known ta-
ble that is available to both the transmitter and the re-
ceiver. Each row (indexed by m) represents a different
phase rotation sequence; the column index k corresponds
to the frequency-domain subcarriers.

In SLM, we first rotate the phases of X[k] as described
by

ZM k] = X[k, (23)

It is clear that Z(™[k] and X [k] contain the same informa-
tion, but their time-domain counterparts z(™(t) and z(t)
can have very different PAR values. From the M candidate
2™ () signals, 2™ (t), which has the lowest PAR, is trans-
mitted. The index m (log, M bits) may be transmitted as
side information, which is of critical importance to the re-
ceiver for decoding and is generally protected by channel
coding [4].

To avoid the information rate loss caused by the trans-
mission of the optimum index m, we describe a blind SLM
method that embeds the information about m in the pilot
tones.

According to [2], in PTAM, as long as the pilot tones
are equi-spaced and equi-powered and the additive noise is
white, channel estimation performance is not affected by
the choice of 0y (c.f. (2)). In superimposed PTAM, in-
stead of using a pre-selected 6y, we can try different delays
(positions) Gém) for the pilot tones; i.e.,

@20\, 6, ..., 6™, . ..., oMy, (24)

where the same index m is used for both the pilot position
and the row index in the SLM phase table. There are to-
tally R = N/P distinct pilot tone positions for Gém) and
typically R > M. Assume that R is an integer multiple of
M. We suggest for the M delays to be equi-spaced in order
to minimize the detection error in m; i.e., the possible pilot
shifts are {63 =0, 65" = R/M, ..., 65"~V = M_1Ry,
Among M equivalent representations, the mth superim-

posed training OFDM signal is given by

X(m)[k} — {\/aS[k‘] + B[k], k€ Qm, ,
S[k], ke,

0<k<N-1,0<m<M~—1, (25)

where Q,, is represented by 0(()7") similar to the way that
Qp is represented by 6.
Next perform the phase rotations,

ZM k] = XM [k (26)

Similar to SLM, 2{™ (t) and PAR <z(m) (t)) are evaluated

and z(™ (), which has the lowest PAR among {z™ (¢)},
is transmitted. In other words, the optimum pilot tone
location - phase sequence index is

= argmin {PAR (z(m)(t))} . (27)

0<m<M—1
The expected power of X ™ [k] is

m ac+02, keQm
B[ X )[’fHQ]—{ 5 ’

o ke Q. (28)

Since o7 > o2 [2,3,9], we see that there is a disparity in
the average power at the pilot tone locations vs. at the non-
pilot tone locations. Since the phase rotations in (26) do
not affect the power, the same average power profile holds
for Z™ [k].

The received frequency-domain signal is

Y[k] = 2™ [K]H[K] + V[K]. (29)

As in [9], we first form the synchronized average of the
instantaneous power of Y[k] as

~u
L

[Y[IR +7]%. (30)

ol =

pr =
1

Il
o

At the receiver, we determine the optimum index m, i.e.,
the actual pilot shift Gém> through peak detection in p,; i.e.,

éém) = argmax {p,}. (31)

ref

Since the receiver knows the set of possible values for @,
from éém)7 a simple lookup table search yields 7.

The accuracy in 7 is critical for the decoding of S[k] at
the receiver. If m is erroneous for one particular OFDM
block, the BER will be high for that block. The success of
the algorithm largely hinges upon ensuring az > ¢2. This
as well as the finite alphabet nature of ® help to make (31)
robust over frequency selective channels. Similar findings
for the PTAM-SLM case were presented in [9].



5. SIMULATIONS

In the examples in this section, we assume that the num-
ber of sub-carriers N = 128, the length of the FIR channel
L = 4, and the number of pilot tones P = L = 4. Accord-
ing to [2], the optimum power allocation factor for PTAM
for the above parameters is § = 0.15. For superimposed
training, we chose 8 = 0.3 because it yields relatively good
performance for both low and high SNR scenarios. The
weighting factor in (25) was chosen to be aw = 0.5.

The information subsymbols were independently drawn
from a QPSK constellation with Gray coding. The signal-
to-noise ratio (SNR) is defined as

Pac

NR =
SNR Ny

(32)
where Pg. is the amount of DC power drawn by the PA
and Ny = 202 is the power spectral density of the additive
noise. The effective SNR, which directly affects the BER,
can be expressed by SNRe = Pqn/No, where Py, is the
average output power of the PA. If an ideal linear PA is
used and the signal is to be amplified undistorted, Pg, is
proportional to Ps./PAR if linear scaling is employed [10].
Therefore, SNRe « Pq./PAR/No, and the benefit of PAR
reduction is realized as an increase in SNRe.

It is shown in [11] that the optimal way to construct
the phase table {¢>(m) [k]}o<k<n—1, o<m<m—1 for SLM is
to make ¢(™[k] i.i.d. with Elexp(jp™[k])] = 0. There-
fore, for simplicity, we can have ¢(™ [k] i.i.d. drawn from
{0, 7} with equal probability so that exp(jo™[k]) = +1
with equal probability. As such, (26) can be implemented
without multiplications but with selected sign changes only.

5.1. PAR Reduction Performance

In this example, we approximate the continuous-time PAR
by evaluating the discrete-time PAR of the 4-time oversam-
pled OFDM signal [12]. 10° independent Monte Carlo trials
were conducted.

Fig. 1 shows the empirical CCDF curves (solid lines) of
the PAR of the transmitted signal z(™ (t) for different num-
ber of selections, M, along with the CCDF of the PAR of
the original OFDM signal and that of the PTAM-OFDM
signal. We can see from the figure that the PTAM-OFDM
signal had a higher PAR than the OFDM signal when B [k]
was used, but a lower PAR when B;[k] was used. By em-
ploying SLM, we can significantly reduce the PAR. We ob-
serve that when M = 8, the proposed algorithm achieved
approximately 3.5 dB of PAR reduction (compared with the
original OFDM signal) at the CCDF level of 10™* with ei-
ther Bi[k] or Balk]. We also see from Fig. 1 that the larger
the M, the smaller the resulting PAR, and the smaller the
gap between the CCDF corresponding to Bi[k] and that
corresponding to Bz[k]. On the other hand, the computa-
tional complexity of SLM increases as M increases. There
is also a diminishing return in the PAR reduction capability
as M further increases. As a rule of thumb, we recommend
to use min{R, 4} < M < min{R, 8}.

5.2. BER Performance

Fig. 2 compares the BER performance of our proposed
scheme with that of PTAM-OFDM for N = 128, P = 4,
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Figure 1. CCDF of the PAR in the proposed algo-
rithm. ST stands for superimposed training here.
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Figure 2. BER of the proposed algorithm. ST

stands for superimposed training here.

B =0.15, and M = 8. When SLM was employed, Bi[k] was
used for its low complexity in CSI estimation. Otherwise,
Bs[k] was used to achieve high power efficiency of the trans-
mitter. When perfect CSI is available at the receiver, the
BER result provides a basis for comparison. The receiver
used a zero-forcing equalizer and a suboptimal but simple
hard-decision decoder [2]. The frequency selective channel
was modeled as Rayleigh fading channels with i.i.d. com-
plex Gaussian taps. The BER was evaluated by averaging
over 10® Monte Carlo trials.

From Fig. 2, we can see that with superimposed training
and in the absence of PAR reduction, the simple channel
estimate (8) had the worst BER performance (solid line
with circles). Superimposed training with PAR reduction
(SLM with M = 8, solid line with dots) had an SNR gain
of 2 dB, but the improvement diminished at high SNRs
due to the error floor. Superimposed training with the
improved channel estimate (15) and SLM with M = 8
(solid line with squares) lowered the error floor but did not
eliminate it. Next, we compare our proposed algorithm
with PTAM (dash-dotted line) and the known channel case
(dashed line). We observe from Fig. 2 that PTAM had a
very good BER performance as it approaches the known



channel case to within 1 — 2 dBs. However, superimposed
training results in an error floor at high SNRs because the
information signal acts as the dominant source of “noise”
during channel estimation. On the other hand, at medium
to low SNRs (i.e., SNR< 10 dB), our proposed algorithm
performs similarly to or better than PTAM, the net benefit
being the enhanced bandwidth efficiency.

6. CONCLUSIONS

It is well known in the literature that pilot tone assisted
modulation (PTAM) with equi-spaced and equi-powered pi-
lot tones is optimal for OFDM. However, the lack of band-
width efficiency in dedicated training methods and the lack
of power efficiency in OFDM are of concern. For the for-
mer, we propose to estimate the CSI using a superimposed
training approach and offer two techniques to improve the
CSI estimate. For the latter, we propose to combine SLM
with superimposed training, and describe a simple blind
detector to recover the SLM index. From the simulation
results, we see that our proposed algorithm is very attrac-
tive at medium to low SNRs (e.g., SNR < 10 dB): the BER
is comparable to the dedicated training case, with the net
gain being a higher bandwidth efficiency.
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