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Abstract— The paper proposes multidimensional extensions
of the Bistritz and the Jury-Marden stability tests, based on
a necessary and sufficient stability test recently introduced by
the authors, in terms of functional Schur coefficients. This type
of test has only one condition to be checked, instead of N
conditions in the classical Jury-Anderson test. The two proposed
extensions are illustrated by a comparative 2-D example,
and several 3-D examples of functional Schur coefficients are
computed and graphically represented.

Index Terms— Multidimensional Systems, Stability, Schur
Cohn algorithm

I. INTRODUCTION

A problem of constant interest in system theory is to ana-
lyze the BIBO stability of multidimensional systems. Several
methods of testing the BIBO stability in the multidimensional
case were proposed in [9], [10], [12], [14], [25]. The 2-
dimensional case was considered in [3], [11], [15], [16], [19].
Algebraic tests for multidimensional stability are treated in
[18], [17].

There are two categories of algorithms used to locate the
zeros of a one variable complex polynomial with respect
to the unit circle: the first is scattering-type algorithms
(Schur-Cohn, Marden-Jury) and the second is imittance type
algorithms (Bistritz, Routh). For a unified approach of these
algorithms see [13].

The purpose of this paper is to give a multidimensional
generalization of the Bistriz test introduced in [6] and of the
Jury-Marden test [21] using a new criterion of stability for
multidimensional systems. This new criterion was obtained
using the functional Schur coefficients, recently introduced
by the authors [24]. The functional Schur parameters are a
natural extension to the multidimensional case of the 1-D
Schur parameters also known as the reflection coefficients.
Using an algebraic extension of the reflection coefficients to
the two-dimensional case [20], a sufficient but not neces-
sary condition for stability of two-dimensional systems was
already obtained in [1]. The use of the functional Schur
coefficients leads to a necessary and sufficient condition of
stability of multidimensional systems.

The paper is organized as follows: in Section II the
slice technique method is presented, the functional Schur
coefficients are introduced and the multidimensional stability
criterion is formulated. Section III introduces a multidimen-
sional form of the Bistritz stability algorithm. In section IV a

multidimensional Jury-Table form procedure for testing the
stability in the n-dimensional case is proposed. To illustrate
the proposed procedures a general 2-D Schur-Cohn criterion
is given in Section V, and a comparative 2-D example is
provided. Also several examples for the 3-D case are given.
In Section VI we provide conclusions and some further
comments.

II. FUNCTIONAL SCHUR COEFFICIENTS AND
MULTIDIMENSIONAL SCHUR-COHN CRITERION

In [24] the authors obtained a multidimensional extension
of the analytic approach of the Schur-Cohn criterion (see [8]
for more details). To each function F' a multidimensional
analogous of the Schur parameters sequence is associated,
and a multidimensional Schur-Cohn criterion is obtained.
The multidimensional extension is based on the slice func-
tions, first introduced by Rudin [23]. They where used in
extending to the 2-D or n-D case several results well known
in the 1-D case. We present here briefly the “’slice” method.

Denote by D the set {z € C: |z| < 1}, and by T the set
{zeC:|z| =1}

For each point w = (wy, ..., wy) on the polytorus T let
D,, be the one-dimensional disk that slices” DY through
the origin and through w:

D, = {Aw = (Awy, ..., \wy) : A € D} (D

It is obvious that if v and w are in TV such that there is
z € T with v = zu then l~)w = l~)u. To avoid considering
redundant slices, one has to do a “normalization” on one
coordinate, say for now the last one:

D, ={\v1,...,on_1,1): A€D}  (weTV 1) (2

In the following we introduce the definition of the slice
of a multivariable polynomial.

Let P(z1,%2,...,2n) be a polynomial in N variables of
degree n:

P(z) = Z Daz®

la|<n

where z = (21,22,...,25) €CN, a = (ay,...,ay) € NV
and z® = 27" ... 23" whose degree is |a| = a1+ -+ an.
For each v € TN~ consider the restriction of the

multivariable polynomial P to the one-dimensional disk D,,,
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The authors proved recently [24] the following result:
the N-variable polynomial P has no zeros inside the unit
polydisk is equivalent with the fact that the one variable
polynomial P,()\) has no zeros inside the unit polydisk, for
each v € TV ~!, This was obtained by the means of the Schur
coefficients sequence associated to the n variable polynomial
P, which is an extension of the Schur parameters sequence
in the multidimensional case. In the following we define
the functional Schur coefficients sequence for an analytic
function F' in several variables.

Definition 2.1: Let F(z) be an analytic function in the
open unit polydisk DV, and let v = (vy,...,uy_1) € TN 7L
For each point (v1, ..., vx_1, 1) on the polytorus TV consider
the restriction of F' to the one-dimensional disk D,,, which
can be regarded as a one variable function (the slice of F
through v):

F,(A) =F(wi, ..., don_1,))  (AeD), @)

For each v on TV~ define the sequence (Fy.k)k>0:

Fv70 = Fv Fv,k: = (I)(Fv,k—l) (k > 1)7

where the transform & that maps a complex function f
analytic around the origin to the function ®(f) defined by
®(f)=0if f is a constant unimodular function, and

F(2)-£(0) 240
— ¢ z(1=f(0)f(2))
2N {f'<o><1—|f<o>|2>—1 P

otherwise (see [8]).
The functions vy, : TV~1 — C defined in [24] by

Vi (v) = Fy,(0)

are called the functional Schur coefficients of the function F'.

(v e TN ) (6)

The following theorem is established in [24]
Theorem 2.2: (n-D Schur-Cohn criterion)

The following statements are equivalent:
A) P has no zeros in the closed unit polydisk D*:

vZN)#O

B) P,(\) = P(Avy,...\un—_1,A) has no zeros in D for
veTN-1

C) |yk(v)] < 1forallv € TN and k = 0...n — 1,
where v (v) are the functional Schur coefficients associated
to F, = (FI)Z)T

Let us make somme comments on the continuity of the
functional Schur coefficients. It is showed in [24] that the
continuity of each g, for £k = 0...n — 1 associated to
F, = (I;,J is in fact equivalent with the stability of
P. Furthermore, the |7 are lower semicontinuous, wich
guarantees the existence of the maximum of the function

RCICHE

P(Zl,ZQ,... |Zl|§1,Z=1N (7)

In order to compare our criterion with others criteria,
remind that the existing multidimensional tests of stability
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relies either on the DeCarlo Strintzis criterion or on the Jury-
Anderson criterion:

DeCarlo Strintzis criterion: The condition (7) holds if
and only if all the following IV conditions are satisfied:

P(Z171717-"71)¢0|21‘§17 (8)
P(17Z2717-"71)¢0|Z2‘§17 (9)
P(1,1,...,1,25) £ 0 |zn] < 1, (10)
P(z1,22,...,28) #0 |z| =1,i=1...,N. (11)

Jury-Anderson criterion: The condition (7) holds if and only
if all the following N conditions are satisfied:

P(21,0,0,...,0) #0 |z1] <1,
P(Z1,22,0,...,0) #0 |Z1| = 1,|22| <1,

(12)
(13)
P(Zl,...,ZNfl,O) 7& 0 |ZZ‘ = 17’1:: 1...N—2,|ZN71| < 1,

(14)

P(z1,22,...,28) #0 |zil =1,i=1...N — 1,|2n| < 1. (15)

Both criteria involve checking a set of N conditions. The
new multidimensional stability criterion (2.2) proposed in
Section V states that (7) holds if and only if the following
unique condition is satisfied:

P(/\’Ul,.../\’l)N_l,/\) 75 0 |’Ui| = 1, i1=1...N — 1, |/\‘ <1.

This condition is similar with condition (15), but is the
only condition that one needs to check in order to verify if a
polynomial P is stable. Conditions (12) to (14) are no longer
necessary.

In the following the equivalence of (A) with (B) in (2.2)
is used in order to give a multidimensional Bistritz table. In
section IV the equivalence of (A) with (C) in (2.2) gives a
extension of the multidimensional Jury Table.

I1I. MULTIDIMENSIONAL BISTRITZ TEST

This section combines the 1-D stability test proposed by
Bistritz in [7] with the condition (B) of the (2.2), in order
to obtain a new multidimensional stability test. The main
advantage of the Bistritz procedure is that it associates to a
given polynomial p a sequence of symmetric polynomials,
and therefore only half of the entries are needed for the
table construction when testing the stability of p. Therefore
it involves less overall computational cost then other known
methods.

Let us first recall the division-free version of the Bistritz
procedure as it is presented in [2].

Consider a 1-D polynomial defined by p(z) = > .- p;iz’
such that R p(1) # 0, where p; are complex numbers and
R z denotes the real part of z € C. Denote by Z the complex
conjugate of z € C and by p? (2) = 2™(p(1/z) the transpose
of the polynomial p. Then one can associate to p a sequence
{fm}m=-1,01,. n of polynomials:

fm(z) = Z fm,kzk
k=0
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and a sequence of scalars {@, }m=o,....» defined as follows:
The 1-D Bistritz test:
Initialization: For m = —1,0 define:

for= (2= 1)(p(2) = p" (2)) (16)
fo(z) = p(2) +p" (2) (17)
$o = fo(1); (18)
Recursion: For m =0,...,n — 1 define:
2fms1(2) = (fm-1.0fmo + Fn1.0fm02) fn(2)
~fm0f mofm-1(2) (19)
Sm+1 = fnt1(1), (20)

Bistritz showed [6] the following necessary and sufficient
stability conditions for p.

Stability conditions (Theorem 1 in [2]): The polynomial p
is stable if and only if:

Pm

—>0m=1,...,n.
@0

Without restraining the generality one can suppose that
¢o > 0 (if not, consider —p instead of p). Then the stability
conditions are:

21

bm >0,m=0,...,n. (22)

Remark that only the case of the normal recursion is
addressed in this paper. Bistritz showed several techniques
of treatment of the singular cases [4] that can be extended
for multidimensional polynomials.

In the following we descride how the 1D Bistritz test
can be extended to the multidimensional case by using the
multidimensional criteria given in Section II. Consider P be
a N-variable polynomial:

P(z) = Z Paz® (2= (21,...,2n) € TV)

lal<n

(23)

Letv = (vy,...,uN—1) € TN-1 Then the slice pf P through
v is:

P,(\) = i ck(v))\k

k=1

(AeD), (24)

where the coefficients cj, are polynomials in v given by:

ci(v) = Z pav?lvgl...v%\:l (25)

o =i

(0 <i<n).

In fact the polynomial P, () can be seen as a one variable
polynomial with coefficients that are parameterized over
v = (v1,...,uny_1) € TNVN=L Therefore one can apply the
procedure proposed by Bistriz to P,()), as indicated in the
following.

Firstly we have to check if ® P,(1) # 0. In the contrary
case consider the polynomial P(z) = P,(1)P,(X). Secondly
we associate to P,(\) a sequence {fm[y)tm=-1,01,..,n Of
polynomials:

fm[”](/\) = Z f'rn,k,[v])‘k
k=0
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and a sequence of {@.,(v)}m=o,...» defined as follows:

Multidimensional Bistritz test:

Initialization: For m = —1,0 define:
For ) = (A= D(Po(N) = PT(V) (26)
fo1(N) = Pu(\) = PT (V) 27)
¢0(U) = fo,[u](l); (28)
Recursion: For m = 0,...,n — 1 define:
/\fm-l-l,[v]()‘) = (fm—l,O,[v]?m,O,[v] (29)

+ ?m—l,O,[v] fm,O,[v]A)fm,[v] ()‘)

- fm,O,['u] fm70,[v] fm—l,[v] ()‘)
¢m+1(v) = fnz-{—l,[v](l); (30)

From condition (B) of (2.2) we have the equivalence
between stability of the multivariable polynomial P(z) and
stability of P,()), for all v € TV =1, Therefore we can state
the following stability conditions for P(z).

Stability conditions. The polynomial P(z), and equiva-
lently P,()), is stable for all v € TN~ if and only if:

Pm(v)
¢o(v)
As in the 1-D case, one can suppose that ¢q(v) > 0 for all

v € TN=! is satisfied (if not, the polynomial is not stable).
Thus the stability conditions became

>0,(V)veTV " andm=1,...,n. (31

Gm() >0,(V) v e TN and m=0,...,n. (32

IV. MULTIDIMENSIONAL JURY TABLE

Another classical method to test if a one variable poly-
nomial p has all the roots inside the unit circle is the Jury
Table (see [16]). The advantage of the Jury Table is that it
gives explicitly the principal leading minors in the Schur-
Cohn matrix associated to p. It is well known that the
positivity of the principal leading minors of the Schur-Cohn
matrix is equivalent with the positivity of 1 — |y |2, for k =
0,...,n — 1, where y; are the Schur parameters associated
to p. Therefore we can use the Jury Table with condition (C)
in the (2.2) in order to obtain the multidimensional form of
the jury table.

First we recall briefly the construction of the 1-D Jury Ta-
ble. Consider the one variable polynomial p(z) = Y"1 p;z".

In order to test if the roots of P are inside the unit circle
we consider on the first row of the table the coefficients of
the polynomial transpose p” :

Jury Table

1.Fori=0,...,nlet ) =p,_,.

2. For k =1,...n let m be equal to 0 if £ = 1,2 and
m = 1if k > 2. Then construct the k" row of the table
with the entries b¥ for i = 0,...,n — k — 1 defined by:
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X 1 m b§71 bi:}ﬁz-‘rl—z
bi B <bk1) —k—1 —k— (33)
0 bnkarl bz

p(z) # 0 for all |z| > 1 if and only if b§ > 0 for all
k=1,...,n.

Consider now a multivariable polynomial P as in (23)
and let P,(\) be the slice of P through v as in (24) with
the coefficients (25). Then one can construct the following
multidimensional jury table:

Multidimensional Jury Table

1. Fori=0,...,n let b(v) = ¢;(v).

2. For k =1,...n let m be equal to 0 if £ = 1,2 and
m = 1if k > 2. Then construct the k" row of the table
with the entries b¥ for i = 0,...,n — k — 1 defined by:

b6 (0) Uyl (v)

) = ()" o
(bg (”)> P B )

3. P(z) # 0 for all |2| < 1 if and only if b§(v) > 0 for
alk=1,...,nand v € TN-L

(34)

In the next section a general 2D Schur Cohn criterion is
given, and we show how the proposed procedures can be
applied for the two-dimensional systems.

V. IMPLEMENTATION AND EXAMPLES

To illustrate this new stability criterion we provide with a
2-dimensional example.

In this section we shall consider P(z1, z3) a two-variable
polynomial of degree n. Denote by P,(\) = P(Av, A) the
slice of P through v € T (A € D). Denote by 'yk( )

the functional Schur coefficients associated to F' = (I;) s
denote by ¢,, the sequence of scalars associated to P, by
the Bistritz table and finally, denote by bk (v) be the first
entries on each row in the multidimensional Jury Table (34).

We have the following two-dimensional criterion:
2-D Schur-Cohn criterion:

The following assertions are equivalent:

A) P(z1,22) #0 |z <1, 22| <1

B) P,(\) :== P(Av,\) #0, Jv]=1,]A <1

O) k()< lforalveTand k=0...n—1

D) bk(v) >0 forallv € Tand k=1,...,n
and, if the restrictions needed for the Bistritz procedure are
satisfied, i.e. ®P(1) > 0, they are furthermore equivalent
with:

E) ¢pp(v) >0foralve Tand m=1...n—1

One can easily see that the sequence of {¢y, (v)}, and the
sequence of {b%(v)}}. are trigonometric polynomials in v real
valued on T2. In fact they are Tchebishev polynomials, and
thus their positivity is reduced to the problem of stability is
finally reduced to the problem positivity of a real polynomial
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on a given interval. Several techniques can be used to
check the positivity of a real polynomial, as for instance
the classical Sturm algorithm or the 1-D real Bistritz table
[5].

In the following a classic example of polynomial will be
tested for stability. First the functional Schur coefficients will
be computed and graphically represented. The stability will
be checked in two ways: using the proposed multidimen-
sional Bistritz procedure and using the multidimensional Jury
table.

Example 1. Let P; be

Pi(z1,29) = 14521+ .52 +.2521 20 +.2527 +.2523. (35)
Then the slice of p through v € T is

P,(\) =1+ .5(14+v)A+.25(1+v+0?)A\2  (36)

In order to illustrate the functional Schur coefficients

associated to P, we shall compute and graphically represent
them. Consider the function PZ'/P,. By (6) we obtain:

71(v)

Ve (v) =

= .25+ .250 + .250>
.25 — 1250 + .250 — 2502
8125 — .125(v + v) — .625(v? + 02)

(37

(38)

According to (2.2), if |vy;(v)|? < 1, for all v € T and for
t = 1,2, then the polynomial P(z1,z22) is stable. This can
be easily observed by considering a graphical representation
of the absolute value of |v;|?, for v = e (t € R), as in Fig

1 1
08 08
0e 0B

04 04

nz2 02

a 1 2 3 [ 5 [ fl 1 3 3 i 5 [

Fig. 1. Functional Schur coefficients of P

We shall now apply the Bistritz procedure to test the
stability of P. First we need to check if ®P,(1) is not zero,
for any v € T. Let = be the real part of v € T, i.e. x = Rv =
cost (t € R). We have RP,(1) = 1.5 + .75z + .522, which
is tested to be positive with a standard 1D algorithm. Next,
the following sequence of polynomials is obtained through
the Bistritz recursion (26) - (30) :

E alkx

where the coefficients a;;, are given by the entries of A;, for
1=0,...,2, given by:

-1,1))
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7.6201

4.4077

—5.625 6.4365

3 —1.3125 —5.0332

AO = 1.5 A1 = 375 AQ = —3.8633
1 1.25 —2.5547

5 7031

.6562

3125

A standard 1D algorithm shows that ¢;(x) > 0 and
¢2(x) > 0 when x € [—1, 1], which leads to the conclusion
that P(z1, z2) is stable. The assertion ¢o(z) > 0 for x €
[—1,1] was already verified, as ¢o(v) = 2RP,(1)

Consider again the polynomial given by (35), and its
associated slice (36). We shall use now the multidimensional
Jury Table in order to test the stability of P.

We have denoted again by x the real part of v. When
computing the principal leading minors of the Schur Cohn
matrix associated to P,(\) by the recursion in (34) the
following sequence of polynomials is obtained:

Z bzkx

where the coefficients b;;, are given by the entries of B;, for
i=1,2:

~1,1)), i=1,2

139

8125 —48

B1 = —.125 32 = 256 —6
—0.0625 0
1

It is easy to see that they are strictly positive for x €
[—1, 1], for instance using [22], [26].

Remark again that b} and b3 are positive if and only if the
functional Schur coefficients associated to P; are not greater
than 1 in absolute value.

We would like to make some concluding remarks concern-
ing the 2D case. First of all, note that the proposed algorithms
are algebraic finite algorithms. The number of conditions to
be tested is reduced in comparison with the 2D Jury table
or the 2D Bistritz test. For instance, the examination of
stability of a 2-D polynomial of degree n using the Jury Table
is performed in n “steps”, each step corresponding to the
positivity condition for the k-th functional Schur coefficient
(k =1...n) and at each step a polynomial of degree 2* is
tested for positivity. The multidimensional Bistritz procedure
is similar with the Jury procedure in terms of number of steps
and polynomial order involved in the procedure. However,
the symmetry of the polynomials involved in the recur-
sion should be exploited when efficiently implementing this
procedure, and furthermore, Bistritz showed [2] that some
redundant factors can be eliminated in order to reduce even
more the computational complexity. The multidimensional
Jury procedure has the advantage of explicitly giving the
leading Schur Cohn minors, which are intimately related with
the functional Schur coefficients.
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Let us consider now the 3-D case.
Example 2. Consider the polynomial
Py(z1,29,23) =5+ 20+ zlz§ — 212223 + 2129.
The slice of Ps is

Pvl,vz (>‘) = P2()‘7 Avy, )\UQ)

=54+ vy + A + A3 (v — viv)

One can compute the Schur-Cohn minors exactly as in
the 2-D case, using the 3-D Jury table, and check them
for positivity. One can use [22] to relax such a condition,
by testing if a 2-D polynomial can be written in sum of
squares. However, to the authors knoledge, there are no finite
algebraic algorithms for testing the positivity condition of a
2-D real polynomial.

We compute in the following the functional Schur coeffi-
cients of P» and represent their absolute values, see Fig. 2.
As all of them are not greater than one, the polynomial P»
is stable.

N
\‘
%:&3“6 ‘}‘“

= \‘33\\“\\‘ S
il

Fig. 2. Functional Schur coefficients of P2(z1, 22, 23) := 5+22+21 zg —
212223 + 2122

In the same way, in Fig. 3 and 4 the functional Schur
coefficients of

Ps(21, 29, 23) = 0.851 + 0.252% 4 0.2523 4 0.2522 + 0.125
and
Py(21, 22, 23) = 0.82 + 0.2527 4 0.2523 4+ 0.2523 + 0.125

are represented. One can see that a small perturbation of the
first coefficients changes the stability into instability, as P is
stable but Py is unstable (the last functional Schur coefficient
exceeds 1).
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Fig. 4. Functional Schur coefficients of Py(z1, 22, 23) = O.82i+0.25zf+
0.25z3 4 0.2523 + 0.123

VI. CONCLUSIONS AND FUTURE WORKS

In this contribution a new multidimensional Schur-Cohn
type stability criterion was introduced, and a procedure
for testing this criterion was given. The implementation
technique in the two-dimensional case was detailed, and
illustrated by means of an example. Application in design
of filters with guaranteed stability is straightforward.

This criterion is based on the use of functional Schur coef-
ficients and future research should be directed to investigate
their properties.
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