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ABSTRACT
Blind channel equalization has gained a wide-spread use in
communications systems. This type of equalization doesn’t
make use of any training sequence. The most commonly
used blind adaptation algorithm is known as theconstant
modulus algorithm(CMA). The present paper presents the
performances of fractionally spaced constant modulus equal-
ization applied for 256-QAM and 1024-QAM modulated
signals. Two ways of sampling the received data are inves-
tigated. The very knownT2 FSE where the received signals
are sampled at rate twice the baud rate andT

8 FSE where the
received signal is sampled at rates which are eight times the
baud rate.

1. INTRODUCTION

Due to the increase in data transmission rates more effi-
cient spectral methods of modulating the transmitted sig-
nals such as 256-QAM and 1024-QAM are required. How-
ever, increasing the modulation scheme levels causes a se-
vere distortions in the received signals after undergoing all
the degradation phenomena due to the band limiting effect
of the channel and the multi-path propagation [6]. Thus, the
signal recovery would be a tedious task to achieve. To over-
come this problem equalizers are proposed. Blind equal-
izers are preferred over trained equalizers because they are
not bandwidth consuming [7]. They make use only of sta-
tistical properties of the input signal and the noise. The
most commonly used blind adaptive algorithm is referred
asconstant modulus algorithm(CMA) [5],[6],[7] .This al-
gorithm makes use of theconstant modulus(CM) criterion
which penalizes the deviation of the magnitude of the re-
ceived data from a desired amplitude level [1],[5]. CMA
can be used also for a non constant modulus sources such as
QAM modulated signals which is the modulation type used
in this paper. Most often, channels are represented byfinite
impulse response(FIR) filters. This causes FIR equaliza-
tion in the baud case where, the tap spacing of the equalizer
is the same as the symbol period T to be practically im-
possible. To overcome this limitation,fractionally spaced

equalization(FSE) is proposed. FSE uses FIR equalizers
whose tap spacing is an integer fraction of the symbol pe-
riod T. T/2-FSE is the most popular and most studied in lit-
erature [1],[3],[5]. But, what will be the effect of increasing
the sampling rate in the fractionally spaced equalization on
highly M-QAM modulated signals which are relatively dif-
ficult to equalize?.Thus, the objective of the present work is
to highlight the effect of increasing the sampling rate of the
received signals in FSE when applied to high order QAM
signals such as 256-QAM and 1024-QAM.

2. SYSTEM MODEL

In this paper, we consider a fractionally spaced equalization
based on receivers operating atM times the baud rate. The
system model under consideration is shown in Fig.1.

Fig. 1. multi-channel model forT /M -FSE

The multi-channel model ofTM fractionally spaced equal-
ization shows that the equalized received data is obtained
afterM summations of direct convolutions between baud
spaced input datas(n) andM baud spaced sub-channels
andM baud spaced sub-equalizers. Let us assume that the
corresponding FIR channel and FSE lengths areML and
MN respectively, whereL andN are given positive inte-
gers. The overall multi-channel convolution matrixh can
be expressed as:

h = Cf (1)



where,C is the fractionally spaced convolution matrix con-
structed from the baud spaced sub-channels as follows:

C =
[
C0 C1 C2 . . . CM−1

]
(P×MN)

(2)

andf the fractionally spaced equalizer vector constructed as

f =
[
f0 f1 f2 . . . fM−1

]
MN×1

(3)

Perfect fractionally blind equalization requires from the
overall system response to behave as a delay operator and
this is achieved under the following conditions

• No channel noise

• Zero mean and independent finite alphabet with sub-
gaussian kurtosis (source kurtosis less than 3 for real
sources and less than 2 for complex ones)

• No common roots between the polynomials formed
by the baud spaced sub-channels

• The satisfaction of thestrong perfect equalization con-
dition which requires from the sylvester matrixC to
be full-row rank. This condition is satisfied forC hav-
ing the number of columns greater than or equal to
the number of rows. This can be formulated in math-
ematical form as:

P = N + L− 1 ≤MN ⇒ N ≥ L− 1
M − 1

(4)

3. FRACTIONALLY SPACED CONSTANT
MODULUS ALGORITHM

The CM criterion tries to restore the constant modulus prop-
erty of the communication signal by penalizing the devia-
tion in the modulus of the received signal [1]. The adaptive
CM equalization minimizes a CM cost function given in its
more general form as follows

Jp,qCM =
1
pq
E

{∣∣|yn|p − γ
∣∣q} (5)

wherep andq are two positive integers andγ = E{|sn|4}
E{|sn|2}

is the dispersion constant [3]. The CMA equalizer update
equation is given as follows:

f(n+ 1) = f(n) + µr∗(n){−∇yn
JCM}

= f(n) + µr∗(n) yn(γ − |yn|2)︸ ︷︷ ︸
ψ(n)

(6)

whereψ(n) is the CM error function andf represents the
equalizer coefficient vector ,µ a small step size andr the
fractionally spaced regressor vector. The step size require-
ment in CMA is shown below

0 < µ ≤ 2
(κg − κs)λmax

(7)

whereκg andκs are the normalized kurtosises for the gaus-
sian source and the actual source respectively andλmax is
the maximum eigenvalue of the hermitian matrixCHC.

4. COST FUNCTION

In this section the shape of the CM cost function given in
equation (5) is investigated. Different CM cost functions are
obtained for different values ofp andq, but in the present
work we restrict our analysis to the Godard’s 2-2 CM cost
function wherep andq are both equal to 2. It is given bellow

J2,2
CM =

1
4
E

{∣∣|yn|2 − γ
∣∣2} (8)

Let’s define the variance and the normalized kurtosis of the
source sequence{sn} respectively as follows

σ2
s

∆= E{|s2n|} (9)

κs
∆=

E{|sn|4}
(E{|sn|2})2

=
E{|sn|4}

σ4
s

(10)

and analogously, the variance and the normalized kurtosis
for the noise channel sequence{wn} as

σ2
n

∆= E{|w2
n|} (11)

κw
∆=

E{|wn|4}
(E{|wn|2})2

=
E{|wn|4}

σ4
w

(12)

Table I shows the normalized kurtosis for someM −
QAM sources [1]. It can be noticed that the source kur-
tosis for QAM sources gets high as the modulation level
increases and approaches its critical value which is 2 cor-
responding to the normalized kurtosis of a complex gaus-
sian source. This is mainly due to the fact that as the order
of QAM signals increases considerably the probability dis-
tribution of the constellation points diverges seriously from
the uniform distribution and has a tendency to reach the nor-
mal distribution. Fractionally spaced blind equalization is
practically impossible for complex gaussian source that’s
why in the present work we focus on compromising be-
tween the use of high order QAM modulated input signals
which are quite difficult to equalize and the use of high frac-
tionally spaced constant modulus blind equalization which

Table 1. Normalized source kurtosis forM−QAM sources
complex valuedM −QAM source kurtosis

uniform 16-QAM 1.32
uniform 64-QAM 1.381
uniform 256-QAM 1.395
uniform 1024-QAM 1.399



Fig. 2. CMA cost function in no noise for well-behaved
channel in equalizer space (kurtosis=1.399)

improves considerably the performances of the blind equal-
ization process.

The CM cost function given in equation (8) has been
developed in prior works [4]. For QAM sources and rota-
tionally invariant complex valuedadditive white gaussian
noise(AWGN), the cost function is given in [4] as follows

4JCM = (κs − 2)
P−1∑
i=0

|hi|4 + 2‖h‖4
2 + 2σ4

w‖f‖4
2

+ 4σ2
w‖h‖2

2‖f‖2
2 − 2κs(‖h‖2

2 + σ2
w‖f‖2

2)
+ κ2

s (13)

Fig.2 shows a mesh contour representation of the above
CM cost function in noiseless environment forT2 FSE in 2
taps equalizer space for kurtosis=1.399 corresponding to the
kurtosis of 1024-QAM as shown in table I. The used chan-
nel is a well-behaved one given in table II which means that
it doesn’t have any common sub-channel roots and also the
length channel condition for strong perfect equalization is
verified (see equation 4). It can be noticed that the CM cost
function has a good symmetrical multimodal structure with
a four local minima.

In the counterpart Fig.3 shows clearly the effects of vio-
lating the channel length condition on the shape of the CM
cost function. Refereing to equation(4), it can be easily ver-
ified that for a two tapT2 FSE we haveM = 2 andN = 1
and the requirement forL isL ≤ 2 which requires from the
channel length to be less or equal than 4. This condition is
violated by using the undermodelled channel shown in table
II, where the corresponding length is two taps more than the
required one. Fig.3 represents the CM contour mesh rep-
resentation in noiseless environment in equalizer space for
T
2 FSE with source kurtosis=1.399 and under the undermod-
elled channel. The CM cost function still has a multimodal

Fig. 3. CMA cost function in no noise for undermodelled
channel in equalizer space (kurtosis=1.399)

symmetrical structure with four local minima having sig-
nificantly different heights. It can be noticed that for both
CM cost figures the MSE is moving away from zero as the
source kurtosis increases.

Table 2. Two types of channel impulse responses
channel impulse response type
[0.0195 0.485 1.03 -0.097] well-behaved

[0.25 -0.5 0.1 0.95 -0.37 0.6] undermodelled

5. MEAN SQUARE ERROR CRITERION

Under the assumptions that the noise and source are i.i.d and
jointly incorrelated the source normalized minimum square
error function is given below [1]

JMSE = (Cf − hδ)H(Cf − hδ) + λfH f (14)

whereλ = σ2
w

σ2
s

is the ratio between the noise and source
variances. The vector that minimizes the above function
is f† = A−1CHhδ where,A = CHC + λI . Replacing
the optimal equalizer vector in equation (14) results in the
optimal mean squared error given below

JMSE(f†, δ) = hHδ (I − CA−1CH)hδ (15)

The corresponding optimal system delay can be expressed
as

δ† = argmin

([
I − CA−1CH

]
δ,δ

)
(16)

Fig.4 shows the behavior of the optimal mean square error
when varying both the system delayδ and thesignal to noise
ratio (SNR) for T2 FSE using SPIB1 channel 6.

1The SPIB data base resides at http://spib.rice.edu/spib/microwave.html



Fig. 4. JMSE(f†, δ) versus delayδ and SNR for channel 6

6. SIMULATION

This section deals with the simulation results obtained for
T
2 FSE andT8 FSE for both 256-QAM and 1024-QAM.
Fig.5(a) and Fig.6(a) show the SPIB channel impulse re-
sponses for channel 1 and channel 6 respectively that have
been used in simulation. The simulation parameters are
as follows: the used modulations are 256-QAM and 1024-
QAM, SNR=30dB, step sizeµ = 0.0002, the equalizer
length 30, and the iteration number is 100000. The type
of channel initialization is a double spike one with only two
central taps equal to one and all remaining taps set to zeroes.
T
2 FSE andT8 FSE square error histories for both modulation
types 256-QAM and 1024-QAM using SPIB channel 1 and
channel 6 are shown in Fig.5(b) and Fig.6(b) respectively.
It can be noticed that the two modulation schemes do not
affect too much the performances of the two fractionally
spaced equalizers whereas the choice of the order of sam-
pling the received data is of great interest in improving the
performances of the constant modulus fractionally spaced
equalization process . The simulation graphs show that for
both modulation types and under SPIB channel 1 the mean
square error reaches its minimum value at around -26dB
for T

2 FSE and around -32 dB forT8 FSE after 20000 iter-
ations, while under channel 6 the minimum reachable value
corresponds to around -25 dB forT2 FSE and -32dB for
T
8 FSE. Fig.5(c) and Fig.5(d) compare the constellation dia-
grams of 256-QAM for bothT2 FSE andT8 FSE under chan-
nel 1 and the above simulation conditions. The improve-
ment brought in the performances of the constant modulus
blind fractionally spaced equalization while usingT8 FSE in-
stead ofT2 FSE can be easily seen from the constellation
diagrams.The same remark can be deduced for channel 6
by exploring the corresponding 256-QAM constellation di-
agrams shown in Fig.6(c) and Fig.6(d).

7. CONCLUSION

In the present work the performances of high constant mod-
ulus blind fractionally spaced equalization that uses high or-
der QAM sources (256-QAM and 1024-QAM) have been
investigated. The equalization process performs well as the
equalizer sampling rate increases.
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(a) SPIB channel 1

(b) Square error histories for 256-QAM and 1024-QAM
using T/2 FSE and T/8 FSE

(c) 256-QAM constellation for T/2 FSE

(d) 256-QAM constellation for T/8 FSE

Fig. 5. Simulation results for channel 1

(a) SPIB channel 6

(b) Square error histories for 256-QAM and 1024-QAM
using T/2 FSE and T/8 FSE

(c) 256-QAM constellation for T/2 FSE

(d) 256-QAM constellation for T/8 FSE

Fig. 6. Simulation results for channel 6


