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Résumé— This paper describes the unified Refined Instru-
mental Variable approach to the time domain identification
and estimation of both discrete-time (RIV) and continuous-
time (RIVC) transfer function models. It demonstrates how
this approach yields parameter estimates with optimal statis-
tical properties for the Box-Jenkins and hybrid Box-Jenkins
model forms on which the associated RIV and RIVC esti-
mation algorithms are based. The performance of the algo-
rithms, which can be implemented in en-bloc or recursive
form, is evaluated by Monte Carlo simulation analysis and
their practical utility is illustrated by a number of practical
environmental examples.

Mots-clés— Identification, estimation, discrete-time, cont-
inuous-time, transfer function, optimal instrumental variable.

I. I NTRODUCTION

TheInstrumental Variable(IV) approach to the identification
and estimation1 of transfer function models has a rich history
in the control and systems literature, with the earliest algo-
rithms of this type dating back to the 1960s [22] [21] [10] [18]
[23] [26] [24]. This paper outlines the main aspects of the sta-
tistically optimalRefined Instrumental Variableapproach to
the identification and estimation of both discrete-time (RIV)
and continuous-time (RIVC)Transfer Function(TF) models
[27][43][5][44][28]. It also demonstrates how this approach
yields parameter estimates with optimal statistical properties
for both the Box-Jenkins [2] and hybrid Box-Jenkins [41]
model forms on which, respectively, the associated RIV and
RIVC estimation algorithms are based.
As far as the author is aware, the RIV/RIVC algorithms
together constitute the only unified, time domain, family of
algorithms that provide statistically optimal solutions to the
estimation of both discrete-time and ‘hybrid’ continuous-
time TF models of the Box-Jenkins type. In this regard,
they have advantages over alternative algorithms, such as the
well knownPrediction Error Minimization(PEM) approach
[8] used in the Matlab System Identification (SID) Toolbox,
where the general time domain algorithms fordirect TF
model estimation are only available for discrete-time models.
Following from their exploitation of IV methodology, the RIV

1In this paper, the statistical meanings of ‘identification’and ’estimation’
are utilized : namely, ‘identification’ refers to the identification of a uniquely
identifiable model order and structure ; while ‘estimation’refers to the
estimation of the parameters that characterize this identified model form.

and RIVC algorithms are robust to violation of the assump-
tions about the statistical properties of the noise. In particular,
the discrete-time RIV algorithm has an inherent advantage,
in this respect, over the alternative PEM approach, which re-
quires these assumptions to be satisfied (except when used
in its ‘output error’ form, where the noise model is not speci-
fied). Moreover, the iterative (relaxation) IV algorithm, which
forms the basis of both the RIV and RIVC algorithms, seems
less sensitive than the PEM algorithm to the specification of
the initial conditions required for the implementation of the
algorithms (e.g., in the RIV case, initial parameter estimates
obtained for the equivalent ARX model using linear least
squares estimation). Moreover, they appear to handle ‘stiff’
dynamic systems, with widely spaced eigenvalues, more re-
liably than PEM. The instrumental variable formulation also
means that the RIV and RIVC algorithms are able to exploit
the properties of theInstrumental Product Matrix(IPM) for
model order identification [17] [45] (see Appendix 1, which
outlines the identification statistics used in the simulation and
practical examples considered later in this paper).
The paper also points out how the discrete-time Box-Jenkins
model form exploited by the RIV algorithm has certain
advantages over the ARMAX alternative, although the RIV
algorithm can be used to estimate the ARMAX model, if
this is required. In particular, a theorem is presented that
shows how theMaximum Likelihood(ML) estimates of the
TF system model parameters are asymptotically independent
of theAuto-Regressive Moving Average(ARMA) noise model
parameters. The paper shows how this property proves very
useful for both the theoretical justification and the practical
implementation of the RIV and RIVC algorithms.
Finally, the practical utility of this RIV/RIVC approach to
data-based modelling is demonstrated by the simulation and
real examples presented in the paper, as well as its successful
practical application to many different real data examples
over the past 30 years. The paper also discusses briefly
a nonlinear extension of linear transfer function models,
based on aState-Dependent Parameter (SDP)form, and
demonstrates its efficacy by means of a practical example
concerned with the analysis and modelling of climate data.

II. T HE REFINED INSTRUMENTAL VARIABLE METHOD

The RIV algorithm for discrete-time models is applied to
the following Box-Jenkins TF model form, wherez−1 is the
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backward shift operator, i.e.z−ryk = yk−r :

yk =
B(z−1)

A(z−1)
uk−δ +

D(z−1)

C(z−1)
ek ek = N (0, σ2) (1)

This can also be represented in the following decomposed
form, which is particularly relevant in the present instrumen-
tal variable context :

yk = xk + ξk (2)

Here, the noise-free output of the system,xk, is generated by
the equation,

xk =
B(z−1)

A(z−1)
uk−δ (3)

which is theTF systempart of the model ; and the coloured
noiseξk is generated by the equation,

ξk =
D(z−1)

C(z−1)
ek (4)

which is the associatedARMA noisepart of the model. In the
equations, (1) to (4), the polynomials inz−1 are defined as
follows :

A(z−1) = 1 + a1z
−1 + · · · + anz−n

B(z−1) = b0 + b1z
−1 + · · · + bmz−m

C(z−1) = 1 + c1z
−1 + · · · + cpz

−p

D(z−1) = 1 + d1z
−1 + · · · + dqz

−q

andδ denotes a pure time delay ofδ sampling intervals, each
of ∆t time units.
The estimation problem posed by the model (1) is to esti-
mate the parameters in the TF system polynomials{A(z−1)
B(z−1)} and the ARMA noise model polynomials{C(z−1)

D(z−1)} based on the input-output dataZN = {uk; yk}
N
k=1.

The RIV solution to this problem is based on forming esti-
mation equations for the system and noise model parameters
in the form of special, pseudo-linear regression relationships
[14] [9]. These estimation equations then provide the basisfor
an iterative (relaxation) algorithm that estimates the system
and noise model parameters in separate but linked iterative
sub-algorithms.
The RIV algorithm was originally devised [27] from the
manipulation of the ML expressions related to the BJ model
(1). The main aim of the following sub-sections is to provide
the basic motivation behind this iterative RIV algorithm in
a simpler and more transparent form, before outlining the
algorithm in the subsequent Section IV of the paper.

A. The System TF Model

Following the usual Prediction Error Minimization (PEM)
approach (which is ML estimation in the present situation
because of the Gaussian assumptions onek), a suitable error
functionεk, is defined as follows :

εk =
C(z−1)

D(z−1)

[

yk −
B(z−1)

A(z−1)
uk−δ

]

.

which can be written as,

εk =
C(z−1)

D(z−1)A(z−1)

[

A(z−1)yk − B(z−1)uk−δ

]

. (5)

Minimization of a least squares criterion function inεk, mea-
sured at the sampling instants, provides the basis for stochas-
tic estimation. However, since the polynomial operators com-
mute in this linear case, the prefilter :

f1(z
−1)

∧
=

C(z−1)

D(z−1)A(z−1)
(6)

can be taken inside the square brackets to yield :

εk = A(z−1)yf1

k − B(z−1)uf1

k−δ (7)

or,

εk = yf1

k + a1y
f1

k−1 + . . . + anyf1

k−n

− b0u
f1

k−δ − . . . − bmuf1

k−δ−m (8)

where the superscriptsf1 denote that the associated variables
have been prefiltered byf1(z

−1). As a result, it is now
possible to formulate the followingestimation equationin the
pseudo-linear regressionform :

System Estimation Equation: yf1

k = φT
k θab + ek (9)

where,

φT
k = [−yf1

k−1 · · · − yf1

k−n uf1

k−δ · · · uf1

k−δ−m] (10)

θab = [a1 · · · an b0 · · · bm]T (11)

This estimation equation is simply a way of presenting the
BJ model (1) in a pseudo-linear form, so that it can provide a
suitable basis for the estimation of the TF system parameter
vectorθab. Thus, provided we assume thatA(z−1), C(z−1)
and D(z−1) are knowna priori, it forms a basis for the
definition of a likelihood function and ML estimation.
There are two problems with this formulation. The most ob-
vious one is, of course, that theA(z−1), C(z−1) andD(z−1)
polynomials arenot knowna priori. The less obvious one is
that, in practical applications, the theoretical assumptions on
which it is based may not be satisfied and, in particular, the
noise may not have rational spectral density and cannot, the-
refore, be described very well by an ARMA model.
As we shall see later, both of these problems are solved by the
RIV algorithm which employs an IV optimization procedure
that iteratively adjusts the unknown polynomials in the BJ
model (1) until they converge on an optimal solution.

B. The ARMA Noise Model

In the simplest situation where the noiseξk in (2) is purely
white, so thatC(z−1) = D(z−1) = 1, the prefilterf1(z

−1)
in (6) reduces to1/A(z−1) and no noise model estimation is
required. Estimation is particularly simple in this case and the
iterative optimization approach has been termed theSimpli-
fied Refined Instrumental Variable(SRIV) algorithm [29]. In
the more general situation where the noise can be represen-
ted by an ARMA model, the full RIV algorithm is naturally
more complex and involves the separate but linked estima-
tion of the ARMA noise model parameters. Any method of
ARMA model estimation can be used and, in the original im-
plementation of the RIV algorithm, the recursiveApproximate
Maximum Likelihood(AML) algorithm [25] was employed
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for this purpose (see e.g. [28]). Also, the ARMA model can
be approximated by a high order AR model : indeed, this is
the method used in the current implementation of the RIV al-
gorithm in the CAPTAIN Toolbox for Matlab2. Another alter-
native, which does not provide the facility for recursive esti-
mation, would be a standard gradient optimization algorithm
limited to ARMA model estimation, as used in the PEM and
ARMAX algorithms of the Matlab SID Toolbox.
Here, however, we will consider briefly another approach
suggested recently [39] as an improvement on an earlier,
related algorithm [30] : namely, the IVARMA algorithm
outlined in Appendix 2. This has the advantage that it is
motivated in a similar manner to that used above for TF
system model parameter estimation. In particular, a suitable
error functionεn

k in this case is defined as follows :

εn
k =

C(z−1)

D(z−1)
ξk − ek (12)

Now, by introducing the prefilterf2(z
−1) defined as,

f2(z
−1)

∧
=

1

D(z−1)
(13)

the error function can be written in the form,

εn
k = −D(z−1)ef2

k + C(z−1)ξf2

k (14)

Then, an associated estimation equation can be written in the
pseudo-linear regression form :

Noise Estimation Equation: ef2

k = ψT
k θdc + ǫk (15)

where,

ψT
k = [−ef2

k−1 · · · − ef2

k−q ξf2

k ξf2

k−1 · · · ξf2

k−p] (16)

θdc = [d1 · · · dq 1 c1 · · · cp]
T (17)

and ǫk is the approximation error arising from the need to
replace the unobserved variables inψk by their estimates (see
below and Appendix 2).
As in the TF system model case, there are clear problems with
the utilization of the estimation equation (15) to estimatethe
noise model parameters : (i) we do not have access toek or
ξk ; and (ii) theD(z−1) polynomial is not knowna priori. But
again, there are solutions to this problem.
First, if it is assumed thatA(z−1) andB(z−1) are available,
then the noise-free outputxk can be obtained from (3) andξk

can be obtained by reference to equation (2), i.e.,

ξk = yk − xk (18)

Accessingek is more difficult but it is well known that a high
order AR model ofξk yields residuals that provide a good
estimate ofek (see Appendix 2 and [4] [30]).
The above reasoning is the basis of the IVARMA algorithm.
First, an estimatêξk of ξk is obtained from the latest, itera-
tively updated estimates of theA(z−1) andB(z−1) polyno-
mials (see later (28)). Then, high order AR estimation is used
to obtain a high order AR model for̂ξk and to generate an

2This is a Toolbox developed by the author and his colleagues over many
years : see later in the Conclusions Section IX.

estimatêek of ek from the high order AR model residuals. In
order to form the data vectorψk in (16), these estimates have
to be prefiltered byf2(z

−1), which is updated in the iterative
IVARMA algorithm (see the later equations (31) and Appen-
dix 2). These prefiltered variables are then used to construct
the estimate of the vector̂ψk given by,

ψ̂k = [−êf2

k−1 · · · − êf2

k−q ξ̂f2

k · · · ξ̂f2

k−p]T (19)

C. Instrumental Variable Estimation

A practical estimation methodology should be robust to vio-
lation of the theoretical assumptions on which the associated
estimation procedure is based. In the case of TF model esti-
mation, a useful technique for engendering such robustness
is the exploitation of optimal IV estimation. Considering an
estimation model of the following general form :

General Estimation Equation: vk = ϕT
k θ + ek (20)

this involves the formulation of the following IV optimization
problem,

θ̂ = arg min
θ

∥

∥

∥

∥

∥

[

1

N

N
∑

k=1

ϕ̂kϕ
T
k

]

θ −

[

1

N

N
∑

k=1

ϕ̂kvk

]∥

∥

∥

∥

∥

2

(21)
which results in the solution of the IV estimation (normal)
equations :

θ̂ =

[

N
∑

k=1

ϕ̂kϕ
T
k

]−1
N

∑

k=1

ϕ̂kvk (22)

where θ̂ is a general IV estimate of the model parameter
vector based on the input-output dataZN = {uk; yk}

N
k=1 ;

ϕk is the data vector ; and̂ϕk is the associated IV vector.

In the case of the TF system model,ϕ̂k

∧
= φ̂k, where,

φ̂k = [−x̂f1

k−1 · · · − x̂f1

k−n uf1

k−δ · · · uf1

k−δ−m]T (23)

The initialn elements of this vector are generated from the ba-
sic instrumental variablêxk, which is central to the definition
of the IV vectorφ̂k at each iteration of the algorithm. This is
an estimate of the noise-free output of the system generated
by the followingauxiliary model:

x̂k =
B̂(z−1)

Â(z−1)
uk−δ. (24)

whereÂ(z−1) andB̂(z−1) are estimates of the system model
polynomialsA(z−1) and B(z−1) based on the estimated
parameter vector̂θab obtained at the previous iteration of the
algorithm. In order to induce optimality, this basic IV, like
the input variableuk, has to be prefiltered by thef1(z

−1)
prefilter, i.e.,

x̂f1

k =
Ĉ(z−1)

D̂(z−1)Â(z−1)
x̂k. (25)

with the polynomials based on the estimated parameter vec-
tors θ̂ab andθ̂dc obtained at the previous iteration of the al-
gorithm.
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Note that, in the ideal but entirely hypothetical situation
where the noise-free outputxk is available for measurement,
the IV vector in (23) would be replaced by,

φ̊k = [−xf1

k−1 · · · − xf1

k−n uf1

k−δ · · · uf1

k−δ−m]T (26)

This vector is referred to later in Section III.

In the case of the TF noise model,ϕ̂k
∧
= ψ̂k, whereψ̂k is the

estimate ofψk in (16), as given by (19). It is now the basic
noise instrumental variable, which will be denoted byˆ̂ek, that
is central to the definition of the IV vector̂ψk at each iteration
of the algorithm and this is generated by the following noise
auxiliary model :

ˆ̂ek =
Ĉ(z−1)

D̂(z−1)
ξ̂k. (27)

whereĈ(z−1) andD̂(z−1) are estimates of the noise model
polynomialsC(z−1) and D(z−1) based on the estimated
parameter vector̂θdc obtained at the previous iteration of the
algorithm ; while ξ̂k is an estimate of the noiseξk obtained
from the equation (cf. (18)),

ξ̂k = yk − x̂k (28)

Once again, in order to induce optimality, this basic IV has to
be prefiltered, this time by thef2(z

−1) prefilter, i.e.,

ˆ̂ef2

k =
1

D̂(z−1)
ˆ̂ek. (29)

It is important to note the difference betweenˆ̂ek, which is
the source of the noise model instrumental variables and
is generated by the noise auxiliary model in (27), and the
estimateêk of the white noise, which is obtained via high
order AR estimation (see previous discussion).

D. The IV Estimation Equations

Bearing the above motivational discussion in mind, the un-
derlying computational aspects of the full RIV algorithm are
summarized below. Herêθab is the estimate of the parameter
vectorθab for the system part of the model (1) andP̂ab is the
associated covariance matrix. The vectorθ̂dc is the estimate
of the parameter vectorθdc for the ARMA noise part of the
model andP̂dc is its associated covariance matrix. Andσ̂2

is the estimate of the variance of the white noise inputek, as
obtained from the residuals of the noise model estimation, in
the usual manner. Note that because theen blocestimation
equations given in this summary are in a standard IV form,
it is straightforward to convert them into their recursive IV
equivalent (see e.g. [28]).

System Model Parameter Estimation




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




















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


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




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







































θ̂ab =

[

N
∑

k=1

φ̂kφ
T
k

]−1
N
∑

k=1

φ̂kyf1

k

P̂ab = σ̂2

[

N
∑

k=1

φ̂kφ̂k

]−1

φk = [−yf1

k−1 · · · − yf1

k−n uf1

k−δ · · · uf1

k−δ−m]T

θ̂ab = [â1 · · · ân b̂0 · · · b̂m]T

x̂k = B̂(z−1)

Â(z−1)
uk−δ; x̂f1

k = Ĉ(z−1)

D̂(z−1)Â(z−1)
x̂k

IV vector :

φ̂k = [−x̂f1

k−1 · · · − x̂f1

k−n uf1

k−δ · · · uf1

k−δ−m]T

(30)

Noise Model Parameter Estimation (IVARMA)

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
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
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







































θ̂dc =

[

N
∑

k=1

ψ̂kψ
T
k

]−1
N
∑

k=1

ψ̂kêf2

k

P̂dc = σ̂2

[

N
∑

k=1

ψ̂kψ̂k

]−1

ψk = [−êf2

k−1 · · · − êf2

k−q ξ̂f2

k ξ̂f2

k−1 · · · ξ̂f2

k−p]
T

θ̂dc = [d̂1 · · · d̂q 1 ĉ1 · · · ĉp]
T

ξ̂k = yk − x̂k; ξ̂f2

k = 1
D̂(z−1)

ξ̂k

êk(high order AR residuals); êf2

k = 1
D̂(z−1)

êk

ˆ̂ek = Ĉ(z−1)

D̂(z−1)
ξ̂k; ˆ̂ef2

k = 1
D̂(z−1)

ˆ̂ek

IV vector :

ψ̂k = [−ˆ̂e
f2

k−1 · · · −
ˆ̂e
f2

k−q ξ̂f2

k · · · ξ̂f2

k−p]
T

(31)

The iterative form of the algorithm that utilizes the estimation
equations in (30) and (31), or their recursive equivalents,is
described later in Section IV. First, however, it is necessary
to consider the theoretical justification for the decomposition
of the estimation into the above separate, but inter-linked,
system and noise model estimation modules.

III. T HEORETICAL JUSTIFICATION OF THERIV M ETHOD

The original maximum likelihood development of the RIV
method [27] [43][28], as well as the related motivation outli-
ned in the previous section, are based on the decomposition of
the estimation problem into two separate but inter-linked sub-
problems : first the estimation of the system transfer function
model parameters under the assumption that the noise mo-
del parameters are known ; and second, the estimation of the



Journées Identification et Modélisation Expérimentale JIME’2006 – 16 et 17 novembre – Poitiers

ARMA noise model parameters under the assumption that TF
system model parameters are known. This approach is then
carried over to the formulation of both the discrete-time RIV
and continuous-time RIVC algorithms (see later Section VI).
The justification for such a simplifying approach is given by
the following modified version of the theorem due originally
to Pierce [12] and formulated in the present control theoretic
form by Young and Jakeman [43][44][28].

Theorem ([27] [43] after [12])

If, in the Box-Jenkins TF model (1) :

(i) theek are independent and identically distributed with zero
mean, varianceσ2 and skewness and kurtosisκ1 andκ2 ;
(ii) the parameter values are admissible (i.e. the model is
stable and identifiable), and
(iii) the uk are persistently exciting ;

then the ML parameter estimates, obtained from a data set of
N samples, possess a limiting normal distribution, such that
the following results hold :

1. the asymptotic covariance matrix of the estimation errors
associated with the estimate of the system parameters {ai; bj}
is of the form :

Pab =
σ2

N

[

p lim
1

N

N
∑

k=1

φ̊kφ̊
T

k

]−1

2. the estimates of the noise model parameters {ci; dj} are
asymptotically independentof the {ai; bj} estimates and have
an error covariance matrix of the form :

Pdc =
σ2

N

[

E

{

N
∑

k=1

ψkψ
T
k

}]−1

3. the estimatêσ2 has asymptotic variance(2σ4/N)(1 +
0.5κ2) and, ifκ1 = 0, is independent of the above estimates.

Here,φ̊k andψk are, respectively, the underlying ‘ideal’ IV
vectors for the system and noise estimation models used as the
basis for the RIV algorithm outlined previously (see equations
(26) and (16), respectively). It is clear, therefore, that,upon
convergence of the RIV algorithm, the elements of the vectors
φ̂k andψ̂k will converge in probability (see e.g. [28]) to the
equivalent elements of these ideal vectors. Consequently,φ̂k

andψ̂k can be used to compute estimatesP̂ab andP̂dc of the
parametric covariance matricesPab andPdc defined in the
Theorem, as shown in equations (30) and (31).

Proof See Pierce [12], using the formulation of the Theorem
in [43][44][28].

CommentThe selection of the TF model form is often de-
cided by the predilection of the analyst. However, the above
theorem suggests that the ML estimation of the BJ model has
one particularly attractive statistical advantage : namely, the
asymptotic independence of the system and noise model para-
meter estimates (i.e. the covariance matrix is block diagonal),
thus justifying the system-noise model decomposition thatis
an essential element of the iterative RIV/RIVC algorithms.In
addition, Jakeman and Young [6][7] have investigated this as-
pect of the RIV algorithm further and showed that, while a BJ

model estimation algorithm, such as RIV, is able to estimate
an ARMAX model, without any approximation, from data ge-
nerated by a stochastic ARMAX system (the ARMAX model
is simply a constrained BJ model), the reverse is not true. If
the polynomials are not to share common factors, then the
ARMAX form of the BJ model is :

A(z−1)yk = B(z−1)uk−δ + F (z−1)ek

F (z−1) =
D(z−1)A(z−1)

C(z−1)

so that the noise polynomial is not normally of finite dimen-
sion and estimation of a finite size polynomial will imply an
approximation.

IV. SUMMARIES OF THE ITERATIVE RIV A LGORITHMS

In this section, the simplified SRIV and full RIV algorithms
are outlined to clarify the nature of the iterative updating.

The SRIV Algorithm (additive white noise)

Step 1.Use the standarden-blocor recursive Least Squares
algorithms (i.e. ARX model estimation) to generate an
initial (iteration 1) estimate of the TF system model pa-
rameter vector̂θab.

Step 2.Iterative IV estimation with prefilters.
for j = 2 : convergence

(i) Generate the IV serieŝxj,k from the auxilary model :

x̂j,k =
B̂j−1(z

−1)

Âj−1(z−1)
uk−δ

with the estimated polynomials based on the estimated
parameter vector̂θab obtained at the previous iteration
of the algorithm.

(ii) Prefilteryk, uk andx̂j,k with f1(z
−1) = 1/Âj−1(z

−1).

(iii) Based on these prefiltered data, compute the estimate
of the TF system model parameter vectorθ̂ab using
the en blocalgorithm in (30) or its recursive equiva-
lent.

end

Step 3.Compute the estimated parametric error covariance
matrix associated with the parameter estimates from the
following expression (see (30) and Section III) :

P̂ab = σ̂2

[

N
∑

k=1

φ̂kφ̂k

]−1

It should be noted that this SRIV algorithm is very simple
in comparison to the RIV algorithm outlined below and
so it is much more computationally efficient. This allows
for very rapid model order/structure identification using the
associated RIVID algorithm in the CAPTAIN Toolbox (see
later example).

The fact that the SRIV algorithm yields consistent estimates
of the system model parameters, even in the coloured noise
situation, means that these estimates can provide the informa-
tion required for the initiation of the full RIV algorithm. In
particular :
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1. The SRIV estimate of theA(z−1) polynomial provides
an initial estimate of the associated prefilter polynomial.

2. the initial identification (the polynomial ordersp andq)
and estimation of the ARMA(p, q) noise model can be
based on the estimatêξk from the equation :

ξ̂k = yk − x̂k (32)

wherex̂k is the estimate of noise-free output of the sys-
tem from equation (24) (and also the source of the IVs).
Any algorithm for the ML estimation of ARMA models
can be used, including the IVARMA algorithm described
in the previous Section II and Appendix 2. Of course, if
the noise model is identified as an AR(p) process, then
simple least squares estimation of the AR model can be
employed. Indeed, as mentioned previously, the algo-
rithm could be simplified by always estimating an AR
noise model, under the assumption that this can approxi-
mate any stationary ARMA model (see Appendix 2).
The RIV algorithm in the CAPTAIN Toolbox has used
this approach very successfully for many years (although
it will shortly be modified to allow for a full ARMA
noise model, if this is required by the user).

3. Of course, because of the pseudo-linear regression ap-
proach used in RIV, the implementation of recursive RIV
and SRIV algorithms is obvious (see e.g. [28]) and is an
option in the CAPTAIN version of these algorithms.

With the above observations in mind, the main steps in the
RIV algorithm are as follows :

The Full RIV Algorithm (additive ARMA noise)

Step 1.Apply the SRIV algorithm in the standard manner
and compute an initial (iteration 1) estimate of the TF
system model parameter vectorθ̂ab.

Step 2.Iterative IV estimation with prefilters.
for j = 2 : convergence

(i) Generate the IV serieŝxj,k from the auxilary model :

x̂j,k =
B̂j−1(z

−1)

Âj−1(z−1)
uk−δ

with the polynomials based on the estimated parame-
ter vector̂θab obtained at the previous iteration of the
algorithm.

(ii) Obtain an estimate of the noise model parameter vec-
tor θ̂dc based on the estimated noise sequenceξ̂k from
equation (27), using a selected ARMA estimation al-
gorithm (in the case of the IVARMA algorithm the
en-blocsolution in (31) or its recursive equivalent).

(iii) Prefilter the inputuk, output yk and instrumental
variablex̂j,k signals by the filter

f1(z
−1) =

Ĉj(z
−1)

D̂j(z−1)Âj−1(z−1)

with the polynomials based on the estimated parame-
ter vector̂θab obtained at the previous iteration of the
algorithm and̂θdc obtained in (ii).

(iv) Based on these prefiltered data, compute the estimate
of the TF system model parameter vectorθ̂ab using
the en bloc IV algorithm in (30) or its recursive
equivalent.

end

Step 3.Compute the estimated parametric error covariance
matrices associated with the parameter estimates from
the following expressions (see (30), (31) and Section
III) :

P̂ab = σ̂2

[

N
∑

k=1

φ̂kφ̂k

]−1

P̂dc = σ̂2

[

N
∑

k=1

ψ̂kψ̂k

]−1

Normally, only 4 iterations are required for convergence.
In general, however, it is safer to either specify more than
4 iterations or, as indicated in the algorithm above, use
an automatic convergence rule based on the change in the
parameter estimates.

A. Convergenceof the Iterative Algorithms

The SRIV and RIV algorithms are rapidly convergent, nor-
mally converging to a stationary solution in only a few itera-
tions (typically 3-4). Moreover, they have been available for
many years in the CAPTAIN Toolbox, where they have been
very robust in simulation and practical applications, conver-
ging in all cases where the model is identifiable from the data.
The convergence of these algorithms has not been considered
theoretically but the SRIV algorithm is quite similar to theite-
rative least squares algorithm of Steiglitz and McBride [15],
the convergence of which has been established in the case of
white additive noise [16]. Moreover, the inherent optimal ins-
trumental variable nature of the SRIV algorithm removes the
limitations of the Steiglitz and McBride-type algorithm inthe
coloured noise situation [16]. The convergence of the more
complex RIV algorithm has not been established theoretically
but, again, it has been used successfully for many years in the
form where the noise is modelled as an AR process (later re-
ferred to as RIV-AR), without any convergence problems in
identifiable situations.

V. D ISCRETE-TIME EXAMPLES

A. Discrete-Time Simulation Example 1

Here, the RIV algorithm is applied toN = 1700 samples
of simulated data generated by the following Box-Jenkins TF
model :

yk =
0.016 + 0.026z−1 − 0.0375z−2

1 − 1.6252z−1 + 0.642z−2
uk +

1 + 0.5z−1

1 − 0.85z−1
ek

uk = N (0, 8.8) ek = N (0, 0.0009)

This is a ‘stiff’ dynamic system, with widely spaced eigen-
values, and it has a reasonable noise level (noise/signal ratio
of 0.33 by standard deviation). The TF can be decomposed
into a parallel connection of three TFs : one a simple gain,
0.015964 ; and two with first order TFs having time constants
of 2.6 and 18.7 samples. This is a common model form in the
environmental sciences but it appears to pose some problems
for the PEM algorithm.
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Table I compares the results of single run and MCS analysis,
based on 100 realizations, for the RIV, SRIV, PEM and IV4
algorithms (the latter two from the latest Matlab 7.2.0.283
(R2006a) SID Toolbox). It also presents the results obtained
with the RIV algorithm when the ARMA model is approxi-
mated by an AIC (see Appendix 2 and [1]) identified AR(5)
model (RIV-AR). As would be expected because of their com-
mon basis in maximum likelihood estimation, both of the RIV
and PEM algorithms perform similarly when convergence oc-
curs, with the single run predicted standard errors on the para-
meter estimates matching reasonably the standard deviations
computed from the MCS analysis. However, in this example,
the PEM algorithm fails to converge in 9 of the 100 realiza-
tions (these realizations were removed in computing the sta-
tistics shown in the Table), while the RIV algorithm does not
fail at all. A plot of the results is shown in Figure 1, with RIV
in the left hand panel and PEM in the right hand panel.
The SRIV algorithm also performs well : in fact, in terms of
the single run and MCS estimated mean parameter estimates,
it performs better than PEM in the sense that it has no
failures. However, we see that its estimated standard errors
are too optimistic, as might be expected. Also, note that an
estimate of an ARMA model for the noise can be obtained
by applying the IVARMA algorithm separately to the residual
noise estimate obtained from the SRIV estimation results. For
illustration, this is shown in the Table only for the single run
case. Of course, it had no influence of the TF system model
parameter estimates and it was not computed at all in the MCS
simulation results presented below this. Note that this SRIV
algorithm is computationally a quite efficient algorithm (a
little faster than PEM in this case and only marginally slower
than IV4) and so, as pointed out previously, it provides the
best algorithm for initial model structure/order identification
analysis.
The results in Table I are typical of the performance compa-
rison in the case of examples such as that considered here.
The poorer performance of the PEM algorithm appears to
be due to the ‘stiff’ nature of the TF model in this example
and a consequent failure to converge from the initial condi-
tions specified for the parameter estimates in the PEM gra-
dient optimization algorithm. It is clear from the results that
the RIV algorithm does not suffer from this problem and is al-
ways providing statistically consistent and efficient estimates.
It is, in other words, another approach to optimal estimation
of discrete-time TF models of the Box-Jenkins type (which
includes the ARMAX model as a special constrained case, as
pointed out previously).
Finally, we see that the RIV-AR results are comparable with
those of RIV (for convenience, the AR(5) noise model pa-
rameter estimates are not shown). They demonstrate how this
‘approximate’ implementation of the RIV algorithm is appea-
ling because it is computationally much more efficient than
RIV and yet performs similarly in most cases. For this rea-
son, as pointed out previously, it is the current implementation
used in the CAPTAIN Toolbox.
The IV4 algorithm, which also uses an AR noise model,
has been likened to the RIV algorithm but it is, in fact,
quite different (see Conclusions Section IX) and, in general,
does not perform nearly as well as RIV (although it is
computationally much more efficient : about the same as
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Fig. 1. MCS comparison between RIV and PEM on a difficult
example

SRIV). In this case, it produces reasonable results but they
are noticeably poorer than those of RIV and SRIV. However,
like them, it has no failures amongst the MCS realizations.
This is not always the case, however, as we see in the next
simulation example.

B. Discrete-Time Simulation Example 2

This example is concerned with a simulation model based
on a [2 2 4] TF model identified and estimated from the
real effective rainfall-flow data shown in Figure 2. It is a re-
appraisal of an example used in a previous comparative study
[49] but now using the latest available versions of the RIV,
PEM and IV4 algorithms3. The lower panel in Figure 2 shows
the hourly flowyk measured in a river over most of a year
(7500 hours or 312.5 days) ; while the upper panel shows the
associated ‘effective rainfall’uk (see next Section V-C). The
simulation data are generated by passing this effective rainfall
input through the model, with its parameters set to those
estimated from the real data. The output is then contaminated
by white noise with varianceσ2 = 5, giving a noise/signal
ratio (by standard deviation) of0.62.
Table II compares the results of the RIV estimation (here
effectively SRIV because the additive noise is white) with
those obtained using the PEM and IV4 algorithms. Again,
as would be expected, both of the RIV and PEM algorithms
perform similarlywhen convergence occurs, with the single
run predicted standard errors on the parameter estimates
matching the standard deviations computed from the MCS
analysis. However, the PEM algorithm has a quite high
failure rate of 19.4% : it fails to converge satisfactorily in
24 of the 124 realizations (these realizations were removed
in computing the statistics shown in the Table) while, as in
the previous example, the RIV algorithm does not fail at all.

3the previous results obtained with the PEM algorithm were considerably
worse than those shown here but it would appear that some improvements
have been introduced into the algorithm since the original analysis was
carried out.
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Method Value â1 â2 b̂0 b̂1 b̂2 ĉ1 d̂1 Failures

True Values -1.6252 0.642 0.016 0.026 -0.0375 -0.85 0.5
RIV (SR) θ̂ -1.6112 0.6331 0.0162 0.0264 -0.0375 -0.845 0.494

SE 0.0449 0.0334 0.0003 0.0007 0.0018 0.01 0.02
RIV (MCS) θ̂ -1.6255 0.642 0.0160 0.0260 -0.0375 -0.847 0.501

SD 0.0254 0.0200 0.0002 0.0004 0.0010 0.01 0.02
SRIV (SR) θ̂ 1.6312 0.649 0.0165 0.0256 -0.0379 -0.848 0.485

SE 0.0199 0.0159 0.0007 0.0014 0.0009 0.010 0.02
SRIV (MCS) θ̂ -1.6164 0.635 0.0159 0.0262 -0.0372 - -

SD 0.0535 0.0428 0.0005 0.0013 0.0014 - -
PEM (SR) θ̂ -1.5939 0.6204 0.0161 0.0266 -0.0367 -0.849 0.502

SE 0.0650 0.0480 0.0003 0.0010 0.0026 0.01 0.02
PEM (MCS : 91/100) θ̂ -1.6166 0.6354 0.0160 0.0261 -0.0371 -0.849 0.502 9

SD 0.0400 0.030 0.0003 0.0007 0.00164 0.01 0.02
RIV-AR (SR) θ̂ -1.611 0.6328 0.0162 0.0263 -0.0375 - -

SE 0.0440 0.0328 0.0003 0.0007 0.0017 - -
RIV-AR (MCS) θ̂ -1.619 0.6371 0.016 0.0261 -0.0373 - -

SD 0.0356 0.0270 0.0002 0.0006 0.0014 - -
IV4 (SR) θ̂ -1.568 0.6019 0.0162 0.0270 -0.0357 - -

SE 0.0991 0.0716 0.0003 0.0016 0.0040 - -
IV4 (MCS) θ̂ -1.6090 0.6298 0.0160 0.0262 -0.0369 - -

SD 0.0513 0.0384 0.0002 0.0008 0.0021 - -

TABLE I
MONTE CARLO SIMULATION RESULTS FOR SIMULATIONEXAMPLE 1 : SEDENOTES THE STANDARD ERROR ON THE

ESTIMATES; SD THE STANDARD DEVIATION OF THE MCS REALIZATIONS ; SR THE SINGLE RUN RESULTS; AND MCS
THE RESULTS FROMMCS ANALYSIS BASED ON 100 RANDOM REALIZATIONS.

The performance of IV4 is much worse : it fails to converge
satisfactorily in 114 of the 124 realizations, an unacceptable
failure rate of 91.9%.
This model is an even ‘stiffer’ dynamic system than the pre-
vious example, with time constants of 6.5 and 605 hours4, and
PEM’s problems seem, once again, to be connected with this
property. When the algorithm fails to converge on the correct
system, it most often converges on a false optimum with one
root of the denominator polynomialA(z−1) negative and very
close to the unit circle ; while the other is positive and just
greater than0.9 (a typical example is{−0.99943, 0.91657}).
And, in all cases such as this, the explanation of the data is
poor : e.g. the coefficient of determinationR2

T (see Appen-
dix 1), based on the simulated noise-free outputx̂k, is only
circa 0.85, compared withR2

T very close to unity when cor-
rect convergence occurs (as in all the RIV estimated models).

C. Discrete-Time Practical Example

The Leaf River watershed is a humid watershed with an area
of 1944km2 located north of Collins, Mississippi. It has been
the subject of recent research in which the Bayesian-inspired
Ensemble Kalman Filterhas been used as an approach to flow
forecasting [11]. This is a very computationally expensive
methodology, however, requiring the generation of many
Monte Carlo realizations at each recursive update of the

4Note that these time constants are sensitive to the estimated model
parameter values and were computed from estimates with moredecimal
places than those shown in Table II.

algorithm. Moreover, it is not particularly well justified in
practical terms because, as we shall see, the only significant
nonlinearity occurs at the input to an otherwise linear process
(i.e. it is identified as a Hammerstein process). The objective
of the modelling in this case is, therefore, to identify a
Data-Based Mechanistic(DBM) model (see [32] [38] and
the references cited therein) that has a satisfactory physical
interpretation and can provide the basis for much simpler and
computationally inexpensivereal-time flow forecasting.

The relationship between daily measures of rainfallrk and
flow yk is nonlinear, soState-Dependent Parameter(SDP)
estimation (see later and [33] [35] [48] [34]) is used to
identify the model structure. This identifies a Hammerstein-
type model with an input nonlinearity, in which the SDP is
dependent on the flow, acting as a surrogate measure of the
soil moisture (catchment storage) effects. The function ofthis
nonlinearity can be explained by considering the nature of
the rainfall-flow process. When the flow is small, the soil
is corresponding dry and so rainfall falling on it tends to
be absorbed. As a result, it produces less flow in the river
channel than it does if the flow happens to be high and the
soil is saturated with water. The output of this nonlinearity uk,
which is the input to the linear TF part of the model, is called
the ‘effective rainfall’ because it is that part of the rainfall
that is not trapped by the soil and is effective in causing flow
variations.

Although an unconstrained TF model explains the data well
(R2

T = 0.86 : i.e. 86% of the output variance explained by
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Method Value â1 â2 b̂0 b̂1 Failures

True Values -1.8563 0.8565 0.0545 -0.0542
RIV (SR) θ̂ -1.8575 0.8578 0.0543 -0.0541

SE 0.0028 0.0027 0.0009 0.0009
RIV (MCS) θ̂ -1.8560 0.8563 0.0545 -0.0543

SD 0.0027 0.0026 0.0008 0.0008
PEM (SR) θ̂ -1.8561 0.8563 0.0546 -0.0543

SE 0.0028 0.0028 0.0008 0.0008
PEM (MCS) θ̂ -1.8585 0.8587 0.0541 -0.0539 24

SD 0.0027 0.0027 0.0008 0.0009
IV4 (MCS) θ̂ 0.0954 -0.8806 0.0585 0.0481 114

SD 13.0 11.6 0.0224 0.694

TABLE II
MONTE CARLO SIMULATION RESULTS FOR SIMULATIONEXAMPLE 2 : SEDENOTES THE STANDARD ERROR ON THE

ESTIMATES; SD THE STANDARD DEVIATION OF THE MCS REALIZATIONS ; SR THE SINGLE RUN RESULTS; AND MCS
THE RESULTS FROMMCS ANALYSIS BASED ON 100 RANDOM REALIZATIONS (OUT OF 124TOTAL REALIZATIONS).
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Fig. 2. Hourly effective rainfall (upper panel) and river
flow (lower panel) data from a typical catchment. The
effective rainfall is used as the input signal for the second
simulation example.

the simulated model output̂xk), the TF poles are complex
(0.9533; 0.5500± 0.3180j) and there is no obvious physical
explanation for such characteristics. Consequently, in order
to satisfy the tenets of DBM modelling, which require that
the model should be capable of interpretation in physically
meaningful terms, a constrained form of SRIV estimation
is utilized. This involves a novel optimization routine in
which the constrained real pole parametersα1 and α2 in
the model equation (33) below, as well as the parameterγ
in the associated nonlinear input model equation (34), are
continually optimized by nonlinear least squares and inserted
asa priori known parameters in a constrained version of the
SRIV algorithm, that then provides the estimates of the TF
numerator parametersbi, i = 0, 1, · · · , 3. The optimization
cost function is based on the erroryk − x̂k between the
measured outputyk and the outputx̂k of the complete

TF Slow Quick 1 Quick 2 Inst.

Static Gain 0.201 0.238 0.433 0.068
Partition % 21.4 25.3 46.1 7.2

Resid. Time (d) 24.8 1.23 2.46 0.0

TABLE III
TF DECOMPOSITION

constrained model.

yk =
b0 + b1z

−1 + b2z
−2 + b3z

−3

(1 + α1z−1)(1 + α2z−1)2
uk + ξk (33)

uk = (1 − eγyk)rk (34)

The estimation results obtained in this manner are as follows,
where the figures in parentheses are the estimated standard
errors :

α̂1 = −0.961(0.008); α̂2 = −0.443(0.01)

b̂0 = 0.068(0.004); b̂1 = 0.0151(0.009)

b̂2 = 0.0125(0.009); b̂3 = −0.0841(0.004)

γ̂ = 0.0124(0.0005)

The nonlinear input function in (34) is a simple exponentially
rising function of yk that was initially identified in this
form using state-dependent parameter estimation (see later
and Section VIII). This model explains the data as well as
the unconstrained version, and the noiseξk is identified as
either an AR(5) or ARMA(3, 2) process. The estimation and
validation results are shown in Figure 3, where we see that the
model based on the estimation data set continues to explain
the flow behaviour in the validation data measured some nine
years later, with aR2

T = 0.89 (i.e. marginally better than that
obtained on the estimation data set) based only on the rainfall
and without any re-estimation of the model parameters.
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Fig. 3. Estimation and validation results for the final parame-
terized DBM model

The physical nature of the TF model (33) can be investigated
by using partial fraction expansion to decompose it into a
variety of forms. However, the most physically meaningful
decomposition obtained in this manner is the parallel pathway
form shown in Figure 4 (see next page), where the first order
TF blocks are defined by the TF decomposition in Table
III. This makes sense in hydrological terms, with the quick
residence time (time constant) blocks of 1.23 (×2) and 2.46
days, respectively, explaining the surface process dynamics
and the slow residence time block (24.8 days) representing
the groundwater effects.
In this example, the main reason for modelling is to facilitate
adaptive, real-time flow forecasting based on a modified
version of theKalman Filter (KF). For these forecasting
purposes, the TF model is transformed into a state-space
form with the state variables in the state vectorx̂k defined
as the outputs of the parallel pathways defined in Table III
and shown in Figure 4. The associated KF forecasting engine
is based on the approach used previously by the author and
his colleagues (e.g. [36] [13]) and is implemented in the
following prediction-correction form :

Prediction :

x̂k|k−1 = Fx̂k−1 + G(1 − eγyk)rk⇐ nonlinear input

Pk|k−1 = FPk−1F
T + σ2

kQr⇐ NVR matrix

ŷk|k−1 = hT x̂k|k−1

σ2
k = σ2

k(y2
k)⇐ heteroscedastic noise variance

Correction :

x̂k = x̂k|k−1 + Πk ·
{

yk − ŷk|k−1

}

Πk = Pk|k−1h[σ2
k + hTPk|k−1h]−1

Pk = Pk|k−1 − Πkh
TPk|k−1

Figure 5 shows the one-day-ahead forecasting results obtai-
ned when the above forecasting algorithm is applied to a part

of the validation data.
A novel feature of this KF implementation is its exploita-
tion of SDP elements to model the effective rainfall nonli-
nearity and the state-dependent heteroscedasticity in themea-
surement noise (shown by arrows in the above modified KF
algorithm). Note how these methodological innovations pro-
vide not only a good flow forecast (normal Coefficient of De-
termination based on the forecasting errors ofR2 = 0.90,
with residual variance of 613cumecs2, compared with 1207
cumecs2 for a naive forecast set equal to the previous day’s
measured flow) but also forecast standard errors that capture
the changing uncertainty associated with the flow forecasts.
In the latter regard, note how the standard error bounds on the
forecasts are functions of the flow, with larger standard errors
at the larger flows.
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Fig. 5. Nonlinear Kalman Filter forecasting results for the
validation data set

VI. T HE CONTINUOUS-TIME RIVC ALGORITHM

The continuous-time RIVC algorithm is concerned with the
estimation of the parameters in the following multi-order
differential equation model based on discrete-time, sampled
data measurements of the input and output variables :

dnx(t)

dtn
+ a1

dn−1x(t)

dtn−1
+ · · · + anx(t)

= b0
dmu(t − τ)

dtm
+ · · · + bmu(t − τ)

or,

x(n)(t) + a1x
(n−1)(t) + . . . + anx(0)(t)

= b0u
(m)(t − τ) + . . . + bmu(0)(t − τ)

In transfer function (TF) terms, this takes the form :

x(t) =
B(s)

A(s)
u(t − τ), (35)

with

B(s) = b0s
m + b1s

m−1 + · · · + bm,

A(s) = sn + a1s
n−1 + · · · + an,
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Fig. 4. Physically meaningful decomposition of the DBM model into 3 parallel pathways with partitionsPi, i = 1, 2, 3. RT

denotes the Residence Time (time constant) in days (d).

wheres is the differential operator,i.e. spx(t) = dpx(t)
dtp . It

is assumed that the input signal{u(t), t1 < t < tN} is
applied to the system and that this input and the output
x(t) are sampled at discrete timest1, · · · , tN , not necessarily
uniformly spaced. Note that for simplicity of presentationin
this paper, the nomenclature for the TF model parameters
used here is the same as that used in the discrete-time case.
However, it should be stressed that these parameters are
associated with the continuous-time TF model and, of course,
both their meaning and values are quite different.
In the case of uniformly sampled data at a sampling interval
∆t, the measured outputy(tk), wheretk = k∆t, is assumed
to be corrupted by an additive measurement noiseξ(tk),

y(tk) = x(tk) + ξ(tk) (36)

wherex(tk) is the hypothetical noise-free, deterministic out-
put of the system and, as in the discrete-time case,ξ(tk) is
modelled as a discrete-time ARMA process, i.e.,

ξ(tk) =
D(z−1)

C(z−1)
e(tk) e(tk) = N (0, σ2) (37)

The estimation problem posed in this manner is to esti-
mate the parameters of the differential equation model from
N sampled measurements of the input and outputZN =

{u(tk); y(tk)}N
k=1. In the case of non-uniform sampling, the

sampling interval∆t will itself be a function of the sampling
integerk, i.e.∆t = ∆t(k).
In this continuous-time situation, the ARMA noise estimation
model remains in the form (15), since the noise model is not
changed. However, the TF system estimation model at the
kth sampling instant is written in the following pseudo-linear
regression form :

y
(n)
f (tk) = φT

f (tk)θab + e(tk) (38)

φT
f (tk) = [−y

(n−1)
f (tk) · · · − y

(0)
f (tk)u

(m)
f (tk) · · ·u

(0)
f (tk)]

(39)
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A in Figure 7 below (based on Figure 2(b) in [44]).

θab = [a1 . . . an b0 . . . bm]
T

. (40)

where now the subscriptf denoteshybrid prefilteringwhich
is completely analogous in function to that used in the
discrete-time modelling situation, but involves a combination
of continuous and discrete-time filters. First, the prefiltered
derivatives are obtained as the inputs to the integrators in
the continuous-time implementation of the initial prefilter
1/A(s), as shown in Figure 65. These are then sampled at the
sampling interval∆t, prior to discrete-time prefiltering using
the inverse noise filterC(z−1)/D(z−1), as shown in Figure
7. Of course, as in the discrete-time situation, these prefilters
are based on estimates of the model polynomials and both
they, and the polynomials of the continuous-time auxiliary
model, are updated iteratively based on the iterative estimates
of parameter vectorsθab andθdc.
The SRIVC algorithm was first suggested and implemented in

5Note that the inputs to these continuous-time prefilters areinterpolated,
normally by a first order hold operation. Optimal interpolation is possible but
these simpler options seem to be sufficient.
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used in RIVC estimation : the bold arrows and bold-face
letters denote vector quantities with elements defined as
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of blockA in this Figure is shown in Figure 6 (based on
Figure 2(a) in [44]).

1980 [44], while the full RIVC algorithm has been implemen-
ted recently [41] [42]. Since the algorithms are so similar to
their discrete-time counterparts, they will not be discussed in
detail here but simply summarized below. The interested rea-
der should consult the cited references to find a more detailed
description.

The SRIV Algorithm (additive white noise)

Step 1.SpecifyÂ0(s) based on either converting the SRIV
estimated discrete-time model to continuous-time ; or by
using a simple, single parameter ‘state variable filter’
(SVF : see comment below). Prefilter the input and
output variables by1/Â0(s) in order to generate the
required prefiltered derivative signals (Figure 6) and then
estimate the TF system model parameter vectorθ̂ab by
the en-bloc or recursive IV algorithm to yield initial
estimatesÂ1(s) andB̂1(s).

Step 2.Iterative IV estimation with prefilters.
for j = 2 : convergence

(i) Generate the IV variablêx(t) from the auxilary mo-
del :

x̂(t) =
B̂j−1(s)

Âj−1(s)
u(t − τ)

with the polynomials based on the estimated parame-
ter vector̂θab obtained at the previous iteration of the
algorithm.

(ii) Prefilter the inputu(t), outputy(t) and instrumental
variable x̂(t) signals by the continuous-time filter
1/Âj−1(s) in order to generate the filtered derivatives
of these variables that are available at the inputs to the
integrators in the prefilter (Figure 6).

(iii) Sample the prefiltered derivatives from (ii) at the
discrete-time sampling interval∆t and compute the
estimate of the TF system model parameter vectorθ̂ab

based on the estimation model (38), using theen bloc
IV algorithm or its recursive equivalent.

end

Step 3.Compute the estimated parametric error covariance
matrixP̂ab associated with the parameter estimates from
the equivalent expression to that in (30).

CommentThe SVF approach simply requires the selection of
the single breakpoint parameterλ (breakpoint frequency in
radians/time unit) of the prefilter,

fsvf (s) =
1

E(s)
=

1

(s + λ)n (41)

which is chosen so that it is equal to, or larger than, the
bandwidth of the system to be identified. This filter form was
suggested a long while ago (e.g. [19], [20]) but has proven
popular ever since.

The RIVC Algorithm (optimal for additive ARMA noise)

Step 1.Apply the SRIVC algorithm based on an initial
Â0(s), chosen as discussed previously, and generate an
initial estimate of the TF model parameter vectorθ̂ab.

Step 2.Iterative estimation.
for j = 2 : convergence

(i) Generate the IV variablêx(t) from the auxilary mo-
del :

x̂(t) =
B̂j−1(s)

Âj−1(s)
u(t − τ)

with the polynomials based on the estimated parame-
ter vector̂θab obtained at the previous iteration of the
algorithm.

(ii) Generate the discrete-time seriesu(tk), y(tk) and
x̂(tk) by samplingu(t), y(t) andx̂(t) at the discrete-
time sampling interval∆t. Then, as in the discrete-
time case, obtain an estimate of the noise model
parameter vectorθdc based on the estimated noise
sequencêξ(tk) = y(tk) − x̂(tk), using a discrete-
time AR or ARMA model estimation algorithm (e.g.
IVARMA).

(iii) Prefilter the inputu(t), outputy(t) and instrumental
variable x̂(t) signals by the continuous-time filter
1/Âj−1(s) in order to generate the filtered derivatives
of these variables, as in the SRIVC algorithm.

(iv) Sample the continuous-time prefiltered input and
output derivative signals from (iii) and filter them by
the discrete-time inverse noise filterĈj(z

−1)/D̂j(z
−1).

(v) Based on these sampled, prefiltered derivatives and
the estimation model (38), estimateθab using theen
bloc IV algorithm or its recursive equivalent.

end

Step 3.Compute the estimated parametric error covariance
matricesP̂ab and P̂dc associated with the parameter
estimates from the equivalent expressions to those in
(30) and (31).

VII. C ONTINUOUS-TIME EXAMPLES

A. Continuous-Time Simulation Example

The RIVC algorithm has been evaluated comprehensively
elsewhere (e.g. [41] [42]) and the reader should consult
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Fig. 8. A section of the modified IFAC SYSID’06 Benchmark
data

these publication for details of the MCS analysis. As in the
discrete-time case discussed in previous sections, these MCS
results confirm the utility and statistical efficiency of the
RIVC algorithm. Here, we will illustrate the performance of
the algorithm by applying it to a Benchmark example that
was prepared for the recent IFAC SYSID’06 Symposium in
Newcastle, NSW, Australia.
Unfortunately, the associated Benchmark Session at SYSID
was cancelled because referees felt that insufficient submitted
papers were acceptable (only one of the papers submitted
to the proposed benchmark session got even close to the
correct model, demonstrating the difficulty of the benchmark
exercise). The present example is a modified version of
the original benchmark example, in which the simple white
additive noise of the original is replaced by ARMA noise,
making it still more difficult. The example is the following
fourth order system with widely separated modal frequencies
and an ARMA(2,1) noise model :

x(t) =
−120s2 − 1560s + 3600

s4 + 30.2s3 + 3607s2 + 750s + 3600
u(t − 0.035)

y(tk) = x(tk) +
1 + 0.5z−1

1 − 1.4z−1 + 0.7z−2
e(tk)

e(tk) = N (0, 0.0025)

The input signal is a pseudo-random binary sequence (±1.0)
and the complete data set consists of 6138 input-output
samples with a sampling interval of∆t = 0.005 time units
(i.e. total time 30.69 time units). A section of the input-output
data used in the example is plotted in Figure 8 : the noise-
signal-ratio (by standard deviation) is 0.8.
As pointed out previously in the introductory Section I, a
significant advantage of optimal IV estimation is that the
properties of the IPM [17] facilitate the identification of
model order (here via the YIC function [46] [31], based on
the inverse of the IPM : see Appendix 1). The model order

identification results in this case are summarised in Table IV,
which clearly identifies the correct [4 3 7] order model. The
subsequent single run SRIVC and RIVC estimation results are
shown in Table V, where we see that both algorithms provide
good estimates of the parameters. The main difference is
that the SRIVC6 provides rather optimistic estimates of the
standard error (SE) on the parameters ; while RIVC provides
more realistic estimates of this uncertainty. Figure 9 shows
that the Bode plots of the RIVC estimated model (full line)
are hardly distinguishable from those of the true model (dash-
dot line). The SRIVC estimated model produced a very
similar Bode plot. Indirect estimation using the discrete-
time RIV, PEM and IV4 algorithms, followed by conversion
to continuous-time using the Matlab D2CM function, failed
at this fast sampling rate because the algorithms did not
converge on acceptable discrete-time models.

Model YIC R2
T

4 3 7 -4.3443 0.601817
4 3 6 -4.3324 0.601295
4 3 8 -4.3104 0.601671
4 2 7 -3.8679 0.588101
4 2 8 -3.7863 0.587521
3 3 8 -3.4524 0.594352
4 4 6 -2.3979 0.601675
4 5 6 -2.1836 0.602147
5 3 6 -1.6287 0.602004
5 7 6 -1.3330 0.602221
4 4 7 0.2252 0.601837

TABLE IV
TF MODEL IDENTIFICATION

It is worth noting that the RIVC algorithm has a much
longer computation time than the SRIVC algorithm. As a
result, it is advantageous to use the SRIVC algorithm for
initial model order identification and only employ the full
RIVC algorithm in those situations where the theoretical
assumptions are satisfied and it is essential to have the
most efficient parameter estimates and better estimates of
the uncertainty on the parameters. For day-to-day usage, the
SRIVC algorithm provides a quick and reliable approach to
continuous-time model identification and estimation and has
been used for many years as the algorithm of choice for this
in the CAPTAIN Toolbox.

B. Continuous-Time Practical Example

The Global Circulation Models(GCMs) used to study the
possibility of global warming are amongst the largest com-
puter simulation models ever constructed. In this example,we
use the RIVC algorithm to identify and estimate a continuous-
time model between radiative forcingu(t) and the global
mean temperature perturbationy(t) obtained from a stan-
dard forcing experiment performed on the U.K. HadCM3 A-
OGCM GCM model, as shown in Figure 10.

6The ARMA(2, 1) noise model presented in this case was estimated sepa-
rately by the IVARMA algorithm based on the estimated model residuals.
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Method Value â1 â2 â3 â4 b̂0 b̂1 b̂2 ĉ1 ĉ2 d̂1 σ̂2

True 30.2 3607 750 3600 -120 -1560 3600 -1.4 0.7 0.5 0.0025
RIVC θ̂ 31.2 3622 799 3645 -131.9 -1608 3650 -1.399 0.698 0.483 0.0025

SE 5.9 224 59 229 19 132 241 0.01 0.01 0.013
SRIVC θ̂ 34.4 3710 820 3732 -145.5 -1644 3729 -1.399 0.698 0.482 0.0025

SE 3.82 141 39 145 12.7 89 155 0.01 0.01 0.013

TABLE V
BENCHMARK EXAMPLE ESTIMATION RESULTS (NOMENCLATURE AS FOR EARLIERTABLES)

Model Details â1 â2 b̂0 b̂1 R2
T MCS response

RIVC θ̂ 0.15206 0.00037039 0.33328 0.0014026 0.99547 Good
SE 0.015185 4.8019e-05 0.031479 0.00017601

RIVC mean (MCS) 0.15147 0.00036899 0.33199 0.0013972 0.99547 Good
SD (MCS) 0.015941 4.9796e-05 0.033128 0.0001829

RIV mean (MCS) 0.14304 0.00035324 0.31011 0.0022757 0.99546 Poor
(d2cm) SD (MCS) 0.027994 0.00015783 0.02799 0.035868
PEM mean (MCS) 0.14877 0.00036609 0.32469 0.0013846 0.99546 Unacceptable

(d2cm) SD (MCS) 0.095537 0.00030185 0.19801 0.0011053

TABLE VI
GCM MODEL REDUCTION ESTIMATION RESULTS (NOMENCLATURE AS FOR EARLIERTABLES)

−80

−60

−40

−20

0

20

M
ag

ni
tu

de
 (

dB
)

10
−2

10
−1

10
0

10
1

10
2

10
3

0

90

180

270

360

P
ha

se
 (

de
g)

Bode Diagram

Frequency  (rad/sec)

True

Estimated

Fig. 9. Comparison of true and RIVC estimated Bode
diagrams

Identification using the YIC andR2
T statistics suggest a

second order [2 2 0] model with an associated AR(3) noise
model. The RIVC estimated model then takes the following
form :

x(t) =
0.3333s + 0.001403

s2 + 0.1521s + 0.00037
u(t)

y(tk) = x(tk)+
1

1 − 0.492z−1 + 0.135z−2 − 0.158z−3
e(tk)

e(tk) = N (0, 0.017) ∆t = 1 year
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Fig. 10. Hadley GCM data and RIVC estimated model output

It is interesting to note that this model can be decomposed
straightforwardly into a feedback connection of two first order
processes. This is easily interpreted in energy balance terms
as a feedback process with quick (6.8 years, forward path) and
very slow (238 years, feedback path) modes, an interpretation
that is immediately useful in scientific terms and can be used
to compare the nature of the reduced order model with that of
the very high order GCM from which it has been derived.

Table VI compares the RIVC estimation results with those
obtained by 1000 realization MCS analysis using a simulation
model based on the RIVC parameter and covariance matrix
estimates. We see that the single run and MCS derived results
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are very similar, again demonstrating the efficacy of the RIVC
algorithm. The Table also compares the RIVC estimates with
the estimation results obtained by indirect estimation using
the RIV and PEM algorithms, with conversion using the
D2CM algorithm in Matlab. At first sight, these indirect
results look reasonable. However, the final column in the
Table reports the nature of the results obtained in the MCS
analysis : here we see that the indirect estimates produce
poor (RIV) and unacceptable (PEM) results, in the sense
that the ensemble of model output responses had a very
high variance, much greater than that obtained using the
direct RIVC estimation results. This is a consequence of
the sensitivity, in this example, of the discrete-continuous
conversion D2CM to the estimated uncertainty defined by the
RIV and PEM estimated parametric covariance matrices.

VIII. N ONSTATIONARY AND NONLINEAR MODEL

ESTIMATION

As pointed out previously, the RIV and RIVC algorithms
are easily formulated in recursive terms. As a result, it is
straightforward to use them for the estimation of time variable
parameters in nonstationary dynamic systems. The discrete-
time DTF algorithm in the CAPTAIN Toolbox, for instance,
allows for suchTime variable Parameter(TVP) estimation
in the case where the temporal variation of the parameters
can be modelled by random walk or integrated random walk
stochastic processes, with the associated hyper-parameters
(noise variance ratios) optimized by maximum likelihood
using prediction error decomposition [33] [37]. It is also
possible to extend the methods to handle the estimation
transfer function models with aState-Dependent Parameter
(SDP) form, so allowing for the identification and estimation
of a wide class of nonlinear stochastic systems.
SDP estimation can be in discrete or continuous time : the
simplest SDP continuous-time model is a nonlinear equiva-
lent of the linear TF model and takes the following form :

y(t) =
b0(zn+1,t)s

m + · · · + bm(zn+m+1,t)

sn + a1(z1,t)sn−1 + · · · + an(zn,t)
u(t − τ) + e(t)

where zt = [z1,t · · · zn+m+1,t]
T is a vector of measured

variables (states) on which the parameters may be dependent.
In estimation equation terms, this model can be written most
conveniently as :

sny(t) = φT
t pt + et

where,

φT
t =

[

−sn−1y(t) . . . − y(t) smu(t − τ) . . . u(t − τ)
]

pt = [p1(z1,t) . . . pn+m+1(zn+m+1,t)]
T

while,

p1(z1,t) = a1(z1,t); p2(z2,t) = a2(z2,t);

· · · ; pn+m+1(zn+m+1,t) = bm(zn+m+1,t)

SDP estimation algorithm is based on this form of the SDP
estimation model and is normally carried out in two stages :
(i) initial non-parametric identification of the nonlinearmo-
del structure and form using a special form of recursive fixed
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Fig. 11. Annual carbon dioxide and temperature anomaly
data 1856-2000.

interval smoothing estimation that results in a graphical esti-
mate of the SDP plotted against the state on which it is de-
pendent (see the example in the next section) ; (ii) paramete-
rization of the identified state-dependencies (nonlinearitities)
based on the non-parametric form of the SDP identified in (i),
followed by statistically optimal estimation of the model in
this parameterized form. Further details of this SDP approach
to nonlinear modelling are available in the cited references.

A. Continuous-Time SDP Practical Example

This example is taken from a recent study of the global carbon
cycle, the full details of which are given in other publications
[47] [40] [38]. The modelling aspects of this study are
concerned with investigating the dynamic relationship, over
the period 1856 to 2000, between the time series data shown
in Figure 11. These are : in the top panel, globally averaged
annual measures ofCO2 emissions (arising from both the
use of carbon fuels and land-use changes) ; in the middle
panel, perturbations in globally averaged atmospheric carbon
dioxide partial pressure,pCO2 ; and, in the lower panel, the
Northern Hemisphere temperature anomaly (i.e. the changes
in Northern Hemisphere averaged temperature about its long
term average).

As shown in Figure 12, initial non-parametric SDP esti-
mation suggests the possible presence of a temperature-
dependent nonlinearity in the dynamic relationship between
CO2 emissions and atmosphericpCO2. In this figure, the
non-parametric SDP estimates (dash-dot lines) are compared
with the estimates of two possible parameterized functions
(full lines) : a linear relationship in temperature in the left
hand panel and a sigmoidal relationship in temperature in the
right hand panel. The finally estimated model using the latter
parameterization takes the form :

{

x(t) = b0
s+a1(T (t)){u(t− τ) + c}

y(t) = x(t) + ξ(t)
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Fig. 12. Initial non-parametric and final parametric estimates
of the SDP nonlinearity in the estimated climate data
model.

where the SDPa1(T (t)) = {α + 1
1+e−βT (t) (γ − α)} ; or,

{

dx(t)
dt

= {α + 1
1+e−βT (t) (γ − α)}x(t) + b0u(t − τ) + c

y(t) = x(t) + ξ(t).

(42)
and the associated parameter estimates based on the whole
data set (up to year 2000), are as follows7

α̂ = −0.0232(0.0062); β̂ = −4.503(7.321);

γ̂ = −0.0128(0.0054); b̂0 = 0.0402(0.0017);

ĉ = 0.0066(0.0015); τ̂ = 5.0;

σ2
ξ = 0.00240; R2

T = 0.99949

Figure 13 shows the results on MCS-based predictive valida-
tion of the model (42). Here, the model was estimated on the
basis of the data up to 1975 and then this estimated model,
together with the associated estimate of the parametric co-
variance matrix, were used to generate an MCS ensemble of
model outputs from the start of the data to the year 2000. The
95 percentile boundaries of this ensemble are shown in the Fi-
gure and we see that the uncertainty in the prediction is very
low, showing how well the model is identified and estimated.
In particular, the model predicts the atmosphericpCO2 very
well indeed over the validation period (the last 25 years of the
twentieth Century), the data for which were not used in the
model estimation.
Finally, it is worth mentioning that the following SRIVC
estimated linear first order model is also able explain the data
of Figure 11 very well, almost as well as the nonlinear model
(42), but it is characterized by more parameters. This model
takes the form :

{

x(t) = b10+b11s
s+a1

u(t − τ) + b20+b21s
s+a1

c

y(t) = x(t) + ξ(t)

7These results were obtained with a fixedτ = 5 : however, this was based
on prior estimation withτ allowed to take on non integral values.
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Fig. 13. Monte Carlo simulation and predictive validation
results for the estimated climate data model.

wherec in a constant input of 1.0∀t. The associated parame-
ter estimates are as follows :

â1 = −0.02226(0.0010); b̂10 = 0.0748(0.0152);

b̂11 = 0.0407(0.0011); b̂21 = 0.6199(0.0190);

b̂22 = 0.01775(0.0009); τ̂ = 7.0;

σ2
ξ = 0.00257; R2

T = 0.99945;

Whilst this represents quite a good model, it is rejected in
favour of the nonlinear model for three reasons : first, it
requires more parameters with no associated improvement
in the explanation of the data ; second, unlike the nonlinear
model, its residual noise series is significantly correlated with
the temperature anomaly series ; and third, it does not perform
as well in predictive validation.

IX. CONCLUSIONS

As far as the author is aware, the RIV/SRIV and RIVC/SRIVC
algorithms constitute the only unified, time domain, familyof
algorithms that provide statistically optimal solutions to the
estimation of both discrete-time and ‘hybrid’ continuous-time
TF Models of the Box-Jenkins type. Moreover, because of
their IV heritage, the simpler SRIV/SRIVC algorithms can
be applied in circumstances where the noise process does not
conform to the rational spectral density assumptions. Conse-
quently, they have proven to very robust, providing excellent,
computationally efficient, ‘day-to-day’ approaches to TF mo-
del identification and estimation that have been applied suc-
cessfully to a wide range of practical applications, in areas
ranging from ecology, through engineering, to economics.
Also, the RIV/RIVC algorithms can be extended easily for
use in a feedback situation provided an ‘external’ input is
being applied (e.g. [3]).
The main advantage of the RIV/RIVC estimation algorithms,
in relation to their simpler SRIV/SRIVC versions, is that
they allow for improved statistical efficiency, with better
estimation of the standard error bounds on the parameter
estimates. The main disadvantages are : (i) they depend on
concurrent noise model estimation and so have a longer
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computation time ; and (ii), in the case of RIVC based on
rapidly sampled data, estimation will be less robust when
the roots of the noise model denominator polynomialC(z−1)
approach the unit circle.
At high sampling frequencies, direct SRIVC/RIVC iden-
tification is much superior to the alternative of indirect
discrete-time estimation (with associated continuous-time
model conversion). Also, physical interpretation of the TF
models is facilitated by their differential equation form and
the uniqueness of the continuous-time model parameters,
which are not a function of the sampling interval∆t.
The asymptotic independence of the system and noise model
parameter estimates is a most attractive feature of the Box-
Jenkins family of models that form the basis for RIV/RIVC
estimation. This, together with the iterative, relaxationform
of the parameter estimation, seem to engender some advan-
tages for these algorithms in relation to alternative gradient
optimization algorithms, such as PEM and standard ML.
In case there is any confusion, it must be emphasized that
the discrete-time RIV algorithm described in this paper is
quite different to the IV4 algorithm available in the Matlab
SID Toolbox. Although they have some elements in common,
the IV4 is a fourstepalgorithm which, unlike RIV, does not
involve any iteration. IV4 is also formulated on the basis ofan
ARX model form, under the assumption of an AR(n+m) noise
model8, rather than the BJ model form used by RIV, and so
it does not exploit the advantages of the BJ model mentioned
above. Most importantly in practical terms, the RIV algorithm
seems more reliable than IV4, which can exhibit rather poor
performance. This may have contributed deleteriously to the
reputation of optimal IV methods and it is hoped that the
present paper will encourage readers to utilize the RIV/SRIV
algorithms and so restore this reputation.
Finally, it should be noted that the whole family of RIV/RIVC
algorithms, as well as the related time variable parameter
(DARX, DTF) and state-dependent parameter (SDP) algo-
rithms, are all available in the CAPTAIN Toolbox for Matlab
that can be downloaded from http ://www.es.lancs.ac.uk/cres/
captain/. The continuous-time RIVC algorithm, together with
almost all other continuous-time TF estimation algorithms,
are also available in the CONTSID Toolbox that can be down-
loaded from http ://www.cran.uhp-nancy.fr/contsid/.
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APPENDIX 1 : MODEL IDENTIFICATION STATISTICS

Two main model identification statistics used in this paper
are theCoefficient of DeterminationR2

T ; and the YIC model
structure identification statistic. The well-knownAkaike Iden-
tification Criterion(AIC : see [1]) is also utilized but only for
AR noise model identification.

8although it does not return details of this noise model

TheR2
T is defined as :

R2
T = 1 −

σ2
ξ̂

σ2
y

; σ2
ξ̂

=
1

N

N
∑

k=1

ξ̂2
k; σ2

y =
1

N

N
∑

k=1

y2
k (43)

whereξ̂t is the erroryk − x̂k between the measured output
yk and simulated model outputx̂k from equation (28). This is
often a more discerning measure of model adequacy than the
Coefficient of DeterminationR2, which is normally defined
in terms of the one-step-ahead prediction errors.
The YIC [31] is a heuristically defined identification criterion
derived from the earlier EVN criterion [46] and exploits the
special properties of the Instrumental Product Matrix (IPM).
It is defined as follows :

Y IC = loge

{

σ̂2

σ2
y

}

+ loge NV N ; (44)

NV N =
1

np

np
∑

i=1

σ̂2pii

θ̂2
i

(45)

whereσ̂2 is the variance of the model residuals ;np is the
total number of model parameters (for the full BJ model,
np = n + m + p + q + 1) ; pii are thenp diagonal elements
of the IPM inverse generated by the RIV algorithm ; and
θ̂i, i = 1, 2 · · ·np are the RIV parameter estimates.
The first term in (44) is simply a relative measure of how
well the model explains the data : the smaller the model resi-
duals the more negative this logarithmic term becomes. The
second logarthmic term provides a normalized measure that
reflects the conditioning of the IPM, which is inverted when
the IV estimation equations are solved. If the model is over-
parameterized, then it can be shown (e.g. [17]) that the IPM
will tend to singularity and, because of its ill-conditioning, the
elements of its inverse (on which the estimate of the parame-
tric covariance matrix depends) will increase in value, often
by several orders of magnitude. When this happens, the se-
cond term in the YIC tends to dominate the criterion function,
indicating over-parameterization. Another justificationof the
YIC can be obtained from statistical considerations [31].

APPENDIX 2 : THE IVARMA A LGORITHM

The AutoRegressive Moving Average(ARMA) model for a
stochastic time seriesξk with rational spectral density has the
well-known form9 :

ξk =
D(z−1)

C(z−1)
ek (46)

The transfer function defining this model can be written as,

D(z−1)

C(z−1)
= 1/

C(z−1)

D(z−1)
=

1

G(z−1)
(47)

where, in general,G(z−1) is an infinite dimensional polyno-
mial in z−1. Consequently, it is obvious that, for sufficiently

9This Appendix is an expanded and slightly corrected versionof the
analysis in [39], which had two lines omitted in error
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high h, this ARMA model can be approximated by a high
order AR(h) model of the form,

ξk =
1

G(z−1)
ek (48)

where,

G(z−1) = 1 + g1z
−1 + ... + ghz−h

h ≫ p
(49)

and that, in this case, an estimateêk of ek can be obtained
from,

êk = ξk + g1ξk−1 + ... + ghξk−h (50)

where the degree of approximation will depend primarily
upon the nature of the MA polynomial and the orderh.
If it is assumed that the orderh of G(z−1) in (48) has been
selected such that̂ek is a good approximation toek, then we
can consider that it provides an observation ofek, so that,

êk = ek + ǫk (51)

whereǫk represents the approximation error and will almost
always have a very small variance in comparison with the
variance ofek. As a result, a linear regression equation model
for êk can be written in the form :

êk = ψ̃
T

k θdc + ǫk (52)

where10,

ψ̃
T

k = [−êk−1, ...,−êk−q ξk ξk−1, ..., ξk−p]
θdc = [d1, ..., dq 1 c1, ..., cp]

T
(53)

As pointed out in the main text, a suitable error functionεn
k in

this case is defined as follows :

εn
k =

C(z−1)

D(z−1)
ξk − êk (54)

Now, by introducing the prefilterf2(z
−1) defined as,

f2(z
−1)

∧
=

1

D(z−1)
(55)

the error function can be written in the form,

εn
k = −D(z−1)ef2

k + C(z−1)ξf2

k (56)

An associated estimation model can then be written in the
pseudo-linear regression form :

Noise Estimation Equation: êf2

k = ψT
k θdc + ǫk (57)

where,

ψT
k = [−êf2

k−1 · · · − êf2

k−q ξf2

k ξf2

k−1 · · · ξf2

k−p] (58)

Note that the unity element is retained in the definition ofθdc

so that the format is consistent with its use in TF algorithms

10Note that when IVARMA is used in the RIVC algorithm, theξk noise
signal here is replaced by the estimated noise signalξ̂k obtained from
equation (18).

from the CAPTAIN Toolbox, which allow for the imposition
of such a constraint on the estimation.
Equation (57) provides a basis for the estimation of the
ARMA parameters in the parameter vectorθdc. If the error
seriesǫk could be assumed to have zero mean, serially uncor-
related characteristics, then constrained linear least squares
(LS) estimation could be used to solve this estimation pro-
blem, with the constraint applying to the unity element in
θdc. However, it is more robust in these circumstances to
utilize a constrained implementation of the SRIV-type algo-
rithm discussed in the main text and available in the CAP-
TAIN Toolbox. This can be applied directly to the basic vec-
tor form of the noise model (52) because the prefiltering ope-
ration required for the estimation model (57) is inherent in
the SRIV algorithm (for this noise model the prefilter is, of
course,1/D(z−1) rather than1/A(z−1) for the TF system
estimation model (9) for which the SRIV algorithm is prima-
rily intended).
This SRIV-based approach will be more robust to the sta-
tistical nature ofǫk. If the algorithm converges andǫk is a
zero mean, serially uncorrelated, Gaussian normal sequence
of random variables, then the resulting SRIV parameter esti-
mates will be consistent and statistically efficient ; if not, then
the estimates will be consistent and asymptotically unbiased
[29]. In any case, as pointed out previously,ǫk will almost
always have a very small variance in comparison with the va-
riance ofek, so it will not have much effect on the estimation.
Finally, it is obvious from the definition of the pseudo-linear
regression form of the estimation model (57) (and confirmed
by the Pierce Theorem in Section III) that an estimate of the
covariance matrixPdc associated with the SRIV parameter
estimates can be obtained as (see equations (31)) :

P̂dc = σ̂2

[

N
∑

k=1

ψ̂kψ̂k

]−1

(59)

whereσ̂2 is the estimate of the variance of the white noise in-
putek, as obtained from the noise model estimation residuals
in the usual manner.
Following from the above discussion, the main steps in the
iterative IVARMA algorithm are as follows :

The IVARMA Algorithm

Step 1.If a simple AR model is requested, estimate it in
the normal LS manner ; otherwise estimate a high order
AR model with the order based on the user specification
or some automatic method of order specification. The
method is not sensitive to the order selection and a
default order of 50 is usually sufficient.

Step 2.Generate the residual error seriesêk associated
with the high order AR model and estimate the parame-
ter vectorθdc of the model (52) with the unity element
constrained to this value using the SRIV option of the
RIV algorithm in CAPTAIN. For this purpose, the input
is specified asξk and the output aŝek. The SRIV algo-
rithm yields the estimatêθdc and the covariance matrix
Pdc is computed from equation (59).

Note that the iterative nature of the solution in the algorithm,
as described above, is contained within the SRIV algorithm.
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A. A Simulation Example

This example is concerned with the analysis of the time series
ξk generated by the ARMA model :

ξk =
1 − 0.9z−1

1 − 0.1z−1 − 0.6375z−2
ek ek = N(0, 1) (60)

where the denominator polynomial factorizes to the form,

C(z−1) = (1 − 0.85z−1)(1 + 0.75z−1)

Table VII compares the results of single run and MCS
analysis for the IVARMA and PEM algorithms (using its
ARMA estimation option). The first thing to note is the
last column of the Table, which reports some failures to
converge on an acceptable model : the PEM algorithm fails
in 7 of the 100 realizations, while the RIV algorithm fails
twice (these realizations were removed in computing the
statistics shown in the Table). However, other than in these
two realizations, the IVARMA performance is good, with
the single run predicted standard errors on the parameter
estimates matching well the standard deviations computed
from the MCS analysis. The PEM performance is not so
good, with relatively poor agreement between the single run
standard errors and the MCS estimated standard deviations ;
and these standard deviations are between between 20% and
50% greater than those achieved by IVARMA. This is also
illustrated in Figure 14, which shows the Bode gain diagrams
plotted from the MCS ensemble of models, with the IVARMA
results in the left panel and the PEM ones in the right panel.
Here, the true model is shown as dots, the mean of the
realizations as a full line and the standard deviation (SD)
bounds as dashed lines. We see that the main difference
between the results is that IVARMA is more successful than
PEM at estimating the lower frequency components of the
noise signal (i.e. those associated with the eigenvalue at 0.85).
It is clear from these results that, in this particular example,
IVARMA is performing rather better than the PEM, even if
the realizations that failed to converge properly are omitted.
In other simulation examples (e.g. [39]), however, the results
obtained from the two algorithms are very similar. So, as in
the case of the RIV algorithm considered in the main body of
this paper, it would appear that IVARMA can perform better
than PEM in certain situations. Once again, this seems to be
related to both the nature of the system (here the ARMA
noise model) and the initiation of the gradient optimization
used for PEM model estimation. However, it should be noted
that the PEM algorithm is computationally more efficient than
IVARMA : in this example, for instance, it takes 0.2 seconds,
while IVARMA takes 0.85 seconds.
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