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ABSTRACT

This work presents our new results on data-driven rank re-
duction for rapid timing acquisition in multiple access (MA)
communications systems. The results generally apply to
multiple access systems, such as code-division multiple ac-
cess (CDMA) and the ultra-wide band (UWB) systems, op-
erating over environments with severe radio interference.
Our results show that when only a limited amount of data
is available, rather than the true statistics required for tim-
ing acquisition, reduced rank solutions provide more reli-
able timing information than high-rank solutions. Our re-
sults demonstrate that a low-rank version of the objective
function for timing acquisition, using the estimated statistic
is less sensitive to spurious peaks than that of the high-rank
solutions.

1. INTRODUCTION

Synchronization or timing acquisition is an important as-
pect of every communication system. From a signal pro-
cessing perspective, timing acquisition is related to the tra-
ditional time delay estimation problem in the presence of
multiple access interference and ambient noise. The time
delay parameters are typically non-linearly entered in the
data model, resulting in a non-linear parameter estimation
problem. The maximum likelihood estimation of the non-
linear parameters boils down to a peak search of an objec-
tive function, commonly named the compressed likelihood
function(CLF), over the parameter space. For our problem,
the CLF, is the ratio of quadratic forms involving data co-
variance matrix inversion. When only a finite amount of
data rather than the true covariance matrix is available for
timing acquisition, a reliable low-complexity data-driven so-
lution is in need. In this work, we develop a reduced-rank
data-driven solution that avoids the matrix inversion and
only uses very few data snapshots, for rapid timing acquisi-
tion in a multiple access communications system.
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2. PROBLEM FORMULATION

In an asynchronous multiple access system over the addi-
tive Gaussian noise channel, the baseband data r(t) can be
modeled as,

r(t) =
∑

i

K∑
k=1

Ak bk(i) sk(t − τk − i T ) + n(t) , (1)

where K is the number of active MA users; i is the symbol
index; Ak, bk(i), τk, and sk(t) are the amplitude, BPSK
information bit, propagation delay, and signature waveform
(normalized within symbol interval T ) of the kth user, re-
spectively; n(t) is a white Gaussian process with an average
power of σ2. The signature waveform is generated based on
a binary signature sequence sk[l] ∈ {−1, +1} and the rect-
angular pulse of chip duration. That is,

sk(t) =
1

LTc

L∑
l=1

sk[l] p(t − l Tc), 0 ≤ t ≤ T.

with T = LTc. Denote the k-th user’s propagation delay as
τk = νk Tc + γk, where νk and γk are the integer and the
fractional parts of τk with respect to the chip duration Tc.
In our further analysis and simulations, we choose a nor-
malized chip interval, Tc = 1. Within the i-th processing
interval of length T , which is commonly not aligned with
the unknown delay, the chip-rate matched filtered and sam-
pled data in (1) can be written in matrix form as,

r(i) = A1

(
b1(i − 1)u(r)

1 + b1(i)u
(l)
1

)
︸ ︷︷ ︸

signal of interest

+

K∑
k=2

Ak

(
bk(i − 1)u(r)

k + bk(i)u(l)
k

)
︸ ︷︷ ︸

MAI

+n(i) ,

(2)
where the i.i.d. white noise vectors n(i) ∼ N (0, σ2 IL).
The (L×1) vectors u(r)

k and u(l)
k are the effective signature



vectors of the kth user, parameterized by the delay τk, i.e.,

u(r)
k = (1 − γk

Tc
) s(r)

k (νk) + γk

Tc
s(r)
k (νk + 1),

u(l)
k = (1 − γk

Tc
) s(l)

k (νk) + γk

Tc
s(l)
k (νk + 1),

(3)

with s(r)
k (νk) and s(l)

k (νk) being the right and left portions
of signature vector sk partitioned by the integer part of delay
νk. That is,

s(l)
k (νk) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
...
0

sk[1]
sk[2]

...
sk[L − νk]

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, s(r)
k (νk) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

sk[L − νk + 1]
sl[L − νk + 2]

...
sk[L]

0
...
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

In this work, we combine the MAI and WGN of (2) into
one colored noise vector. Estimating delay of the desired
user τ1 then becomes jointly estimating signal parameters
ν1 and γ1 in colored noise of unknown covariance structure.
The colored noise has zero mean and covariance matrix

Q = UA2
1 UT + σ2 IL,

where U =
[

u(r)
2 u(l)

2 · · · u(r)
K u(l)

K

]
, and A1 =

I2 ⊗ diag{A2, A3, · · · , AK}. Note that the actual structure
of the noise covariance matrix depends on the nuisance pa-
rameters of all interfering users.

3. RANK REDUCTION FOR RAPID TIMING
ACQUISITION

In most communications systems, a fixed preamble (M bits)
associated with each user is used for timing acquisition and
system synchronization. Then the signal of interest as well
as the data model in (2) associated with the preamble bits
can be simplified to

r(i) = β1 u1(τ1) + e(i), i = 1, 2, . . . ,M, (4)

where β1 is an unknown scalar; the signal vector u1(τ1) =
u(r)

1 + u(l)
1 is parameterized by delay θ = [ν1 γ1]T ; and

the colored noise e(i) is of zero mean and unknown covari-
ance, E{e(i)} = 0, cov(e(i)) = Q. Note that under the
Gaussian assumption for the data vectors in (4), the suffi-
cient statistics for estimating all the unknowns, τ1, β1 and
Q, are functions of the sample mean vector and the sample
correlation matrix, i.e.

1
M

M∑
i=1

r(i),
1
M

M∑
i=1

r(i) rT (i)

Hence, in this work, we use the Gaussian approximation to
model the sample mean statistic. That is,

m̂ =
1
M

M∑
i=1

r(i) ∼ N
(

β1 u1(τ1),
1
M

Q
)

.

This turns out to be a reasonable assumption when the com-
bined effect from M preamble bits and the number of MA
users K is large. The delay estimate is then given by [7],

τ̂1 = arg max
τ

J(τ) = arg max
τ

∣∣∣ m̂T Q̂−1 u1(τ)
∣∣∣2

uT
1 (τ) Q̂−1 u1(τ)

, (5)

where Q̂ = 1
M

∑M
i=1 r(i) rT (i) − m̂ m̂T is the sample co-

variance estimate of the unknown Q matrix. Note that with-
out the Gaussian assumption, the above delay estimate is
the non-linear weighted least squares solution for τ1 in the
model of equation (4). Also note that normalizing the objec-
tive function J(τ) by a term m̂T Q̂−1 m̂ (not affecting the
delay estimate) leads to the equivalent adaptive coherence
estimator (ACE) [9, 10].

In communication applications, the preamble bits are
scarce, therefore we propose to use a rank reduction tech-
nique to facilitate the rapid timing acquisition. The rank
reduction technique from our recent work [5, 6] can alle-
viate the problem encountered in sample covariance matrix
inversion (especially when M < L), yet at the same time to
deliver data-driven solutions to low-complexity timing ac-
quisition. In doing so, the rank-r solution to timing acquisi-
tion is obtained from,

τ̂1 = arg max
τ

J (r)(τ) ,

where the rank-r version of the objective function becomes,

J (r)(τ) =

∣∣∣ m̂T w(r)
u1 (τ)

∣∣∣2∣∣∣uT
1 (τ)w(r)

u1 (τ)
∣∣∣ . (6)

In (6), the vector w(r)
u1 (τ) is a rank-r approximation to the

Wiener filter vector defined as wu1(τ) = Q̂−1 u1(τ). It
can be iteratively calculated using the conjugate direction
vectors [2, 3, 5],

w(r)
u1

(τ) =
r∑

i=1

αi di ∈ Kr(Q̂, u1(τ)) ,

where Kr(Q̂, u1(τ)) denotes the rank-r Krylov subspace;
the vectors di ∈ Kr(Q̂, u1(τ)) are the Q̂-conjugate di-
rections; and the scalars αi = uT

1 (τ)di/dT
i Q̂ di are the

best linear combination coefficients (the scalar Wiener fil-
ters working on the decorrelated internal variables zi =
dT

i m̂) for the set of r given conjugate direction vectors.
Specifically, at the r-th step of iteration, out of the rank-r
Krylov subspace Kr(Q̂, u1(τ)), a rank-r approximation to



the Wiener filter is constructed as an optimal linear combi-
nation of the r conjugate direction vectors generated by the
vector conjugate gradient (V-CG) method. The initial direc-
tion vector is chosen as d1 = u1(τ), and the subsequent
direction vectors are chosen as the Q̂-conjugate directions.
That is [2, 5], the new direction vectors are updated using
the innovation contained in the residue (gradient) vector,

dk+1 = gk+1 +
‖gk+1‖2

‖gk‖2
dk , (7)

where dT

k Ryy dm = 0 for k �= m. The residue vector is
updated accordingly as

gk+1 = gk − αkRyy dk , (8)

Note that when the number of available preamble bits M
is very small, making the sample covariance matrix Q̂ rank
deficient (M < L), the proposed reduced-rank version of
the objective function can still be calculated using the above
procedures. In such cases, we observe from the simulations
the advantages of the low-rank timing acquisition scheme
over the high-rank solutions.

4. SIMULATION EXPERIMENTS

The application problem considered in this work is the prop-
agation delay estimation of a desired user in a code-division
multiple-access communication environment [7, 8]. In such
applications, the presence of multiple-access interference
(MAI) from other users renders the conventional correla-
tor based delay estimator useless. As mentioned earlier, we
treat the desired user as the signal of interest and other in-
terfering users as interference of unknown covariance struc-
ture. Under the condition of the near-Gaussian interference-
plus-noise, the maximum likelihood estimate of τ1 simply
corresponds to the maximum of an objective function J(τ1)
in (5) or its scaled version JACE(τ1). This estimator is near-
far resistant due to the fact that it makes use of the structure
of the MAI. In our approximation of this objective func-
tion, we use a sample covariance matrix Q̂ and an implicit
approximation to its inverse, by using a sequence of recur-
sively approximated Krylov subspaces.

For the examples used, we choose a multiple access
system with K = 10 users. The signature length is cho-
sen as L = 31. The SNR for the desired user is fixed as
SNR(1) = 11dB, and the SNRs for all the interfering
users are chosen as SNR(k) = SNR(1) + NFRdB, k =
2, . . . ,K, with near-far ratio chosen as NFR = 0, 10dB.
We vary the number of preamble bits M = 10, 20, 31. In
all the figures, we show the objective functions at different
ranks and different NFRs as a function of delay parameter
τ1. The true delay is marked by a dashed line.

This work demonstrates the applicability of the fast con-
verging reduce-rank Wiener filter to low-complexity data-
driven rapid timing acquisition in CDMA systems.
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(a). data sample M = 10, rank r = 1.
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(b). data sample M = 10, rank r = 2.
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(c). data sample M = 10, rank r = 5.
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(d). data sample M = 10, rank r = 10.

Fig. 1. Rank-r approximation to the objective function using
M = 10 < L data samples for the case NFR=0 dB. The rank
ranges from 1 to 10 in fig. (a) through (d). In all the figures, the
true delay for the desired user is marked by a red dotted line.
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(a). data sample M = 10, rank r = 1.
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(b). data sample M = 10, rank r = 2.
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(c). data sample M = 10, rank r = 5.
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(d). data sample M = 10, rank r = 10.

Fig. 2. Rank-r approximation to the objective function using
M = 10 < L data samples for the case NFR=10 dB. The rank
ranges from 1 to 10 in fig. (a) through (d). In all the figures, the
true delay for the desired user is marked by a red dotted line.
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(a). data sample M = 20, rank r = 1.
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(b). data sample M = 20, rank r = 2.
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(c). data sample M = 20, rank r = 5.
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(d). data sample M = 20, rank r = 10.

Fig. 3. Rank-r approximation to the objective function using
M = 20 < L data samples for the case NFR=0 dB. The rank
ranges from 1 to 10 in fig. (a) through (d). In all the figures, the
true delay for the desired user is marked by a red dotted line.
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(a). data sample M = 20, rank r = 1.
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(b). data sample M = 20, rank r = 2.

0 5 10 15 20 25 30 35
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

objective function J
ACE
(r) (τ) versus delay τ

J A
C

E
(r

)
(τ

)

τ

(c). data sample M = 20, rank r = 5.
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(d). data sample M = 20, rank r = 10.

Fig. 4. Rank-r approximation to the objective function using
M = 20 < L data samples for the case NFR=10 dB. The rank
ranges from 1 to 10 in fig. (a) through (d). In all the figures, the
true delay for the desired user is marked by a red dotted line.



0 5 10 15 20 25 30 35
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

objective function J
ACE
(r) (τ) versus delay τ

J A
C

E
(r

)
(τ

)

τ

(a). data sample M = 31, rank r = 1.
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(b). data sample M = 31, rank r = 2.
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(c). data sample M = 31, rank r = 5.
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(d). data sample M = 31, rank r = 10.

Fig. 5. Rank-r approximation to the objective function using
M = 31 = L data samples for the case NFR=0 dB. The rank
ranges from 1 to 10 in fig. (a) through (d). In all the figures, the
true delay for the desired user is marked by a red dotted line.
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(a). data sample M = 31, rank r = 1.
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(b). data sample M = 31, rank r = 2.
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(c). data sample M = 31, rank r = 5.
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(d). data sample M = 31, rank r = 10.

Fig. 6. Rank-r approximation to the objective function using
M = 31 = L data samples for the case NFR=10 dB. The rank
ranges from 1 to 10 in fig. (a) through (d). In all the figures, the
true delay for the desired user is marked by a red dotted line.
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