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Résumé— This paper describes the unified Refined Instru- and RIVC algorithms are robust to violation of the assump-
mental Variable approach to the time domain identification tions about the statistical properties of the noise. Inipaetr,

and estimation of both discrete-time (RIV) and continuous- ; _ti ; ;
time (RIVC) transfer function models. It demonstrates how f[he discrete-time RIV algorithm has an inherent advantage,

this approach yields parameter estimates with optimalstat in t_h|s respect, over th_e alternative P_EM approach, whieh re
tical properties for the Box-Jenkins and hybrid Box-Jeskin duires these assumptions to be satisfied (except when used
model forms on which the associated RIV and RIVC esti-in its ‘output error’ form, where the noise model is not speci
mation algorithms are based. The performance of the algo-fied). Moreover, the iterative (relaxation) IV algorithmhigh
;g?r;]nsi'svg\]/glz;gg Be mﬂgmggﬁﬁ)ds'i%Sgt?cl)%ca%;{e;grZ'r‘]’g forms the basis of both the RIV and RIVC algorithms, seems
their’practical utility |); illustrated by a number of pr)c'/alctil Iess. s.e-nsitive th_an the PE.M algorithm to the specjfication of
environmental examples. the initial conditions required for the implementation bét
algorithms (e.g., in the RIV case, initial parameter estasa
obtained for the equivalent ARX model using linear least
squares estimation). Moreover, they appear to handld’ ‘stif
dynamic systems, with widely spaced eigenvalues, more re-
liably than PEM. The instrumental variable formulationcals

|. INTRODUCTION means that the RIV and RIVC algorithms are able to exploit
the properties of thénstrumental Product MatriXIPM) for
model order identification [17] [45] (see Appendix 1, which
outlines the identification statistics used in the simolatind
practical examples considered later in this paper).

The paper also points out how the discrete-time Box-Jenkins
model form exploited by the RIV algorithm has certain

the identification and estimation of both discrete-timeyRrl ~ advantages over the ARMAX alternative, although the RIV

and continuous-time (RIVC)ransfer FunctionTF) models algor_ithm can be used .to estimate the ARMAX model, if
[27][43][5][44][28]. It also demonstrates how this appeba this is required. In particular, a theorem is presented that

yields parameter estimates with optimal statistical proge ~ S1oWws how theMaximum LikelihoodML) estimates of the
for both the Box-Jenkins [2] and hybrid Box-Jenkins [41] TF system model parameters are asymptotically independent

model forms on which, respectively, the associated RIV and ©f theAuto-Regressive Moving Avera&RMA,) noise model
RIVC estimation algorithms are based. parameters. The paper shows how this property proves very
As far as the author is aware, the RIV/RIVC algorithms useful for both the theoretical justification and the preatti
together constitute the only unified, time domain, family of implementation of the RIV and RIVC algorithms.

algorithms that provide statistically optimal solutiomsthe ~ Finally, the practical utility of this RIV/RIVC approach to
estimation of both discrete-time and ‘hybrid’ continuous- data-based modelling is demonstrated by the simulation and

time TF models of the Box-Jenkins type. In this regard, real examples presented in the paper, as well as its suatessf

they have advantages over alternative algorithms, sudheas t practical application to many different real ‘?‘ata examp!es
well known Prediction Error Minimization(PEM) approach ~ OVer the past 30 years. The paper also discusses briefly

[8] used in the Matlab System Identification (SID) Toolbox, a nonlinear extension of linear transfer function models,
where the general time domain algorithms fdirect TF based on aState-Dependent Parameter (SDRrm, and

model estimation are only available for discrete-time niede demonstrgtegtr:ttsh efflcalcy_by n;ean(sj ?If a p][a(;tlcatl e;atmple
Following from their exploitation of IV methodology, the RI concernedwi € analysis and modetling of climate data.

Mots-clés— Identification, estimation, discrete-time, cont-
inuous-time, transfer function, optimal instrumentaliadbte.

TheInstrumental Variabl€lV) approach to the identification
and estimatiohof transfer function models has a rich history
in the control and systems literature, with the earliesbalg
rithms of this type dating back to the 1960s [22] [21] [10]]18
[23][26] [24]. This paper outlines the main aspects of tlae st
tistically optimal Refined Instrumental Variablgpproach to

LIn this paper, the statistical meanings of ‘identificatiamd estimation’ Il. THE REFINED INSTRUMENTAL VARIABLE METHOD

are utilized : namely, ‘identification’ refers to the iddiathtion of a uniquely . . . . .
identifiable model order and structure; while ‘estimatioefers to the The RIV algorithm for discrete-time models is applied to

estimation of the parameters that characterize this ifietinodel form. the following Box-Jenkins TF model form, whete'! is the
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backward shift operator, i.e™ "y, = yr_» : Minimization of a least squares criterion functioreip mea-
. o sured at the sampling instants, provides the basis for agach
Y = B(Z_l)uk,(; + D(Z_l)ek e =N(0,02) (1) tic estimation. However, since the polynomial operators-co
A(z71) C(z71) mute in this linear case, the prefilter :
This can also be represented in the following decomposed -1
L . . . —1\ A Cz7)
form, which is particularly relevant in the present insterm fi(z77) = (6)

—1 —1
tal variable context : D(z=1)A(z"1)

can be taken inside the square brackets to yield :
Yr = Tk + &k 2 a y

Here, the noise-free output of the systetp, is generated by
the equation,

ex = Ayl = Bz up, Y
or,
B(z™h) 3)
—— U — . .
A(z1) *0 er=yl +ayl, + . Fanyll,
which is theTF systenpart of the model; and the coloured _ b0u£1 s = — bmu£1 s (8)
noise¢;, is generated by the equation, B o

T =

. where the superscripyg denote that the associated variables
Mek (4) have been prefiltered by;(2~!). As a result, it is now
C(z71) possible to formulate the followingstimation equatiom the
pseudo-linear regressidiorm :

& =

which is the associatelRMA noisepart of the model. In the

equations, (1) to (4), the polynomials ! are defined as System Estimation Equatian y}? _ ¢£0ab Yer  (9)

follows :

AN =1+4az + - +apz" where,

B(z7Y)=bg+brz7t+- +bpz™ T

Cl) = 1t crzt b oeetepa ¢h = [yl uly o uls ) (10)

DY =14+diz7t +-- +dyz71 Oy = far - anbo--- byl” (11)
ando denotes a pure time delay &sampling intervals, each  This estimation equation is simply a way of presenting the
of At time units. BJ model (1) in a pseudo-linear form, so that it can provide a
The estimation problem posed by the model (1) is to esti- suitable basis for the estimation of the TF system parameter
mate the parameters in the TF system polynomjialéz —*) vectord,,. Thus, provided we assume thatz—1), C(z1)
B(z~!)} and the ARMA noise model polynomia{€ (=) and D(z~') are knowna priori, it forms a basis for the
D(z71)} based on the input-output datd’ = {uy; yk}szl. definition of a likelihood function and ML estimation.

The RIV solution to this problem is based on forming esti- There are two problems with this formulation. The most ob-
mation equations for the system and noise model parametersious one is, of course, that ta > —1), C'(2~1) andD(z 1)

in the form of special, pseudo-linear regression relatigpes ~ polynomials arenot knowna priori. The less obvious one is
[14][9]. These estimation equations then provide the Hasis  that, in practical applications, the theoretical assuamstion

an iterative (relaxation) algorithm that estimates theesys  which it is based may not be satisfied and, in particular, the
and noise model parameters in separate but linked iterativenoise may not have rational spectral density and cannaot, the
sub-algorithms. refore, be described very well by an ARMA model.

The RIV algorithm was originally devised [27] from the As we shall see later, both of these problems are solved by the
manipulation of the ML expressions related to the BJ model RIV algorithm which employs an IV optimization procedure
(1). The main aim of the following sub-sections is to provide that iteratively adjusts the unknown polynomials in the BJ
the basic motivation behind this iterative RIV algorithm in model (1) until they converge on an optimal solution.

a simpler and more transparent form, before outlining the

algorithm in the subsequent Section IV of the paper. B. The ARMA Noise Model
In the simplest situation where the noigein (2) is purely
A. The System TF Model white, so thatC'(=~1) = D(z~1) = 1, the prefilterf, (=)

Following the usual Prediction Error Minimization (PEM) in (6) reduces td /A(z~!) and no noise model estimation is
approach (which is ML estimation in the present situation required. Estimation is particularly simple in this casd tre
because of the Gaussian assumptions;Qna suitable error  iterative optimization approach has been termedShmapli-
functioney, is defined as follows : fied Refined Instrumental VariabSRIV) algorithm [29]. In

. . the more general situation where the noise can be represen-
G . — Mmﬂs ) ted by an ARMA model, the full RIV algorithm is naturally
D(z71) A(z71) more complex and involves the separate but linked estima-
tion of the ARMA noise model parameters. Any method of
ARMA model estimation can be used and, in the original im-
plementation of the RIV algorithm, the recursipproximate
Maximum Likelihood AML) algorithm [25] was employed

L =

which can be written as,

C(z™h

Dz HA(z 1) [A(z""ye — B(z Dug—s] . (5)

L =
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for this purpose (see e.g. [28]). Also, the ARMA model can estimate;, of e, from the high order AR model residuals. In
be approximated by a high order AR model : indeed, this is order to form the data vectay, in (16), these estimates have
the method used in the currentimplementation of the RIV al- to be prefiltered byf>(z~1), which is updated in the iterative
gorithm in the CAPTAIN Toolbox for Matlab Another alter- IVARMA algorithm (see the later equations (31) and Appen-
native, which does not provide the facility for recursivéies  dix 2). These prefiltered variables are then used to cortstruc
mation, would be a standard gradient optimization algorith  the estimate of the vectab, given by,
limited to ARMA model estimation, as used in the PEM and . R
ARMAX algorithms of the Matlab SID Toolbox. Y=ol el g )T (19)
Here, however, we will consider briefly another approach
suggested recently [39] as an improvement on an earlier,
related algorithm [30] : namely, the IVARMA algorithm A practical estimation methodology should be robust to vio-
outlined in Appendix 2. This has the advantage that it is lation of the theoretical assumptions on which the assediat
motivated in a similar manner to that used above for TF estimation procedure is based. In the case of TF model esti-
system model parameter estimation. In particular, a skeitab mation, a useful technique for engendering such robustness
error functions} in this case is defined as follows : is the exploitation of optimal IV estimation. Considering a
estimation model of the following general form :

C. Instrumental Variable Estimation

Sk = D(Z,l)&c —Ck (12) General Estimation Equation v, = @10 + ¢, (20)
Now, by introducing the prefiltef,(z~!) defined as, this involves the formulation of the following IV optimizan
problem,
—1\ A 1
Pl E = (13) N N 2
=argmin|| | = > @ ~ D PrUk
the error function can be written in the form, N =1 N =1
21)
ep = —D(z7 el + C(z g2 (14)  which results in the solution of the IV estimation (normal)
. L . ) ) equations :
Then, an associated estimation equation can be writterein th
pseudo-linear regression form : N -1 N
~ T ~
v 22
Noise Estimation Equation e 1/:,C 04 +er  (15) ; PrPk ; PrOk (22)
where, where @ is a general IV estimate of the model parameter
¥T = [ el .. _el2 ¢l f2 gl ] (16) vector based on the input-output dafd’ = {uk;yk}ff:l ;
k k1" k=g ’“T - k= ,, is the data vector; ang, is the associated IV vector.
Osc = [di---dgler - cp (17) " Inthe case of the TF system modgl, 2 ¢,, where,
and ¢, is the approximation error arising from the need to R [_jfl S LR Y |7 (23)
replace the unobserved variables/ip by their estimates (see § k-l Fen The6 70 Th=0-m
below and Appendix 2). The initialn elements of this vector are generated from the ba-

As in the TF system model case, there are clear problems withsjc instrumental variablg,., which is central to the definition

the utilization of the estimation equation (15) to estimtii®  of the IV vectorg, at each iteration of the algorithm. This is
noise model parameters : (i) we do not have access @  an estimate of the noise-free output of the system generated
& ; and (i) theD(Z_l) polynomial is not knowm priori. But by the followingauxiliary model
again, there are solutions to this problem. .

First, if it is assumed thati(z~!) and B(z~!) are available, . B!
then the noise-free outpu, can be obtained from (3) argg Tr = A(z—l)
can be obtained by reference to equation (2), i.e.,

Uk—§- (24)

whereA(z~1) andB(z~!) are estimates of the system model
&k = Yk — Tk (18) polynomials A(z~!) and B(z~!) based on the estimated
parameter vectdd,,, obtained at the previous iteration of the
algorithm. In order to induce optimality, this basic IV, dik
the input variableuy, has to be prefiltered by thg (2 71)

Accessingey, is more difficult but it is well known that a high
order AR model of¢; yields residuals that provide a good
estimate ok}, (see Appendix 2 and [4] [30]).

The above reasoning is the basis of the IVARMA algorithm. prefilter, i.e.,

First, an estimaté, of &, is obtained from the latest, itera- C(z—l)

tively updated estimates of thé(=~1) and B(>~!) polyno- = ——2 1 4y (25)
mials (see later (28)). Then, high order AR estimation isluse D(z=h)A(z1)

to obtain a high order AR model fa; and to generate an it the polynomials based on the estimated parameter vec-

2This is a Toolbox developed by the author and his colleagues many tors Oab andedc obtained at the prewous iteration of the al-
years : see later in the Conclusions Section IX. gorithm.
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Note that, in the ideal but entirely hypothetical situation System Model Parameter Estimation
where the noise-free outpuy, is available for measurement, .
the IV vector in (23) would be replaced by, N N N

b = | 2 Ok | 2 by

b =[xl =2l w17 (26)

This vector is referred to later in Section Ill.

In the case of the TF noise modél, = v, where), is the b=~y =yl w7
estimate ofip,, in (16), as given by (19). It is now the basic (30)
noise instrumental variable, which will be denoteddhythat A s N soaT

Oab — [al *Qp bO bm]

is central to the definition of the IV vectal,, at each iteration
of the algorithm and this is generated by the following noise

- . A B(z"! -~ Ciz~! -
auxiliary model : T = Agz,liuk—& ZCQ = 7,5(2,%14(171)%
R C'(z_l) . IVwvector :
ér = — . 27 , . .
ST @ b= ol el T

Noise Model Parameter Estimation (IVARMA)
whereC(z') and D(z~!) are estimates of the noise model

-1
olynomials C(z~!) and D(z~') based on the estimated > N N
Poly (=" and D(z" ) based on the e bu= | S bevt| T el
parameter vectdd,. obtained at the previous iteration of the k=1 k=1
algorithm ; while&,, is an estimate of the noisg obtained
from the equation (cf. (18)), X I
Py = 67 |:Z "/’k"nbk]
k=1
Sk =Yk — T, (28) ; e if ot ot
Py, = [_ék2—1 T ékQ—q 5k2 k2—1 T sz)_p]T
Once again, in order to induce optimality, this basic IV has t . . N -
be prefiltered, this time by thi (2 ~1) prefilter, i.e., Ogc = [dy--- dg1éy--- ¢
(31)
. . 1 2
Afs 1 A gkl - ykl — Tk, §k2 - f)(zfl)gk
€ = = k. (29)
D(z71) .
éx(high order AR residuals) ¢;* = ﬁék
It is important to note the difference betweén, which is ) Sl £ v R
the source of the noise model instrumental variables and | ¢k = f)(z,l)ng ey = D(Zl,l)ék
is generated by the noise auxiliary model in (27), and the
estimate¢;, of the white noise, which is obtained via high IVuvector :
order AR estimation (see previous discussion). R :]52 N T
ka = [_ek—l e — ek—q k2 e §k2—p]
D. The IV Estimation Equations The iterative form of the algorithm that utilizes the estirna

equations in (30) and (31), or their recursive equivaleists,

Bearing the above motivational discussion in mind, the un- described later in Section IV. First, however, it is necessa
der|ying Computationa| aspects of the full RIV a|g0rithm ar to consider the theoretical jUStiﬁcation for the decommi
summarized below. Heréab is the estimate of the parameter of the estimation into the above Separate, but inter'linked
vectoré,,;, for the system part of the model (1) aRtl, isthe ~ System and noise model estimation modules.

associated covariance matrix. The vedgr is the estimate
of the parameter vectdt,. for the ARMA noise part of the
model andP,,.. is its associated covariance matrix. Agd The original maximum likelihood development of the RIV

is the estimate of the variance of the white noise inputas method [27] [43][28], as well as the related motivation sutl
obtained from the residuals of the noise model estimation, i ned in the previous section, are based on the decomposition o
the usual manner. Note that because éheblocestimation the estimation problem into two separate but inter-linkgat s
equations given in this summary are in a standard IV form, problems : first the estimation of the system transfer fiamcti

it is straightforward to convert them into their recursi%e I  model parameters under the assumption that the noise mo-
equivalent (see e.g. [28]). del parameters are known ; and second, the estimation of the

IIl. THEORETICAL JUSTIFICATION OF THERIV METHOD
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ARMA noise model parameters under the assumption that TFmodel estimation algorithm, such as RIV, is able to estimate
system model parameters are known. This approach is theran ARMAX model, without any approximation, from data ge-
carried over to the formulation of both the discrete-tim& Rl  nerated by a stochastic ARMAX system (the ARMAX model
and continuous-time RIVC algorithms (see later Section VI) is simply a constrained BJ model), the reverse is not true. If
The justification for such a simplifying approach is given by the polynomials are not to share common factors, then the
the following modified version of the theorem due originally ARMAX form of the BJ model is :
to Pierce [12] and formulated in the present control theoret .
form by Young and Jakeman [43][44][28]. A(z7)yi
F(z™1 =

Theorem ([27] [43] after [12])

Bz Nug_s + F(z Yes,
D(="HA(=")

If, in the Box-Jenkins TF model (1) :

(i) theey, are independent and identically distributed with zero
mean, variance? and skewness and kurtosis andks ;

(ii) the parameter values are admissible (i.e. the model is
stable and identifiable), and

(iii) the uy, are persistently exciting ;

C(z71)

so that the noise polynomial is not normally of finite dimen-
sion and estimation of a finite size polynomial will imply an
approximation.

IV. SUMMARIES OF THE ITERATIVE RIV ALGORITHMS
In this section, the simplified SRIV and full RIV algorithms

then the ML parameter estimates, obtained from a data set olre outlined to clarify the nature of the iterative updating

N samples, possess a limiting normal distribution, such that
the following results hold :

1. the asymptotic covariance matrix of the estimation arror
associated with the estimate of the system parameigys;f
is of the form :

2 1 N -1
o ) o oT
Py = N lphm N}; ¢k¢k]

2. the estimates of the noise model parameteysdf} are
asymptotically independeat the {a;; b;} estimates and have
an error covariance matrix of the form :

{gee]]

3. the estimatés? has asymptotic variancg20/N)(1 +
0.5k2) and, ifk; = 0, is independent of the above estimates.

g

2
Pdc N

Here,qobk andw,, are, respectively, the underlying ‘ideal’ IV
vectors for the system and noise estimation models useé as th
basis for the RIV algorithm outlined previously (see equadi
(26) and (16), respectively). It is clear, therefore, thgton
convergence of the RIV algorithm, the elements of the vactor
{bk and{bk will converge in probability (see e.g. [28]) to the
equivalent elements of these ideal vectors. Consequéﬂtly,
ands,, can be used to compute estimakeg, andP .. of the
parametric covariance matric#y,;, and P,. defined in the
Theorem, as shown in equations (30) and (31).

Proof See Pierce [12], using the formulation of the Theorem
in [43][44][28].

Comment(The selection of the TF model form is often de-
cided by the predilection of the analyst. However, the above
theorem suggests that the ML estimation of the BJ model ha
one particularly attractive statistical advantage : nanteke

asymptotic independence of the system and noise model para

meter estimates (i.e. the covariance matrix is block diafon
thus justifying the system-noise model decomposition ithat
an essential element of the iterative RIV/RIVC algorithins.
addition, Jakeman and Young [6][7] have investigated this a
pect of the RIV algorithm further and showed that, while a BJ

S

The SRIV Algorithm (additive white noise)

Step 1.Use the standareh-blocor recursive Least Squares
algorithms (.e. ARX model estimation) to generate an
initial (iteration 1) estimate of the TF system model pa-
rameter vectoé ;.

Step 2.Iterative IV estimation with prefilters.
for j = 2 : convergence
(i) Generate the IV series; ;, from the auxilary model :

Bj-1(z7")
Aj1(z7h)
with the estimated polynomials based on the estimated

parameter vectd,;, obtained at the previous iteration
of the algorithm.

Tjk = Uk—6

(i) Prefilteryy, uy andz; j, with f1(z=1) = 1/4; 1 (z71).

(iii) Based onthese prefiltered data, compute the estimate
of the TF system model parameter vecéyy, using
the en blocalgorithm in (30) or its recursive equiva-
lent.

end

Step 3.Compute the estimated parametric error covariance
matrix associated with the parameter estimates from the
following expression (see (30) and Section Il1) :

N —1
z&sk&sk]

k=1
It should be noted that this SRIV algorithm is very simple
in comparison to the RIV algorithm outlined below and
so it is much more computationally efficient. This allows
for very rapid model order/structure identification usihg t
associated RIVID algorithm in the CAPTAIN Toolbox (see
later example).

]-Sab = &2 [

The fact that the SRIV algorithm yields consistent estimate
of the system model parameters, even in the coloured noise
situation, means that these estimates can provide themiafor
tion required for the initiation of the full RIV algorithmnl
particular :



Journées ldentification et Modélisation ExpérimentaleEFA006 — 16 et 17 novembre — Poitiers

1. The SRIV estimate of thd(z~!) polynomial provides (iv) Based on these prefiltered data, compute the estimate
an initial estimate of the associated prefilter polynomial. of the TF system model parameter vecfy, using
2. the initial identification (the polynomial ordepsandq) the en bloc IV algorithm in (30) or its recursive
and estimation of the ARMA ¢) noise model can be equivalent.
based on the estimagg from the equation : end
€n =y — 2 (32) Step 3._Compute t_he estimated parametric error covariance
matrices associated with the parameter estimates from
wherez;, is the estimate of noise-free output of the sys- the following expressions (see (30), (31) and Section
tem from equation (24) (and also the source of the 1Vs). 1 :
Any algorithm for the ML estimation of ARMA models . .
can be used, including the IVARMA algorithm described R O PN R P AN,
in the previous Section Il and Appendix 2. Of course, if Pap =0 kZ PPy Pic=0 kZ’W/’k
=1 =1

the noise model is identified as an ARRfrocess, then

simple least squares estimation of the AR model can beNormaIIy, only 4 iterations are required for convergence.

e_tmhployedl.dlgdee_d, ?? r(r;ebntlolned prevt|_0us:_y, the EXQRO-'” general, however, it is safer to either specify more than
ritnm cou’d be simpliied by always estimating an . 4 iterations or, as indicated in the algorithm above, use

&o;f: g‘:dilt’al:igi:thissﬁxmrﬁggglth:g;hf Caennz?xprzoxran automatic convergence rule based on the change in the
y Y ( PP ): parameter estimates.

The RIV algorithm in the CAPTAIN Toolbox has used

this approach very successfully for many years (although 5 Convergenceof the Iterative Algorithms

it will shortly be modified to allow for a full ARMA ] ]
noise model, if this is required by the user). The SRIV and RIV algorithms are rapidly convergent, nor-

mally converging to a stationary solution in only a few itera
tions (typically 3-4). Moreover, they have been availale f
. ) ) : many years in the CAPTAIN Toolbox, where they have been
and_ SR.IV algorithms is ObV'.OUS (seeeg. [28]_) and is an very robust in simulation and practical applications, v
option in the CAPTAIN version of these algorithms. ging in all cases where the model is identifiable from the data
With the above observations in mind, the main steps in the The convergence of these algorithms has not been considered
RIV algorithm are as follows : theoretically but the SRIV algorithm is quite similar to e
The Full RIV Algorithm (additive ARMA noise) rative least squares algorithm of Steiglitz a_md M(_:Bride][15
the convergence of which has been established in the case of
white additive noise [16]. Moreover, the inherent optinmes-i
trumental variable nature of the SRIV algorithm removes the
limitations of the Steiglitz and McBride-type algorithmtime

3. Of course, because of the pseudo-linear regression ap
proach used in RIV, the implementation of recursive RIV

Step 1.Apply the SRIV algorithm in the standard manner
and compute an initial (iteration 1) estimate of the TF
system model parameter vecty;.

Step 2.Iterative IV estimation with prefilters. coloured noise situation [16]. The convergence of the more
for j =2 : convergence complex RIV algorithm has not been established theoréyical
() Generate the IV series; ;. from the auxilary model : but, again, it has been used successfully for many yeargin th

form where the noise is modelled as an AR process (later re-
. Bj_l(z—l) ferred to as RIV-AR), without any convergence problems in
Tjk = = _Uk—-§ H i ; i
A (1) identifiable situations.
with the polynomials based on the estimated parame- V. DISCRETETIME EXAMPLES
ter vectorf,,; obtained at the previous iteration of the A Discrete-Time Simulation Example 1
algorithm.

Here, the RIV algorithm is applied t& = 1700 samples
of simulated data generated by the following Box-Jenkins TF

(i) Obtain an estimate of the noise model parameter vec- 0 e -

tor 8,4, based on the estimated noise sequé&pdeom

equation (27), using a selected ARMA estimation al- 0.016 4 0.0262~1 — 0.03752 2 1405271
gorithm (in the case of the IVARMA algorithm the Y% = "1 1 6252.-1 1 0.6422 2 % T 0’51k
en-blocsolution in (31) or its recursive equivalent). up = N(0,8.8) e, = N(0,0.0009)

(i) Prefilter the inputug, outputy, and instrumental

variablez; ;, signals by the filter This is a ‘stiff’ dynamic system, with widely spaced eigen-
values, and it has a reasonable noise level (noise/sigtial ra

1 C’j(zfl) of 0.33 by standard deviation). The TF can be decomposed

A7) = Di(z"1)A;_1(z71) into a parallel connection of three TFs : one a simple gain,

0.015964; and two with first order TFs having time constants
with the polynomials based on the estimated parame-of 2.6 and 18.7 samples. This is a common model form in the
ter vectord,; obtained at the previous iteration of the environmental sciences but it appears to pose some problems
algorithm andd ;. obtained in (ii). for the PEM algorithm.
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Table | compares the results of single run and MCS analysis, =~ RV Estimation (no failres) | PEM Estimation (9 fallures)
based on 100 realizations, for the RIV, SRIV, PEM and IV4
algorithms (the latter two from the latest Matlab 7.2.0.283 PRSIV

(R2006a) SID Toolbox). It also presents the results obthine 0.5 A A stV o.sm w m m
with the RIV algorithm when the ARMA model is approxi-
mated by an AIC (see Appendix 2 and [1]) identified AR(5)
model (RIV-AR). As would be expected because of their com- i 1 A A e I 1
mon basis in maximum likelihood estimation, both of the RIV
and PEM algorithms perform similarly when convergence oc-
curs, with the single run predicted standard errors on the-pa
meter estimates matching reasonably the standard dengatio
computed from the MCS analysis. However, in this example,  -1f 1 -1r
the PEM algorithm fails to converge in 9 of the 100 realiza-

Parameter Estimates
]
o
ul o
T
Parameter Estimates
<
a

tions (these realizations were removed in computing the sta | I W
tistics shown in the Table), while the RIV algorithm does not [l WEWA N YON NPT '

fail at all. A plot of the results is shown in Figure 1, with RIV

in the left hand panel and PEM in the rlgh_t hand panel. -2 5 o0 % . 0
The SRIV algorithm also performs well : in fact, in terms of Number of Realizations Number of Realizations

the single run and MCS estimated mean parameter estimates, . . -
it performs better than PEM in the sense that it has no Fig. 1. MCS comparison between RIV and PEM on a difficult

. . . example
failures. However, we see that its estimated standard<error
are too optimistic, as might be expected. Also, note that an
estimate of an ARMA model for the noise can be obtained . )
by applying the IVARMA algorithm separately to the residual SRIV). _In this case, it produces reasonable results but they
noise estimate obtained from the SRIV estimation results. F  &ré noticeably poorer than those of RIV and SRIV. However,
illustration, this is shown in the Table only for the singlenr  like them, it has no failures amongst the MCS realizations.
case. Of course, it had no influence of the TF system modelTNis is not always the case, however, as we see in the next
parameter estimates and it was not computed at all in the MCSSimulation example.
simulation results presented below this. Note that this\SRI
algorithm is computationally a quite efficient algorithm (a
little faster than PEM in this case and only marginally slowe This example is concerned with a simulation model based
than 1V4) and so, as pointed out previously, it provides the on a R 2 4] TF model identified and estimated from the
best algorithm for initial model structure/order identiiion real effective rainfall-flow data shown in Figure 2. Itis a re
analysis. appraisal of an example used in a previous comparative study
The results in Table | are typical of the performance compa-[49] but now using the latest available versions of the RIV,
rison in the case of examples such as that considered herePEM and IV4 algorithm$ The lower panelin Figure 2 shows
The poorer performance of the PEM algorithm appears tothe hourly flowy;, measured in a river over most of a year
be due to the ‘stiff’ nature of the TF model in this example (7500 hours or 312.5 days) ; while the upper panel shows the
and a consequent failure to converge from the initial condi- associated ‘effective rainfalt:; (see next Section V-C). The
tions specified for the parameter estimates in the PEM gra-simulation data are generated by passing this effectinéalhi
dient optimization algorithm. It is clear from the resultst input through the model, with its parameters set to those
the RIV algorithm does not suffer from this problem and is al- estimated from the real data. The output is then contantnate
ways providing statistically consistent and efficientrasties. by white noise with variance? = 5, giving a noise/signal
It is, in other words, another approach to optimal estirmatio ratio (by standard deviation) 6£62.
of discrete-time TF models of the Box-Jenkins type (which Table Il compares the results of the RIV estimation (here
includes the ARMAX model as a special constrained case, aseffectively SRIV because the additive noise is white) with
pointed out previously). those obtained using the PEM and IV4 algorithms. Again,
Finally, we see that the RIV-AR results are comparable with as would be expected, both of the RIV and PEM algorithms
those of RIV (for convenience, the AR(5) noise model pa- perform similarlywhen convergence occursith the single
rameter estimates are not shown). They demonstrate how thisun predicted standard errors on the parameter estimates
‘approximate’ implementation of the RIV algorithm is appea matching the standard deviations computed from the MCS
ling because it is computationally much more efficient than analysis. However, the PEM algorithm has a quite high
RIV and yet performs similarly in most cases. For this rea- failure rate of 19.4% : it fails to converge satisfactorily i
son, as pointed out previously, itis the currentimplemiéoita 24 of the 124 realizations (these realizations were removed
used in the CAPTAIN Toolbox. in computing the statistics shown in the Table) while, as in
The IV4 algorithm, which also uses an AR noise model, the previous example, the RIV algorithm does not fail at all.
has been likened to the RIV algorithm but it is, in fact,

quite different (See Conclusions Section |X) and. in gehera 3the previous results obtained with the PEM algorithm wenesaterably
’ ’ worse than those shown here but it would appear that somevaments

does nOt_ perform nearly as W_el_l as RIV (although it is have been introduced into the algorithm since the origimadlysis was
computationally much more efficient : about the same as carried out.

B. Discrete-Time Simulation Example 2
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Method | Vvalue | a1 | a | b | b | b | & | di | Failures]
True Values| -1.6252| 0.642 | 0.016 | 0.026 | -0.0375| -0.85 0.5
RIV (SR) 0 -1.6112| 0.6331| 0.0162| 0.0264| -0.0375| -0.845| 0.494
SE 0.0449 | 0.0334| 0.0003| 0.0007| 0.0018 | 0.01 0.02
RIV (MCS) 0 -1.6255| 0.642 | 0.0160| 0.0260| -0.0375| -0.847 | 0.501
SD 0.0254 | 0.0200| 0.0002| 0.0004| 0.0010 | 0.01 0.02
SRIV (SR) 0 1.6312 | 0.649 | 0.0165| 0.0256| -0.0379| -0.848| 0.485
SE 0.0199 | 0.0159| 0.0007| 0.0014| 0.0009 | 0.010 | 0.02
SRIV (MCS) 0 -1.6164| 0.635 | 0.0159| 0.0262| -0.0372 - -
SD 0.0535 | 0.0428| 0.0005| 0.0013| 0.0014 - -
PEM (SR) 0 -1.5939( 0.6204| 0.0161| 0.0266| -0.0367 | -0.849 | 0.502
SE 0.0650 | 0.0480| 0.0003| 0.0010| 0.0026 | 0.01 0.02
PEM (MCS : 91/100) 0 -1.6166| 0.6354| 0.0160| 0.0261| -0.0371| -0.849 | 0.502 9
SD 0.0400 | 0.030 | 0.0003| 0.0007| 0.00164| 0.01 0.02
RIV-AR (SR) 0 -1.611 | 0.6328| 0.0162| 0.0263| -0.0375 - -
SE 0.0440 | 0.0328| 0.0003| 0.0007| 0.0017 - -
RIV-AR (MCS) 0 -1.619 | 0.6371| 0.016 | 0.0261| -0.0373 - -
SD 0.0356 | 0.0270| 0.0002| 0.0006| 0.0014 - -
IV4 (SR) 0 -1.568 | 0.6019| 0.0162| 0.0270| -0.0357 - -
SE 0.0991 | 0.0716| 0.0003| 0.0016| 0.0040 - -
IV4 (MCS) 0 -1.6090| 0.6298| 0.0160| 0.0262| -0.0369 - -
SD 0.0513 | 0.0384| 0.0002| 0.0008| 0.0021 - -
TABLE |

MONTE CARLO SIMULATION RESULTS FOR SIMULATIONEXAMPLE 1 : SEDENOTES THE STANDARD ERROR ON THE
ESTIMATES; SD THE STANDARD DEVIATION OF THE MCS REALIZATIONS ; SRTHE SINGLE RUN RESULTS AND MCS
THE RESULTS FROMMCS ANALYSIS BASED ON 100RANDOM REALIZATIONS.

The performance of IV4 is much worse : it fails to converge algorithm. Moreover, it is not particularly well justifieah i
satisfactorily in 114 of the 124 realizations, an unacdelpta  practical terms because, as we shall see, the only sigrtifican
failure rate of 91.9%. nonlinearity occurs at the input to an otherwise linear pssc
This model is an even ‘stiffer’ dynamic system than the pre- (i.e. it is identified as a Hammerstein process). The ohjecti
vious example, with time constants of 6.5 and 605 htyansd of the modelling in this case is, therefore, to identify a
PEM'’s problems seem, once again, to be connected with thisData-Based Mechanisti(OBM) model (see [32] [38] and
property. When the algorithm fails to converge on the cdrrec the references cited therein) that has a satisfactory phlysi
system, it most often converges on a false optimum with oneinterpretation and can provide the basis for much simpldr an
root of the denominator polynomidl(>—*) negative and very ~ computationally inexpensiveal-time flow forecasting.

close to the unit circle ; while the other is positive and just e relationship between daily measures of rainfalland
greater thar).9 (a typical example i§—0.99943,0.91657}). flow y;, is nonlinear, sdState-Dependent Paramet(8DP)
And, in all cases suph as this, the e_pr:_;mation of the data isggtimation (see later and [33] [35] [48] [34]) is used to
poor : e.g. the coefficient of determinatidty, (see Appen- jgentify the model structure. This identifies a Hammerstein
dix 1), based on the simulated noise-free outputis only — ype model with an input nonlinearity, in which the SDP is
circa 0.85, compared with7. very close to unity when cor- - gependent on the flow, acting as a surrogate measure of the
rect convergence occurs (as in all the RIV estimated madels) ¢.i| moisture (catchment storage) effects. The functicthisf
nonlinearity can be explained by considering the nature of
the rainfall-flow process. When the flow is small, the soil
The Leaf River watershed is a humid watershed with an areais corresponding dry and so rainfall falling on it tends to
of 1944km? located north of Collins, Mississippi. It has been be absorbed. As a result, it produces less flow in the river
the subject of recent research in which the Bayesian-iedpir channel than it does if the flow happens to be high and the
Ensemble Kalman Filtenas been used as an approach to flow soil is saturated with water. The output of this nonlingaui,
forecasting [11]. This is a very computationally expensive which is the input to the linear TF part of the model, is called
methodology, however, requiring the generation of many the ‘effective rainfall’ because it is that part of the raiff
Monte Carlo realizations at each recursive update of thethatis not trapped by the soil and is effective in causing flow
variations.

C. Discrete-Time Practical Example

4Note that these time constants are sensitive to the estimaiedel Alth h trained TE del lai the dat Il
parameter values and were computed from estimates with oieciEnal ough an unconstraine model explains the data we

places than those shown in Table I1. (R% = 0.86 : i.e. 86% of the output variance explained by
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| Method | Value | & as | b | b | Failures]

True Values| -1.8563| 0.8565 | 0.0545| -0.0542
RIV (SR) 0 -1.8575| 0.8578 | 0.0543| -0.0541
SE 0.0028 | 0.0027 | 0.0009| 0.0009
RIV (MCS) 0 -1.8560| 0.8563 | 0.0545| -0.0543
SD 0.0027 | 0.0026 | 0.0008| 0.0008
PEM (SR) 0 -1.8561| 0.8563 | 0.0546| -0.0543
SE 0.0028 | 0.0028 | 0.0008| 0.0008

PEM (MCS) 0 -1.8585| 0.8587 | 0.0541| -0.0539 24
SD 0.0027 | 0.0027 | 0.0008| 0.0009

IV4 (MCS) 0 0.0954 | -0.8806| 0.0585| 0.0481 114
SD 13.0 11.6 0.0224| 0.694

TABLE Il

MONTE CARLO SIMULATION RESULTS FOR SIMULATIONEXAMPLE 2 : SEDENOTES THE STANDARD ERROR ON THE
ESTIMATES; SD THE STANDARD DEVIATION OF THE MCS REALIZATIONS ; SRTHE SINGLE RUN RESULTS AND MCS
THE RESULTS FROMMCS ANALYSIS BASED ON 100RANDOM REALIZATIONS (OUT OF 124 TOTAL REALIZATIONS).

30 | TF | Slow | Quick 1] Quick 2] Inst. ]
Static Gain 0.201| 0.238 0.433 | 0.068
200~ 1 Partition % 21.4 25.3 46.1 7.2

Resid. Time (d)| 24.8 1.23 2.46 0.0

100+ q
TABLE llI
TF DECOMPOSITION

“L | Lo .
0
1000 2000 3000 4000 5000 6000 7000
Effective Rainfall

40

] constrained model.

1 bo+ b1zt 4 bz + b33
U= "0 T o 1)1 T ape- 1) up + & (33)

up = (1 — e )y (34)

10

3600_ 4000 5000 6000 7000
Time (hours) The estimation results obtained in this manner are as fsllow
where the figures in parentheses are the estimated standard
Fig. 2. Hourly effective rainfall (upper panel) and river grrors:
flow (lower panel) data from a typical catchment. The
effective rainfall is used as the input signal for the second . o
Simu|ati0n example. a1 = —0961(0008), g = —0443(001)

1000 2000

bo = 0.068(0.004); by = 0.0151(0.009)

the simulated model outputy), the TF poles are complex by = 0.0125(0.009); b3 = —0.0841(0.004)

(0.9533; 0.5500 + 0.31807) and there is no obvious physical 4 = 0.0124(0.0005)

explanation for such characteristics. Consequently, deor

to satisfy the tenets of DBM modelling, which require that

the model should be capable of interpretation in physically The nonlinear input function in (34) is a simple exponeihial
meaningful terms, a constrained form of SRIV estimation rising function of y, that was initially identified in this

is utilized. This involves a novel optimization routine in form using state-dependent parameter estimation (see late
which the constrained real pole parameteassand «s in and Section VIII). This model explains the data as well as
the model equation (33) below, as well as the parameter the unconstrained version, and the nafzeis identified as

in the associated nonlinear input model equation (34), areeither an AR(5) or ARMAGS, 2) process. The estimation and
continually optimized by nonlinear least squares and teger  validation results are shown in Figure 3, where we see tleat th
asa priori known parameters in a constrained version of the model based on the estimation data set continues to explain
SRIV algorithm, that then provides the estimates of the TF the flow behaviour in the validation data measured some nine
numerator parametets,i = 0,1,---,3. The optimization  years later, with &2 = 0.89 (i.e. marginally better than that
cost function is based on the errgr — i) between the  obtained on the estimation data set) based only on the Hainfa
measured outpuy, and the outputz;, of the complete  and without any re-estimation of the model parameters.
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oo (@) Estimation of the validation data.
A novel feature of this KF implementation is its exploita-
_aoor 1 tion of SDP elements to model the effective rainfall nonli-
ﬁ 300/ 1 nearity and the state-dependent heteroscedasticity méae
%200» | surement noise (shown by arrows in the above modified KF
z algorithm). Note how these methodological innovations pro
toor A ],\* 1 vide not only a good flow forecast (normal Coefficient of De-
9[95;2.8 19529 1953 1953.1 1953.2 195;3.3 195‘3.4 1953.5 1953.6 1&;53.7 termination based on the forecaSting el’rorﬁf = 090’
Date with residual variance of 618umecs?, compared with 1207
(b) Validation cumecs? for a naive forecast set equal to the previous day’s
600 . ‘ ‘ ] measured flow) but also forecast standard errors that eaptur
500 oo 1 the changing uncertainty associated with the flow forecasts
3 400 1 In the latter regard, note how the standard error boundseon th
"12300, ] forecasts are functions of the flow, with larger standardrsrr
2 200k ] at the larger flows.
1007 Y 1 Kalman Filter Forecasts of Leaf River Data
O1961.7 1961.8 1961.9 15;62 1952.1 1962.2 19(!2.3 1962.4 19;2.5 196;6 o ‘ ‘ ‘ ‘ IS F|O\)Vdata
Date ; —Flow Forecast
0 - - - Standard error bounds
Fig. 3. Estimation and validation results for the final pagam 250 it 1

terized DBM model y

The physical nature of the TF model (33) can be investigated
by using partial fraction expansion to decompose it into a
variety of forms. However, the most physically meaningful
decomposition obtained in this manner is the parallel pathw
form shown in Figure 4 (see next page), where the first order ~ *®
TF blocks are defined by the TF decomposition in Table .
lll. This makes sense in hydrological terms, with the quick ol
residence time (time constant) blocks of 1.2} and 2.46
days, respectively, explaining the surface process dycami AN HRVANS AV A\ e N
and the slow residence time block (24.8 days) representing  “isssis sz 15625 19583 15635 19564 195845 10885
the groundwater effects.

In this example, the main reason for modelling is to fad#éita Fig. 5. Nonlinear Kalman Filter forecasting results for the
adaptive, real-time flow forecasting based on a modified  Validation data set

version of theKalman Filter (KF). For these forecasting

purposes, the TF model is transformed into a state-space

form with the state variables in the state vector defined VI. THE CONTINUOUS-TIME RIVC ALGORITHM

as the outputs of the parallel pathways defined in Table Ill The continuous-time RIVC algorithm is concerned with the
and shown in Figure 4. The associated KF forecasting engineestimation of the parameters in the following multi-order
is based on the approach used previously by the author andiifferential equation model based on discrete-time, sathpl
his colleagues (e.g. [36] [13]) and is implemented in the data measurements of the input and output variables :
following prediction-correction form :

150

Flow (malsec)

d"z(t) d"la(t)

Prediction : o + a; Jpn1 + -t anz(t)
Zpp—1 = Fap_1+ G(1—e")rp< nonlinear input — by d™u(t — ) bt bt — 1)
Pir1 = FP, FT 4 52Q,< NVR matrix o dem
Jer—1 = h &g ’
o} = o}(y?)« heteroscedastic noise variance 2™ () + arz V() + ..+ ana (1)
Correction - =bou™ (t —7) + ... + bpu O (t — 1)
B = Gy + T - {yk _ yk|kfl} In transfer function (TF) terms, this takes the form ;
I, — Py ihlo? +h'Pyy b~ oft) = Speopult = 1), (35)
P, = Py —ILh Py

with

Figure 5 shows the one-day-ahead forecasting results-obtai . 1
ned when the above forecasting algorithm is applied to a part Als) = s" +ars"" + -+ an,
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Quick Quick P, ,=64.5%
Pathway 1 Pathway 2 Noise 6k
Effecti (Surface (Surface
Rainfall ective Processes) Processes) Flow
Rainfall RT=1.23d RT=1.23d
- Effective P=71.4% y
L Rainfall P,=35.5% k
Nonlinearity + >
S(y,.u,) P,=21.4%
Slow
Pathway
(Base flow)
P.=7.2% RT=24.8 d 0.068
|

P,, i=1,3 are partition percentages; P,,i=1,2 are sub-partitions in ‘Quick’ pathway

1i*

Fig. 4. Physically meaningful decomposition of the DBM mbiti¢o 3 parallel pathways with partitionB,,: = 1,2,3. RT

denotes the Residence Time (time constant) in days (d).
- 1 1
i)

a

wheres is the differential operatoi,e. sPx(t) = df;gt). It

is assumed that the input signgk(t),t1 < t < tn}is

applied to the system and that this input and the output
x(t) are sampled at discrete timgs- - - , ¢, not necessarily
uniformly spaced. Note that for simplicity of presentatian

this paper, the nomenclature for the TF model parameters y(,)
used here is the same as that used in the discrete-time case. | Oads ‘

Y, (O

¥y

v, @)

¥y, (0

1 1% ()

|5 |

b

[}

However, it should be stressed that these parameters are
associated with the continuous-time TF model and, of course

both their meaning and values are quite different. E
In the case of uniformly sampled data at a sampling interval :
At, the measured outpytt, ), wheret;, = kAt, is assumed EF

to be corrupted by an additive measurement ngisg),

y(tr) = o(ty) + E(tr)

wherez(t;,) is the hypothetical noise-free, deterministic out-
put of the system and, as in the discrete-time cé§g,) is
modelled as a discrete-time ARMA process, i.e.,

-1
E(ty) = D(Z_l) where now the subscrigt denoteshybrid prefilteringwhich
C(z71) is completely analogous in function to that used in the

The estimation prob]em posed in this manner is to esti- discrete-time modelling situation, but involves a comhiora

mate the parameters of the differential equation model from Of continuous and discrete-time filters. First, the prefite

N sampled measurements of the input and outplit = derivatives are obtained as the inputs to the integrators in

{u(ty); y(te)}Y_,. In the case of non-uniform sampling, the the continuous-time implementation of the initial prefilte

sampling intervalAt will itself be a function of the sampling ~ 1/A(s), as shown in Figure These are then sampled at the

integerk, i.e. At = At(k) sampling intervalAt, prior to discrete-time prefiltering using
S . : . . . . i i ; -1 -1 in Ei

In this continuous-time situation, the ARMA noise estiroati  the inverse noise filte€'(z~")/D(=""), as shown in Figure

model remains in the form (15), since the noise model is not /- Of course, as in the discrete-time situation, these peeil

changed. However, the TF system estimation model at the2'® based on estimates of the model polynomials and both

k' sampling instant is written in the following pseudo-linear they, and the polynomials of the continuous-time auxiliary
regression form : model, are updated iteratively based on the iterative estis

of parameter vecto®,;, andf ..
y;") The SRIVC algorithm was first suggested and implemented in

&f (k) = [~y D (tr) -

Fig. 6. Generation of filtered derivatives for the outp(tf) by
the prefilterl /A(s). This is the inside of the block marked
A in Figure 7 below (based on Figure 2(b) in [44]).

(36)

Oy =la1 ... anbo ... bm]T- (40)

e(ty)  e(ty) = N(0,0%) (37)

(te) = &7 (tr)Oap + e(tr)

)(tk) .. 'Ugco)(tk)]
(39)

(38)

5Note that the inputs to these continuous-time prefiltersirdeFpolated,
normally by a first order hold operation. Optimal interpatis possible but
these simpler options seem to be sufficient.

—y (t)ul"
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*****************************

Continuous
solution with

u(t,) ! 1 w0 w, )| ey |0
| A(s) | 1) ! ) Dz |

) 3 LA y, 0 Wy, (1) ciz™h 1y, (1)
) : ) ! X b :

i) ! : LR ) g0 ey |E, @)
)L ‘ TORLIATIN !
! A(s) | D(z™)

i
i

i

. i
me
i
Interpolation |
!

Fig. 7. The hybrid analog-digital prefiltering operations
used in RIVC estimation : the bold arrows and bold-face

end

Step 3.Compute the estimated parametric error covariance
matrix P, associated with the parameter estimates from
the equivalent expression to that in (30).

Commenihe SVF approach simply requires the selection of
the single breakpoint paramet&r(breakpoint frequency in
radians/time unit) of the prefilter,

1

E(s)

1
s+ A"

which is chosen so that it is equal to, or larger than, the
bandwidth of the system to be identified. This filter form was
suggested a long while ago (e.g. [19], [20]) but has proven
popular ever since.

foop(s) =

(41)

letters denote vector quantities with elements defined asThe RIVC Algorithm (optimal for additive ARMA noise)

the appropriate prefiltered derivatives, with the subssrip

denoting the associated prefiltering operations. Theénsid
of block A in this Figure is shown in Figure 6 (based on
Figure 2(a) in [44]).

1980 [44], while the full RIVC algorithm has been implemen-
ted recently [41] [42]. Since the algorithms are so simitar t
their discrete-time counterparts, they will not be disedsi
detail here but simply summarized below. The interested rea
der should consult the cited references to find a more ddtaile
description.

The SRIV Algorithm (additive white noise)

Step 1.Specify A (s) based on either converting the SRIV
estimated discrete-time model to continuous-time ; or by
using a simple, single parameter ‘state variable filter’
(SVF : see comment below). Prefilter the input and
output variables byl /Ag(s) in order to generate the
required prefiltered derivative signals (Figure 6) and then
estimate the TF system model parameter ve@grby
the en-blocor recursive 1V algorithm to yield initial
estimatesd; (s) andB (s).

Step 2.lterative IV estimation with prefilters.
for j = 2 : convergence

(i) Generate the IV variablé(t) from the auxilary mo-

del : .
Bj_1(s)
Aj—1(s)
with the polynomials based on the estimated parame-

ter vectord,,;, obtained at the previous iteration of the
algorithm.

u(t —7)

(i) Prefilter the inputu(t), outputy(¢) and instrumental
variable Z(t) signals by the continuous-time filter
1/A;_1(s) in order to generate the filtered derivatives
of these variables that are available at the inputs to the
integrators in the prefilter (Figure 6).

(i) Sample the prefiltered derivatives from (ii) at the
discrete-time sampling interval¢ and compute the
estimate of the TF system model parameter veior
based on the estimation model (38), usingehebloc
IV algorithm or its recursive equivalent.

Step 1.Apply the SRIVC algorithm based on an initial
Ap(s), chosen as discussed previously, and generate an
initial estimate of the TF model parameter vedigg.

Step 2.lterative estimation.
for j = 2 : convergence

(i) Generate the IV variablg(t) from the auxilary mo-
del:

u(t —7)

with the polynomials based on the estimated parame-
ter vectord,, obtained at the previous iteration of the
algorithm.

Generate the discrete-time serie$ty), y(tx) and
Z(tx) by samplingu(t), y(t) andz(¢) at the discrete-
time sampling intervalA¢. Then, as in the discrete-
time case, obtain an estimate of the noise model
parameter vectof,. based on the estimated noise
sequence (tr) = y(tx) — 2(tx), using a discrete-
time AR or ARMA model estimation algorithm (e.g.
IVARMA).

(iii) Prefilter the inputu(t), outputy(t) and instrumental
variable z(t) signals by the continuous-time filter
1/A;_1(s) in order to generate the filtered derivatives
of these variables, as in the SRIVC algorithm.

(iv) Sample the continuous-time prefiltered input and
output derivative signals from (iii) and filter them by
the discrete-time inverse noise fil@€ (=) /D;(z~1).

(v) Based on these sampled, prefiltered derivatives and
the estimation model (38), estimafig, using theen
bloc IV algorithm or its recursive equivalent.

end
Step 3.Compute the estimated parametric error covariance
matricesP,;, and P, associated with the parameter

estimates from the equivalent expressions to those in
(30) and (31).

(ii)

VIlI. CONTINUOUS-TIME EXAMPLES
A. Continuous-Time Simulation Example

The RIVC algorithm has been evaluated comprehensively
elsewhere (e.g. [41] [42]) and the reader should consult
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identification results in this case are summarised in Table |
|| which clearly identifies the correct [4 3 7] order model. The
" subsequentsingle run SRIVC and RIVC estimation results are
shown in Table V, where we see that both algorithms provide
good estimates of the parameters. The main difference is
|| that the SRIVE provides rather optimistic estimates of the
standard error (SE) on the parameters; while RIVC provides
more realistic estimates of this uncertainty. Figure 9 show
that the Bode plots of the RIVC estimated model (full line)
are hardly distinguishable from those of the true modell{das
dot line). The SRIVC estimated model produced a very
similar Bode plot. Indirect estimation using the discrete-
time RIV, PEM and V4 algorithms, followed by conversion
to continuous-time using the Matlab D2CM function, failed
at this fast sampling rate because the algorithms did not
converge on acceptable discrete-time models.

Input Signal
o

Time

Output Signal

1 I I I I I I I I I
5

1 2 3 4 6 7 8 9
Time [ Model| YIC | R%
Fig. 8. A section of the modified IFAC SYSID’06 Benchmark 437 | -4.3443| 0.60181/
data 436 | -4.3324| 0.601295
438 | -4.3104| 0.601671
427 | -3.8679| 0.588101
these publication for details of the MCS analysis. As in the 428 | -3.7863| 0.587521
discrete-time case discussed in previous sections, th€&® M 338 | -3.4524 | 0.594352
results confirm the utility and statistical efficiency of the 446 | -2.3979| 0.601675
RIVC algorithm. Here, we will illustrate the performance of 456 | -2.1836| 0.602147
the algorithm by applying it to a Benchmark example that 536 | -1.6287 | 0.602004
was prepared for the recent IFAC SYSID'06 Symposium in 576 | -1.3330| 0.602221
Newcastle, NSW, Australia. 447 | 02252 | 0.601837
Unfortunately, the associated Benchmark Session at SYSID
was cancelled because referees felt that insufficient stdami TABLE IV

papers were acceptable (only one of the papers submitted

TF MODEL IDENTIFICATION

to the proposed benchmark session got even close to the
correct model, demonstrating the difficulty of the benchmar

exercise). The present example is a modified version of|; is worth noting that the RIVC algorithm has a much
the original benchmark example, in which the simple white longer computation time than the SRIVC algorithm. As a
additive noise of the original is replaced by ARMA noise, (egqylt, it is advantageous to use the SRIVC algorithm for
making it still more difficult. The example is the following initial model order identification and only employ the full
fourth order system with widely separated modal frequencie Rjvc algorithm in those situations where the theoretical
and an ARMA(2,1) noise model : assumptions are satisfied and it is essential to have the
most efficient parameter estimates and better estimates of
the uncertainty on the parameters. For day-to-day usage, th
SRIVC algorithm provides a quick and reliable approach to
continuous-time model identification and estimation ansl ha

14+0.5271 been used for many years as the algorithm of choice for this
y(te) = 2(te) + T T o, et in the CAPTAIN Toolbox.

e(t) = N(0,0.0025)

—120s% — 1560s + 3600

£ = t—0.035
() = 7730257 1 360752 + 7505 1 3600 )

B. Continuous-Time Practical Example

The input signal is a pseudo-random binary sequesde)) The Global Circulation Models(GCMs) used to study the
and the complete data set consists of 6138 input-output,sgibility of global warming are amongst the largest com-
samples with a sampling interval dft = 0.005 time units ter simulation models ever constructed. In this exane,
(i.e. total time 30.69 time units). A section of the inputiput ~;se the RIVC algorithm to identify and estimate a continsous
data used in the example is plotted in Figure 8 : the noise-time model between radiative forcing(t) and the global
signal-ratio (by standard deviation) is 0.8. mean temperature perturbatigiit) obtained from a stan-

As pointed out previously in the introductory Section I, @ 454 forcing experiment performed on the U.K. HadCM3 A-
significant advantage of optimal IV estimation is that the oM GCM model. as shown in Figure 10.

properties of the IPM [17] facilitate the identification of
mOd_el order (here via the YIC functlc_)n [46] [31]' based on 6The ARMA(2, 1) noise model presented in this case was estimated sepa-
the inverse of the IPM : see Appendix 1). The model order rately by the IVARMA algorithm based on the estimated modsiduals.
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[ Method | Value [ a1 | a» | a3 | aa |

bo

by

[ b |

C1

| &

4

&2 |
True | 30.2 | 3607 750 3600] -120 | -1560] 3600] -1.4 | 0.7 | 0.5 | 0.0025
RIVC 6 |31.2]3622] 799 3645/ -131.9] -1608| 3650 -1.399| 0.698| 0.483| 0.0025
SE | 590 | 224 | 59 | 2290 | 19 132 | 241 | 0.01 | 0.01 | 0.013
SRIVC | 6 |34.4]3710] 820 3732 -145.5| -1644| 3729/ -1.399| 0.698| 0.482| 0.0025
SE | 382] 141 | 39 | 145 | 12.7 | 89 | 155 | 0.01 | 0.01 | 0.013
TABLE V

BENCHMARK EXAMPLE ESTIMATION RESULTS (NOMENCLATURE AS FOR EARLIERTABLES)

Model | Details | a1 Qs | bo | by R2 MCS response*
RIVC 0 0.15206 | 0.00037039 0.33328 | 0.0014026| 0.99547 Good
SE 0.015185| 4.8019e-05| 0.031479| 0.00017601
RIVC | mean (MCS)| 0.15147 | 0.00036899 0.33199 | 0.0013972| 0.99547 Good
SD (MCS) | 0.015941| 4.9796e-05| 0.033128| 0.0001829
RIV mean (MCS)| 0.14304 | 0.00035324| 0.31011| 0.0022757| 0.99546 Poor
(d2cm) | SD (MCS) | 0.027994| 0.00015783 0.02799 0.035868
PEM | mean (MCS)| 0.14877 | 0.00036609 0.32469 | 0.0013846 | 0.99546| Unacceptable
(d2cm) [ SD (MCS) | 0.095537] 0.00030185 0.19801 | 0.0011053
TABLE VI

GCM MODEL REDUCTION ESTIMATION RESULTS (NOMENCLATURE AS FOR EARLIERTABLES)

N
&
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Fig. 10. Hadley GCM data and RIVC estimated model output
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Fig. 9. Comparison of true and RIVC estimated Bode
diagrams

form :
0.3333s + 0.001403

$2 +0.1521s + 0.00037
1

x(t) =

(t)

y(tx) = x(tr)+

e(ty) = N'(0,0.017)

1-04922-1+0.1352-2 — 0.1582-3
At = 1 year

(tr)

It is interesting to note that this model can be decomposed
straightforwardly into a feedback connection of two firster
processes. This is easily interpreted in energy balanoester
Identification using the YIC andr? statistics suggest a asa feedback process with quick (6.8 years, forward path) an
second order [2 2 0] model with an associated AR(3) noise very slow (238 years, feedback path) modes, an interpoetati
model. The RIVC estimated model then takes the following that is immediately useful in scientific terms and can be used
to compare the nature of the reduced order model with that of
the very high order GCM from which it has been derived.

Table VI compares the RIVC estimation results with those
obtained by 1000 realization MCS analysis using a simufatio
model based on the RIVC parameter and covariance matrix
estimates. We see that the single run and MCS derived results
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are very similar, again demonstrating the efficacy of the®RIV
algorithm. The Table also compares the RIVC estimates with
the estimation results obtained by indirect estimatiomgisi
the RIV and PEM algorithms, with conversion using the
D2CM algorithm in Matlab. At first sight, these indirect
results look reasonable. However, the final column in the
Table reports the nature of the results obtained in the MCS
analysis : here we see that the indirect estimates produce
poor (RIV) and unacceptable (PEM) results, in the sense
that the ensemble of model output responses had a very
high variance, much greater than that obtained using the
direct RIVC estimation results. This is a consequence of
the sensitivity, in this example, of the discrete-continsio
conversion D2CM to the estimated uncertainty defined by the
RIV and PEM estimated parametric covariance matrices.

VIII. N ONSTATIONARY AND NONLINEAR MODEL

ESTIMATION

As pointed out previously, the RIV and RIVC algorithms
are easily formulated in recursive terms. As a result, it is
straightforward to use them for the estimation of time Jalga

pheric pCO

CO_2 Emissions Atmos

o
o
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Fig. 11. Annual carbon dioxide and temperature anomaly
data 1856-2000.

parameters in nonstationary dynamic systems. The discreteinterval smoothing estimation that results in a graphisét e

time DTF algorithm in the CAPTAIN Toolbox, for instance,
allows for suchTime variable Paramete(TVP) estimation

mate of the SDP plotted against the state on which it is de-
pendent (see the example in the next section); (ii) paramete

in the case where the temporal variation of the parametergization of the identified state-dependencies (nonliriéies)

can be modelled by random walk or integrated random walk
stochastic processes, with the associated hyper-panamete
(noise variance ratios) optimized by maximum likelihood
using prediction error decomposition [33] [37]. It is also

based on the non-parametric form of the SDP identified in (i),
followed by statistically optimal estimation of the modal i
this parameterized form. Further details of this SDP apgitoa
to nonlinear modelling are available in the cited referance

possible to extend the methods to handle the estimation

transfer function models with State-Dependent Parameter
(SDP) form, so allowing for the identification and estimatio
of a wide class of nonlinear stochastic systems.

SDP estimation can be in discrete or continuous time : the
simplest SDP continuous-time model is a nonlinear equiva-
lent of the linear TF model and takes the following form :

y(t) _ bO(Z’n.—‘rl,t)Sm + -+ bm(2n+m+17t)
s"+ar(z14)s" 4 an(Zne)

u(t—71) + e(t)

wherez;, = [214 - 2znemt14T IS @ vector of measured

A. Continuous-Time SDP Practical Example

This example is taken from a recent study of the global carbon
cycle, the full details of which are given in other publiceis

[47] [40] [38]. The modelling aspects of this study are
concerned with investigating the dynamic relationshipgrov
the period 1856 to 2000, between the time series data shown
in Figure 11. These are : in the top panel, globally averaged
annual measures @f'O, emissions (arising from both the
use of carbon fuels and land-use changes); in the middle

variables (states) on which the parameters may be dependenpanel, perturbations in globally averaged atmospherisarar

In estimation equation terms, this model can be written most
conveniently as :

s"y(t) = ¢;ert + e
where,
(]5? = [—s"_ly(t) coo —y@®) sMu(t — 7). ou(t — 7')]
Pt = [p1 (Zl,t) .- -pn+m+1(zn+m+1,t)]T
while,
b1 (Zl,t) = al(zl,t);PQ(ZQ,t) = a2(22,t);
) pn+m+1(zn+m+l,t) = bm(2n+m+1,t)

SDP estimation algorithm is based on this form of the SDP
estimation model and is normally carried out in two stages :
(i) initial non-parametric identification of the nonlineamo-

del structure and form using a special form of recursive fixed

dioxide partial pressureyCO- ; and, in the lower panel, the
Northern Hemisphere temperature anomaly (i.e. the changes
in Northern Hemisphere averaged temperature about its long
term average).

As shown in Figure 12, initial non-parametric SDP esti-
mation suggests the possible presence of a temperature-
dependent nonlinearity in the dynamic relationship betwee
CO, emissions and atmosphenicO-. In this figure, the
non-parametric SDP estimates (dash-dot lines) are compare
with the estimates of two possible parameterized functions
(full lines) : a linear relationship in temperature in thét le
hand panel and a sigmoidal relationship in temperaturedan th
right hand panel. The finally estimated model using thedatte
parameterization takes the form :

{x(t) = #&(O){u(t —7)+c}
y(t) = a(t) +£()
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Fig. 12. Initial non-parametric and final parametric estiesa . . . - I
of the SDP nonlinearity in the estimated climate data F9- 13. Monte Carlo simulation and predictive validation
model. results for the estimated climate data model.

wherec in a constant input of 1.8¢. The associated parame-

where the SDR:, (T'(t)) = {a + r=rmr (v — @)} s o, ter estimates are as follows :

20 — {a+ Lo (v — @)} (t) + bou(t — 7) + ¢ a1 = ~0.02226(0.0010); b1o = 0.0748(0.0152);
y(t) = z(t) + £(1). bi1 = 0.0407(0.0011); bay = 0.6199(0.0190);
(42) bys = 0.01775(0.0009); 7 = 7.0;

and the associated parameter estimates based on the whole

2 _ . p2 )
data set (up to year 2000), are as folldws o = 0.00257; Ry, = 0.99945;

Whilst this represents quite a good model, it is rejected in

& = —0.0232(0.0062); = —4.503(7.321); favour of the nonlinear model for three reasons : first, it

4= —0.0128(0.0054);130 = 0.0402(0.0017); requires more parameters with no associated improvement

& = 0.0066(0.0015); 7 = 5.0; in the explanation of the data; second, unlike the nonlinear
) ) ’ ’ model, its residual noise series is significantly correlatéh

o¢ = 0.00240; R = 0.99949 the temperature anomaly series ; and third, it does not perfo

as well in predictive validation.
Figure 13 shows the results on MCS-based predictive valida-

tion of the model (42). Here, the model was estimated on the IX. CONCLUSIONS

basis of the data up to 1975 and then this estimated modelas far as the author is aware, the RIV/SRIV and RIVC/SRIVC
together with the associated estimate of the parametric co-jgorithms constitute the only unified, time domain, fanaify
variance matrix, were used to generate an MCS ensemble of|orithms that provide statistically optimal solutiowsthe
model outputs from the start of the data to the year 2000. Theggtimation of both discrete-time and ‘hybrid’ continudirse

95 percentile boundaries of this ensemble are shown in the Fi TE \Models of the Box-Jenkins type. Moreover, because of
gure and we see that the uncertainty in the prediction is verytnejr |V heritage, the simpler SRIV/SRIVC algorithms can
low, showing how well the model is identified and estimated. pe applied in circumstances where the noise process does not
In particular, the model predicts the atmospheiitO; very  conform to the rational spectral density assumptions. €ons
wellindeed over the validation period (the last 25 year$ieft  qyently, they have proven to very robust, providing excgle
twentieth Century), the data for which were not used in the computationally efficient, ‘day-to-day’ approaches to T6-m
model estimation. del identification and estimation that have been applied suc
Finally, it is worth mentioning that the following SRIVC  cessfully to a wide range of practical applications, in area
estimated linear first order model is also able explain tha da ranging from ecology, through engineering, to economics.
of Figure 11 very well, almost as well as the nonlinear model Also, the RIV/RIVC algorithms can be extended easily for
(42), but it is characterized by more parameters. This modelyse in a feedback situation provided an ‘external’ input is

takes the form: being applied (e.g. [3]).
The main advantage of the RIV/RIVC estimation algorithms,
w(t) = bokbusy(p — 1) 4 baathase in relation to their simpler SRIV/SRIVC versions, is that
y(t) = z(t) + £(t) they allow for improved statistical efficiency, with better

estimation of the standard error bounds on the parameter
"These results were obtained with a fixed= 5 : however, this was based estimates. The_ main d'sadve}ma@_les are : (i) they depend on
on prior estimation with- allowed to take on non integral values. concurrent noise model estimation and so have a longer
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computation time; and (i), in the case of RIVC based on TheR2 is defined as :
rapidly sampled data, estimation will be less robust when

the roots of the noise model denominator polynoraiéd—1) N N
approach the unit circle. 2 . & o 1 2o o 1 2

At high sampling frequencies, direct SRIVC/RIVC iden- Rr=1-250=%5 > & oy = N > i (43)
A . : - k=1 k=1
tification is much superior to the alternative of indirect

discrete-time estimation (with associated continuooeti

)
(V]

|

<N

del . Al hvsical i ; t the TF Whereét is the errory, — 2 between the measured output
model conversion). Also, physical interpretation of the yi and simulated model outpgj, from equation (28). This is

nr:odels_ is facilitatefd Ey their_differen'.[ial equz;ti(?n formca often a more discerning measure of model adequacy than the
the uniqueness of the continuous-time model parametersc,qfficient of Determinatio®?, which is normally defined
which are not a funct|0n of the sampling intervai. . in terms of the one-step-ahead prediction errors.

The asytmptot':.c m?ep_endencetof :the stystefm ?nd ncf)ltshe mBod he YIC [31] is a heuristically defined identification criiem
parameter esimates IS a most atlractive featureé ot thé BoXyejyeq from the earlier EVN criterion [46] and exploits the

Je”.k"‘s. famil%/-of modehls thgthfofr]m _the pasis f(l)r RL;//RIVC special properties of the Instrumental Product Matrix ()PM
estimation. This, together with the iterative, relaxatform Itis defined as follows :

of the parameter estimation, seem to engender some advan-
tages for these algorithms in relation to alternative gradi
optimization algorithms, such as PEM and standard ML. 1 {&2 }
08e
p
02

In case there is any confusion, it must be emphasized that Yioe = +log, NVN; (44)

the discrete-time RIV algorithm described in this paper is np
quite different to the 1V4 algorithm available in the Matlab NVN = 1 Z
SID Toolbox. Although they have some elements in common, np =
the IV4 is a fourstepalgorithm which, unlike RIV, does not

involve any iteration. IV4 is also formulated on the basisinf ~ wheres? is the variance of the model residuatsy is the
ARX model form, under the assumption of an AR(n+m) noise total number of model parameters (for the full BJ model,
modef, rather than the BJ model form used by RIV, and so np = n + m + p + ¢ + 1); p;; are thenp diagonal elements

it does not exploit the advantages of the BJ model mentionedof the IPM inverse generated by the RIV algorithm; and
above. Most importantly in practical terms, the RIV algiomit 6;,i=1,2---np are the RIV parameter estimates.

seems more reliable than 1V4, which can exhibit rather poor The first term in (44) is simply a relative measure of how
performance. This may have contributed deleteriously ¢o th well the model explains the data : the smaller the model resi-
reputation of optimal IV methods and it is hoped that the duals the more negative this logarithmic term becomes. The
present paper will encourage readers to utilize the RIWSRI  second logarthmic term provides a normalized measure that
algorithms and so restore this reputation. reflects the conditioning of the IPM, which is inverted when
Finally, it should be noted that the whole family of RIV/RIVC  the IV estimation equations are solved. If the model is over-
algorithms, as well as the related time variable parameterparameterized, then it can be shown (e.g. [17]) that the IPM
(DARX, DTF) and state-dependent parameter (SDP) algo-will tend to singularity and, because of its ill-conditionj, the
rithms, are all available in the CAPTAIN Toolbox for Matlab elements of its inverse (on which the estimate of the parame-
that can be downloaded from http ://www.es.lancs.ac.ak/cr  tric covariance matrix depends) will increase in valueenoft
captain/. The continuous-time RIVC algorithm, togethethwi by several orders of magnitude. When this happens, the se-
almost all other continuous-time TF estimation algorithms cond term in the YIC tends to dominate the criterion function
are also available in the CONTSID Toolbox that can be down- indicating over-parameterization. Another justificatmiithe
loaded from http ://www.cran.uhp-nancy.fr/contsid/. YIC can be obtained from statistical considerations [31].

2
Uy
&2

=1
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C(z7h
APPENDIX1 : MODEL IDENTIFICATION STATISTICS

Two main model identification statistics used in this paper The transfer function defining this model can be written as,

are theCoefficient of Determinatio®? ; and the YIC model —1 —1
: N . T . D(z Cz™h 1
structure identification statistic. The well-knowkaike lden- = 1/D( =y = G 47
tification Criterion(AIC : see [1]) is also utilized but only for z &
AR noise model identification.

where, in generali7(z 1) is an infinite dimensional polyno-
mial in z~!. Consequently, it is obvious that, for sufficiently

9This Appendix is an expanded and slightly corrected versibrihe
8although it does not return details of this noise model analysis in [39], which had two lines omitted in error
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high h, this ARMA model can be approximated by a high from the CAPTAIN Toolbox, which allow for the imposition

order AR() model of the form, of such a constraint on the estimation.
Equation (57) provides a basis for the estimation of the
& = 1 ek (48) ARMA parameters in the parameter vecty,. If the error
G(271) series, could be assumed to have zero mean, serially uncor-
where, related characteristics, then constrained linear leasarss

(LS) estimation could be used to solve this estimation pro-
Gz H=1+gz 4. +gnz " 49 blem, with the constraint applying to the unity element in
h>p (49) 0,.. However, it is more robust in these circumstances to
utilize a constrained implementation of the SRIV-type algo
and that, in this case, an estimaigof e, can be obtained rithm discussed in the main text and available in the CAP-
from, TAIN Toolbox. This can be applied directly to the basic vec-
er =&+ g18k—1 + - + gnék—n (50) tor form of the noise model (52) because the prefiltering ope-
ration required for the estimation model (57) is inherent in
the SRIV algorithm (for this noise model the prefilter is, of
course,1/D(z~1) rather thanl /A(z~1) for the TF system
estimation model (9) for which the SRIV algorithm is prima-
rily intended).
This SRIV-based approach will be more robust to the sta-
& = ex + € (51) tistical nature Qfek. If the algorithm converges ang. is a
zero mean, serially uncorrelated, Gaussian normal sequenc
wheree,, represents the approximation error and will almost of random variables, then the resulting SRIV parameter esti
always have a very small variance in comparison with the mates will be consistent and statistically efficient ; if ftben
variance ofy,. As a result, a linear regression equation model the estimates will be consistent and asymptotically urdnlas

where the degree of approximation will depend primarily
upon the nature of the MA polynomial and the order

If it is assumed that the ordérof G(z~!) in (48) has been
selected such tha}, is a good approximation tey, then we
can consider that it provides an observatiorgfso that,

for é;, can be written in the form : [29]. In any case, as pointed out previously,will almost
always have a very small variance in comparison with the va-
& = @Zedc + € (52) riance ofe;, so it will not have much effect on the estimation.
Finally, it is obvious from the definition of the pseudo-lare
wheré?, regression form of the estimation model (57) (and confirmed
o by the Pierce Theorem in Section Ill) that an estimate of the
Y = [—€r—1,-r, —€r—q &k k1, -, Ek—p] (53) covariance matrixP,. associated with the SRIV parameter
Ouc = [d1,...dg L cryycp)t estimates can be obtained as (see equations (31)) :
As pointed out in the main text, a suitable error functigrin N -1
this case is defined as follows : Py =62 [ ¢k{z;k] (59)
-1 k=1
ep = %51@ — & (54) o : - i ca i
(z71) wheres“ is the estimate of the variance of the white noise in-
puteg, as obtained from the noise model estimation residuals
Now, by introducing the prefiltef,(z~') defined as, in the usual manner.
1 Following from the above discussion, the main steps in the
—1\ A . . .
fa(z7h) = (55) iterative IVARMA algorithm are as follows :

D(z—1)
The IVARMA Algorithm
Step 1.1f a simple AR model is requested, estimate it in
en = —D(z*1)6£2 +o(Y gz (56) the normal L_S manner ; otherwise estimate a h|gh order
AR model with the order based on the user specification
An associated estimation model can then be written in the ~ Or some automatic method of order specification. The
pseudo-linear regression form : method is not sensitive to the order selection and a
default order of 50 is usually sufficient.

Step 2.Generate the residual error seriés associated
with the high order AR model and estimate the parame-

the error function can be written in the form,

Noise Estimation Equation é/” = 4704, + ¢, (57)

where, ter vectorf,. of the model (52) with the unity element
1pT _ _éfz_ o éfz_ 2 '2_ o fz_ 58 constraln_ed to. this value using the SRIV option .of the
b =65 kg Sk S Szl (58) RIV algorithm in CAPTAIN. For this purpose, the input
Note that the unity element is retained in the definitiod gf is specified ag;, and the output as;.. The SRIV algo-
so that the format is consistent with its use in TF algorithms rithm yields the estimaté,. and the covariance matrix

P, is computed from equation (59).
10Note that when IVARMA is used in the RIVC algorithm, tidg noise i . L i
signal here is replaced by the estimated noise sigpabbtained from Note that the iterative nature of the solution in the altjﬂml

equation (18). as described above, is contained within the SRIV algorithm.
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A. A Simulation Example | Method | & as bo | Failures]
This example is concerned with the analysis of the time serie | True Values| -0.1 | -0.6375| -0.9
&, generated by the ARMA model : |VA(~RM)A -0.0911)| -0.6479| -0.9629
SR
1-0.9z"1 SE 0.032 0.031 0.017
%=1 011 oz = NO1) (60) IVARMA | -0.0987| -0.6344| -0.9480] 2
. . . (MCS)
where the denominator polynomial factorizes to the form, SE 0030 | 0036 | 0017
PEM (SR) | -0.1014| -0.7051| -0.9853
—1\ _ 1 -1 -1
Clz) = (1-0.85277)(1 +0.7527") SE 0.027 | 0.027 | 0.009
Table VII compares the results of single run and MCS PEMS(MCS) 23226 _%(83;1 -2.2223 ’
analysis for the IVARMA and PEM algorithms (using its E : .04 025
ARMA estimation option). The first thing to note is the
TABLE VII

last column of the Table, which reports some failures to
converge on an acceptable model : the PEM algorithm fails
in 7 of the 100 realizations, while the RIV algorithm fails
twice (these realizations were removed in computing the
statistics shown in the Table). However, other than in these
two realizations, the IVARMA performance is good, with
the single run predicted standard errors on the parameter
estimates matching well the standard deviations computec
from the MCS analysis. The PEM performance is not so
good, with relatively poor agreement between the single run
standard errors and the MCS estimated standard deviations
and these standard deviations are between between 20% ar
50% greater than those achieved by IVARMA. This is also
illustrated in Figure 14, which shows the Bode gain diagrams
plotted from the MCS ensemble of models, with the IVARMA
results in the left panel and the PEM ones in the right panel.
Here, the true model is shown as dots, the mean of the
realizations as a full line and the standard deviation (SD)
bounds as dashed lines. We see that the main difference
between the results is that IVARMA is more successful than
PEM at estimating the lower frequency components of the
noise signal (i.e. those associated with the eigenvalu®&j.0

It is clear from these results that, in this particular exlemp
IVARMA is performing rather better than the PEM, even if
the realizations that failed to converge properly are aditt

In other simulation examples (e.g. [39]), however, the ltssu
obtained from the two algorithms are very similar. So, as in
the case of the RIV algorithm considered in the main body of
this paper, it would appear that IVARMA can perform better
than PEM in certain situations. Once again, this seems to be
related to both the nature of the system (here the ARMA [5
noise model) and the initiation of the gradient optimizatio
used for PEM model estimation. However, it should be noted
that the PEM algorithm is computationally more efficienttha
IVARMA : in this example, for instance, it takes 0.2 seconds,
while IVARMA takes 0.85 seconds.
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