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ABSTRACT

Over the last decade much research has been conducted
on exploiting particle filtering techniques in the field of tar-
get tracking. Although the major body of the work in that
area concerns tracking a single target, algorithms have also
been proposed for the multiple target case. In most multi-
target algorithms the state estimator is a basic particle filter
(e.g. a sequential importance resampling filter) used in a
complex multitarget structure. The contribution of this pa-
per is the use of the more powerful local linearisation par-
ticle filter as the basic estimation tool, for the multitarget
problem.

1. INTRODUCTION

The particle filter (PF) is a recursive Bayesian estimator
which was introduced by Gordon et al. in [1]. The basic
PF (sequential importance resampling, SIR) samples ran-
domly the state distributions with a set of samples or ‘par-
ticles’, which when predicted using the system dynamics,
characterise theposterior estimates. Theoretically the PF
converges to the optimal nonlinear/non-Gaussian state esti-
mator, when the number of particles tends to infinity.

When multiple targets exist, modifications to the stan-
dard single-target algorithms should be made. In order to
built target tracks a data association scheme (e.g. [2], [3])
should be adopted so as to assign the new observations to
the targets. After the association a separate tracking filter
for each of the targets can be used.

Another approach is to augmented the state space with
the states of all targets and to use the resulting multitarget
probability distribution (e.g. [4], [5]) for computing the tar-
gets’ states. The latter is appropriate if it is not necessary to
form the individual tracks, but we are interested just in the
states of the targets at any given time.
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In the multitarget particle filtering literature most of the
developed techniques utilise a basic SIR estimator in con-
junction with a more sophisticated multitarget algorithmic
structure. In this paper we study the benefits of using a lo-
cal linearisation particle filter (LLPF) [6] as the main es-
timation tool, concentrating in parallel on a computational
efficient filter implementation. The LLPF approximates the
use of the optimal sampling density employing a set of ex-
tended Kalman filters (EKF) to initially predict the particles
and to form thea-priori state estimates. Compared with the
SIR it has been shown that it improves the tracking perfor-
mance.

The structure of the paper is as follows. Section 2 dis-
cusses the multitarget tracking problem, section 3 outlines
the tracking algorithms, section 4 presents the simulation
results and section 5 summarizes.

2. TRACKING MULTIPLE TARGETS

This section describes the multitarget tracking problem. A
comprehensive introduction to tracking can be found in text-
book [7]. In the scenario to be studied a static radar moni-
torsL targets moving with constant velocity (CV). Their po-
sition and velocity are perturbed with process noises. The
model equation of a single target is given below:

xk = Fxk−1 + sk−1 (1)

where the linear transition matrix is

F =




1 Tr 0 0
0 1 0 0
0 0 1 Tr

0 0 0 1


 (2)

andTr is the radar update time. The state vector:

xk = [xk yk ẋk ẏk]T (3)

consists of the position and velocity of the target in the
Cartesian x-y plane. We letsk ∼ N (0,Qk), whereQk

is the diagonal process noise covariance matrix.



The radar lies in the origin of the plane and measures
the azimuth angle and the range of the targets:

zk =
[

θk

Rk

]
(4)

The measurement equation for a single target is given next.

zk = h(xk) + vk (5)

whereh is the nonlinear function that transforms the target’s
position coordinates from Cartesian to polar:

h(xk) =
[

arctan(yk/xk)√
x2

k + y2
k

]
(6)

For the measurement noise we letvk ∼ N (0,Rk), where
Rk is the diagonal measurement noise covariance matrix.

For simplicity in our analysis we consider 2 targets. Sup-
pose thatx(1)

k andx(2)
k are the state vectors of the two tar-

gets. To implement a multitarget filter we augment the state
space and we create themultitargetstate which is

xk =

[
x(1)

k

x(2)
k

]
(7)

Likewise we augment the noise vectorssk = [s(1)
k s(2)

k ]T

andvk = [v(1)
k v(2)

k ]T , from equations (1) and (5). The
augmented nonlinear functionh in (6) becomes

h(xk) =




arctan(y(1)
k /x

(1)
k )√

x
(1)2
k + y

(1)2
k

arctan(y(2)
k /x

(2)
k )√

x
(2)2
k + y

(2)2
k




(8)

The transition and noise matricesF, Qk andRk are also
augmented:F = diag(F,F), Qk = diag(Q(1)

k ,Q(2)
k ) and

Rk = diag(R(1)
k ,R(2)

k ). For multitarget tracking we apply
equations (1) and (5) using the augmented quantities. The
above analysis can be generalised for theL-target case, if
we augment the state and measurement spaces so as to in-
clude allL targets.

The existence of multiple targets necessitates the use of
a data association logic, so as to assign at each scan the new
observations to the targets’ tracks. For that purpose we asso-
ciate each measurement with the track which isnearestto it.
For our 2-target scenario, we use as a metric the Euclidean
distance, which is simple and computational cheap to im-
plement. When the number of targets is large, it is more
appropriate to use a more sophisticated statistical distance
for the associations.

Consider again that we have two targets. In scank we
get two measurementsz′k andz′′k . Since we do not know

at this point the correct association we construct the two
multitarget measurement update candidates:

za
k = [z′k z′′k ]T , zb

k = [z′′k z′k]T (9)

We then (a-priori) predict the multitarget state and compute
the Euclidean distancesda anddb between the predicted tar-
gets’ position and measurementsza

k andzb
k respectively. We

select the measurement whose distance from the targets is
smaller:

zk =
{

za
k, if da < db.

zb
k, if da > db.

(10)

After the measurement association, we use the parti-
cle filters to estimate the final posterior state. If the num-
ber of the targets is large an optimisation scheme (like the
Viterbi algorithm) would be more computational efficient,
than computing all distances from the different measure-
ment candidates.

We note here that first we predict the particles so as to
compute thea-priori state, and then we associate the obser-
vations. When using an SIR this is straightforward, since
the filter predicts the particles using just the model equation
(1) with random noise samples. Care however should be
taken when using a LLPF, given that the prediction step in-
corporates the measurements as well (whose association at
this point is unknown). In what follows we will address this
problem and we will describe in detail the two algorithms.

3. PARTICLE FILTER ALGORITHMS

In this section we present the multitarget SIR and LLPF al-
gorithms. An introduction to particle filtering and a detailed
description of the single-target SIR and LLPF can be found
in book [8].

3.1. Multitarget SIR

The SIR algorithm is considered to be the basic particle fil-
ter. Consider that the set{xi

k, wi
k}Ns

i=1 is a weighted sampled
approximation of the multitarget state posterior probability
density functionp(xk|zk), wherexi

k is a set ofNs samples
(or particles) with associated weightswi

k, xk is the multitar-
get state vector andzk is the associated measurement vector.
The multitarget SIR consists of a prediction, an association
and an update step.

First the algorithm predicts the particlesxi
k−1 one step

ahead by generatingNs process noise samplessi
k−1 and set-

ting

xi
k = fk−1(xi

k−1, s
i
k−1) (11)

wherefk−1 is the state dynamics function atk − 1.



The association step starts by computing thea-priori
state estimate using the mean of the predicted particles:

x̄k =
1

Ns

Ns∑

i=1

xi
k (12)

Then the distances between the predicted position (ob-
tained fromx̄k) and the candidate augmented measurements
are calculated. For the 2-target case we formza

k andzb
k from

(9) and we transform them to the Cartesian plane using the
following forms:

za
C,k =

[
z′C,k

z′′C,k

]
=




R′k cos θ′k
R′k sin θ′k
R′′k cos θ′′k
R′′k sin θ′′k




zb
C,k =

[
z′′C,k

z′C,k

]
=




R′′k cos θ′′k
R′′k sin θ′′k
R′k cos θ′k
R′k sin θ′k




(13)

The predicted position is given after truncatingx̄k keep-
ing just its position elements:

x̄p,k = [x̄(1)
k ȳ

(1)
k x̄

(2)
k ȳ

(2)
k ]T (14)

The distancesda anddb betweenx̄p,k andza
C,k, zb

C,k are
given by the well known Euclidean metric or`2-norm:

da = |x̄p,k − za
C,k|2, db = |x̄p,k − zb

C,k|2 (15)

For the association we use relation (10).
The update phase assigns a normalised weightwi

k to
each particlexi

k proportional to its likelihood function:

wi
k =

w̃i
k∑Ns

j=1 w̃j
k

(16)

where

w̃i
k = p(zk|xi

k) = N (zk; hk(xi
k),Rk) (17)

Thea-posterioristate estimatêxk is given then by the weighted
sum of the particles:

x̂k =
Ns∑

i=1

wi
kx

i
k (18)

The final step is to resample with replacement the pos-
terior state distribution, using a scheme like systematic re-
sampling (SR) [8]. Firstly we construct the cumulative dis-
tribution function (cdf):

c1 = 0 andci = ci−1 + wi
k, wherei ∈ (1 . . . Ns) (19)
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Fig. 1. Number of predicted particles over measurement
separation.

and we draw a uniformly distributed starting point:

ui ∼ U(0, N−1
s ) (20)

For every particle{xj
k}Ns

j=1 we move along the cdf:

uj = u1 + N−1
s (j − 1) (21)

and whileuj > ci we forcei = i + 1. Whenuj < ci we
assign the resampled particlexj∗

k = xi
k. With the resam-

pling step we eliminate particles with small weights and we
robustify the particle filter.

3.2. Adaptive Multitarget LLPF

Doucet at al. [6] suggested to use linearisation techniques
so as to incorporate the measurements into the prediction
phase of the filter. The proposed LLPF uses EKFs to esti-
mate thea-priori particles. In the multitarget case the asso-
ciation of the measurements is not known before the initial
prediction. Therefore one should construct all possible as-
sociation hypotheses and predict the states using these hy-
potheses. In the 2-target case for example, since there are
two different association hypotheses (za

k, zb
k), one should

predict twice the multitarget state vector. The first estimate
will be computed usingza

k in the EKFs and the second us-
ing zb

k. The measurements are associated based on the min-
imum distance of the twoa-priori estimates from their mea-
surements.

Let us concentrate on the 2-target case. The association
logic as described before, requires to predict twice theNs

particles of the filter. ForL targets we have to predictL ·Ns

particles. Since for a largeL this would be computationally
inefficient, we should use an adaptive number of predicted
particles based on an ‘association difficulty’ metric. For our



algorithm we will vary the number of the predicted particles
according to the Euclidean distanceσk betweenza

k andzb
k.

When the distance is large, the targets are widely separated
and the association is therefore ‘easy’. For that case we need
less precision in estimating thea-priori states and therefore
fewer particles could be predicted. Of course after the asso-
ciation the remaining particles of the chosen hypothesis will
also be predicted.

For varying the number of predicted particles (Np), a
functiong(σk) = Np(k) is introduced:

g(σk) =





Nmax, if σk < σmin.
n(σk), if σmin < σk < σmax.
Nmin, if σk > σmax.

(22)

where

n(σk) =
Nmin −Nmax

σmax − σmin
· (σk − σmin) + Nmax (23)

We useNmax predicted particles when the measurement
separation is smaller thanσmin, andNmin particles when
the separation is bigger thanσmax.

Another implementation issue concerns the use of the
EKFs in the prediction step of the LLPF. When predicting a
particlexi

k−1 we use firstly an EKF for computing its mean
and covariance one step ahead, and then we sample from the
resulting density to obtain the particlexi

k. Since resampling
eliminates small-weighted particles replacing them with oth-
ers,Nr ∈ [1, . . . , Ns] resampled particles have multiplicity
mi

k ≥ 1. Therefore a computational efficient prediction
approach is to use EKFs just for theseNr particlesxi

k−1,
drawing for eachmi

k−1 samples from the predicted densi-
ties (we use thusNs −Nr fewer EKFs).

The algorithm (for the 2-target case) starts by construct-
ing the measurement candidates with equation (9), trans-
forming them to the Cartesian plane using (13) and comput-
ing their distanceσk:

σk = |za
C,k − zb

C,k|2 (24)

Usingσk we calculate the number of the predicted particles
Np from equations (22) and (23).

We then choose randomlyNp from theNs particlesxi
k−1

and we predict them, once for each measurement candidate,
using the EKFs in the way described before:

[x̂a,i
k , P̂a,i

k ] = EKF[xi
k−1,P

i
k−1, z

a
k]

[x̂b,i
k , P̂b,i

k ] = EKF[xi
k−1,P

i
k−1, z

b
k]

(25)

wherePi
k is the state covariance. By sampling the resulting

densities we obtain two set of particles:

xa,i
k ∼ N (xa,i

k ; x̂a,i
k , P̂a,i

k ), xb,i
k ∼ N (xb,i

k ; x̂b,i
k , P̂b,i

k )
(26)

The two candidatea-priori state estimates are

x̄a
k =

1
Np

Np∑

i=1

xa,i
k , x̄b

k =
1

Np

Np∑

i=1

xb,i
k (27)

which we truncate keeping just their position elements:

x̄a
p,k = [x̄a,(1)

k ȳ
a,(1)
k x̄

a,(2)
k ȳ

a,(2)
k ]T

x̄b
p,k = [x̄b,(1)

k ȳ
b,(1)
k x̄

b,(2)
k ȳ

b,(2)
k ]T

(28)

The distancesda anddb between the position estimates and
their measurements are given by

da = |x̄a
p,k − za

C,k|2, db = |x̄b
p,k − zb

C,k|2 (29)

These distances determine the final association:

{xi
k,Pi

k, zk}Np

i=1 =

{
{xa,i

k ,Pa,i
k , za

k}Np

i=1, if da < db.
{xb,i

k ,Pb,i
k , zb

k}Np

i=1, if da > db.
(30)

The remainingNs − Np particles are predicted with equa-
tions (25) and (26) using the associatedzk.

We continue by assigning a normalised weightwi
k to

each particlexi
k using equations (16) and (17). The poste-

rior state estimatêxk is obtained from the weighted sum of
the particles (18). We resample using equations (19)-(21)
assigning to each resampled particle its associated covari-
ance.

This algorithm for convenience will be called adaptive
multitarget LLPF (A-MLLPF). In the simulations for com-
parison we also implemented an algorithmic variation with-
out the adaptive scheme (MLLPF).

4. SIMULATION RESULTS

In the studied scenario a static radar monitored two tar-
gets. The radar update rate was 1sec, the measurement noise
was2o and 1.2m and the track process noise was 0.9m and
0.2m/s (for both x and y axes). For tracking we used the
SIR, the LLPF and the adLLPF, all employing 100 parti-
cles. We also setσmin = 20m, σmax = 40m, Nmin = 5
andNmax = 100. We created 800 different crossing tracks
(figure 2) each lasting 120sec. The initial x-axis target dis-
tance varied uniformly from 10m to 250m. For every track
we performed 50 Monte Carlo simulations, each with differ-
ent measurements. We evaluated the mean values for every
track and then we average them to obtain the overall simu-
lation results.

As we can see from table 1, both proposed algorithms
MLLPF and A-MLLPF had about 34% fewer disassocia-
tions than the MSIR, 40% smaller RMS position error and
11%-16% less track swaps. Comparing the suboptimal A-
MLLPF with the MLLPF, we see that the degradation on
performance is small: 4%-5% for the disassociation and
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Fig. 2. An example of two crossing tracks. The initial tar-
gets’ distance is 130m.

track swaps, and negligible (less than 0.4%) for the RMS
error. The main advantage of the A-MLLPF is of course
its computational efficiency, having on average about 113
particles predicted and using just 35 EKFs (figure 3).

5. SUMMARY

This work introduced a novel multitarget algorithm which
uses as its basis the LLPF. The algorithm employs an adap-
tive mechanism which varies the computational load ac-
cording to the difficulty of the measurements’ association.
Compared with the equivalent multitarget SIR filter, the pro-
posed algorithm gives on average fewer disassociations and
significantly smaller RMS position error. Future work in-
cludes using gating techniques before the association for
decreasing the computational load and developing features
for clutter rejection and for handling a varying number of
targets.
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