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ABSTRACT : This paper deals with decentralized control of Discrete Event Systems, where a set of
supervisors take enabling/disabling decisions which can be fused for deducing actual decisions. Recently, a new
control architecture has been proposed that strictly includes the solutions of all previous architectures. A new
notion of n-observability was defined in the context of this architecture. As expected, this new n-observability
is not preserved under union of languages.
In the context of the above architecture, we propose a new notion of n-normality, which is stronger than
n-observability and preserved under union of languages. We show that these new notions of n-observability
and n-normality are undecidable. Then we discuss how to deal with this undecidability in order to be able to
synthesize the supremal n-normal and controllable language included in a given language.
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1 INTRODUCTION

We study decentralized supervisory control (or more
briefly, decentralized control) of discrete event sys-
tems (DES), where a set of supervisors cooperate
in order to restrict the behaviour of a plant so
that it respects a global specification. There are
many prior articles studying decentralized control of
DES (Cieslak, Desclaux, Fawaz & Varaiya 1988, Lin
& Wonham 1988, Lin & Wonham 1990, Rudie &
Wonham 1992, Rudie & Willems 1995, Prosser, Kam
& Kwatny 1997, Ricker & Rudie 2000, Overkamp
& van Schuppen 2001, Jiang & Kumar 2000, Yoo
& Lafortune 2002, Yoo & Lafortune 2004, Ricker
& Rudie 2003, Kumar & Takai 2005). Several de-
centralized architectures have been proposed (e.g.,
(Rudie & Wonham 1992, Yoo & Lafortune 2002, Yoo
& Lafortune 2004, Kumar & Takai 2005)). The ba-
sic principle used in these architectures, is that each
supervisor takes a control decision for each control-
lable event, according to its local observations. When
several supervisors take decisions concurrently for the
same event, a global decision is synthesized by “fus-
ing” these local decisions.

Recently, a new control architecture has been pro-
posed in (Khoumsi & Chakib 2007), which strictly
includes the solutions of all the previous architec-
tures. In contrast with the latter, the architecture

of (Khoumsi & Chakib 2007) is based on the follow-
ing principle:

A supervisor takes an enabling/disabling decision iff
it is sure that this is the right decision which can be
applied to the plant. Otherwise, the supervisor trans-
mits its local information to the fusion system. Con-
sequently, when no supervisor can take a decision, the
fusion system combines the elements of information
transmitted by the supervisors in order to synthesize
a decision.

The approach of (Khoumsi & Chakib 2007) was
motivated by the following point of view: When
a supervisor is not sure of its decision, then in-
stead of transmitting this decision (which can be
seen as a coarse information), it may transmit a
richer information. The latter can for example be the
event sequence the supervisor has observed or some
related information.

As with previous decentralized architectures, the au-
thors of (Khoumsi & Chakib 2007) define a new
notion of n-observability1 in the context of their
proposed architecture. As expected, this new n-
observability has the same main properties as its pre-
vious versions of the previous architectures. More
precisely, n-observability is preserved under intersec-

1Where n is the number of supervisors.
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tion of prefix-closed languages and is not preserved
under union of languages.

The organization of this paper is as follows, where
Sections 3 and 4 correspond to our contributions:

1. In Section 2, we present the control architecture
of (Khoumsi & Chakib 2007) and the correspond-
ing notion of n-observability with its main prop-
erties.

2. Section 3 presents a new notion of n-normality,
which is stronger than n-observability and pre-
served under union of languages (contrary to n-
observability). Then, we define the supremal n-
normal language included in a specification K,
which we denote K↑N . n-normality with its main
properties and K↑N are clarified by a few illus-
trative examples.

3. In Section 4, we show that these new notions of
n-observability and n-normality are undecidable.
We also discuss how to tackle this undecidability
for being able to synthesize K↑N . We also show
how to synthesize K↑CN , the supremal control-
lable and n-normal language included in K.

4. And in Section 5, we conclude by recapitulating
our contributions and proposing relevant future
work.

2 CONTROL ARCHITECTURE OF
(Khoumsi & Chakib 2007)

The authors of (Khoumsi & Chakib 2007) propose a
new architecture for decentralized control and show
that it strictly includes the solutions obtained by
all the previous architectures for decentralized con-
trol. Like previous architectures, the architecture
of (Khoumsi & Chakib 2007) consists of two parts: a
set of supervisors and a fusion system. Let us see how
the supervisors and the fusion system behave with
the objective to control a plant so that it conforms
to a specification. For simplicity, we will consider
uniquely controllable events. Uncontrollable events
are implicitly assumed always enabled.

In the sequel, G is a plant generating the prefix-closed
language L(G) and the marked language Lm(G), and
we consider a specification generating the language
K ⊆ Lm(G). We write L for the prefix-closure of a
language L.

2.1 The Supervisors

The control architecture contains n (> 1) supervi-
sors Supi, i = 1, · · ·n. Each Supi observes the plant
through a projection mapping Pi which results in the
observation of only a part Σo,i of the events of the
plant. And each Supi can control only a part Σc,i

of the events of the plant. Collectively, the super-
visors observe Σo = Σo,1 ∪ · · ·Σo,n and can control
Σc = Σc,1∪· · ·Σc,n. If Σ is the alphabet of the plant,
we define Σuo = Σ \Σo and Σuc = Σ \Σc, the sets of
unobservable and uncontrollable events, respectively.

We assume that each Supi knows L(G),Lm(G) and
K. Supi observes continuously (and partially) the
plant. For every σ ∈ Σc,i and every observed event
sequence µi ∈ Pi(K), Supi computes the following
two languages:





REJµi

i,σ = (P−1
i (µi) ∩ K)σ ∩ (L(G) \ K)

ACCµi

i,σ = P−1
i (µi)σ ∩ K



 (1)

Note that ACCµi

i,σ ⊆ K and REJµi

i,σ ⊆ L(G) \ K. The
interpretation of these two languages is that:

• If σ is accepted by K, then σ leads to a sequence
of ACCµi

i,σ.

• If σ is accepted by L(G) \ K (we will also say: σ
is rejected by K) then σ leads to a sequence of
REJµi

i,σ.

Therefore, Supi generates one of the following three
types of outputs, for every σ ∈ Σc,i:

1. When REJµi

i,σ = ∅, Supi deduces with certainty
that σ is accepted by K if it is accepted by L(G),
and thus, its output is “Enable σ”.

2. When ACCµi

i,σ = ∅, Supi deduces with certainty
that σ is rejected by K, and thus, its output is
“Disable σ”.

3. When ACCµi

i,σ 6= ∅ and REJµi

i,σ 6= ∅, Supi can-
not determine with certainty if σ is accepted or
not by K. In this case, its output is the pair
(ACCµi

i,σ;REJµi

i,σ) ⊆ K × (L(G) \ K).

Although the two situations REJµi

i,σ = ∅ and
ACCµi

i,σ = ∅ generate contradictory decisions (En
and Dis), the situation “ACCµi

i,σ = REJµi

i,σ = ∅” is
not problematic. In fact, this situation occurs only if
(P−1

i (µi) ∩ K)σ ∩ L(G) = ∅, that is, when σ is not
accepted by L(G). In this case, Supi knows that its
decision does not matter, and thus, can take any of
the two decisions (enable or disable σ).

For every Supi and σ ∈ Σc,i, let Supi,σ be a function
that, to every observed event sequence µi ∈ Pi(K),
associates the corresponding output of Supi. Let En
and Dis denote “Enable” and “Disable”. That is,
Supi,σ(µi) = En (resp. Dis) means: σ is enabled
(resp. disabled) by Supi after the observation of µi.
Formally: ∀i ∈ {1, · · · , n}, ∀σ ∈ Σc,i,
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Supi,σ : Pi(K) → {En,Dis} ∪ (2K × 2L(G)\K).

More precisely, we have for µi ∈ Pi(K):

Supi,σ(µi) =



En, if REJµi

i,σ = ∅
Dis, if ACCµi

i,σ = ∅
(ACCµi

i,σ;REJµi

i,σ), otherwise





(2)

As we will see in the following subsection 2.2, the out-
puts of the supervisors are sent to the fusion system.

2.2 The Fusion System

For every event σ ∈ Σc, let Indσ be the set of in-
dices i such that σ ∈ Σc,i. The module Fuseσ can
be conceptually seen as a function that, to a com-
bination of outputs of the Supi such that i ∈ Indσ,
associates an enabling/disabling decision on σ. For-
mally: ∀σ ∈ Σc,Fuseσ :

∏
i∈Indσ

Supi,σ → {En,Dis}.
More precisely, we have:

Fuseσ(
∏

i∈Indσ

Supi,σ(µi)) =





En, if (∃i∈Indσ s.t. Supi,σ(µi)=En)
∨(

⋂
i∈Indσ

REJµi

i,σ = ∅)
Dis, if (∃i∈Indσ s.t. Supi,σ(µi)=Dis)

∨(
⋂

i∈Indσ
ACCµi

i,σ = ∅)
Any , otherwise





(3)

Note that in Eq. 3, each of En and Dis has two con-
ditions. Here are some explanations related to this
equation:

• The first condition of En (resp. Dis) means that
the module Fuseσ has received an En (resp. Dis)
from at least one Supi. In this case, Fuseσ applies
this decision to the plant. Notice that Fuseσ may
receive two conflicting decisions En and Dis only
if σ is not accepted by L(G). In this case, Fuseσ

knows that its decision does not matter, and
thus, can apply any of the two decisions En or
Dis (see our discussion on ACCµi

i,σ = REJµi

i,σ = ∅
in Subsection 2.1).

• The second conditions of En and Dis occur when
Fuseσ receives no decision from the supervisors.
Instead, it receives the sets ACCµi

i,σ and REJµi

i,σ,
for i ∈ Indσ. Fuseσ computes the intersections⋂

i∈Indσ
REJµi

i,σ and
⋂

i∈Indσ
ACCµi

i,σ, which are

in some sense, refinements of the information el-
ements received from the supervisors. The inter-
pretation of

⋂
i∈Indσ

REJµi

i,σ and
⋂

i∈Indσ
ACCµi

i,σ

is that:

– If σ is accepted by K, then it leads to
a sequence of

⋂
i∈Indσ

ACCµi

i,σ. Therefore,⋂
i∈Indσ

ACCµi

i,σ = ∅ implies that σ is cer-
tainly rejected by K, and thus, is disabled
by Fuseσ.

– If σ is accepted by L(G) \ K, then it leads
to a sequence of

⋂
i∈Indσ

REJµi

i,σ. Therefore,⋂
i∈Indσ

REJµi

i,σ = ∅ implies that σ is cer-
tainly accepted by K if it is accepted by
L(G), and thus, is enabled by Fuseσ.

• The situation Any occurs when both⋂
i∈Indσ

ACCµi

i,σ and
⋂

i∈Indσ
REJµi

i,σ are not
empty, that is, when Fuseσ has not enough
information to decide. The occurrence of Any is
not a problem when σ is not accepted by L(G),
because the decision of Fuseσ does not matter
in such a case.

The occurrence of Any when σ is accepted by
L(G), means that K is not achievable, that is, the
control system cannot force the plant to conform
to K.

• For
⋂

i∈Indσ
ACCµi

i,σ =
⋂

i∈Indσ
REJµi

i,σ = ∅,
we can make similar comments as those al-
ready made for REJµi

i,σ = ACCµi

i,σ = ∅
(in Subsection 2.1). That is, the situation⋂

i∈Indσ
ACCµi

i,σ =
⋂

i∈Indσ
REJµi

i,σ = ∅ occurs
only if σ is not accepted by L(G). In this case,
Fuseσ knows that its decision does not matter,
and thus, can take any of the two decisions En
or Dis.

The control architecture of (Khoumsi & Chakib 2007)
is illustrated in Figure 1 for a given σ ∈ Σc.

G

i1P i2P ik
P

i1
Sup i2

Sup ik
Sup

σFusion

i2i1 ik

........

,     ....        Indσ

Figure 1: The control architecture of (Khoumsi &
Chakib 2007)

2.3 Independency of the Fusion System

Although the architecture of (Khoumsi & Chakib
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2007) generalizes the previous architectures, it keeps
the following important advantage:

The essential operations of a fusion module Fuseσ

are the computations of: (
⋂

i∈Indσ
ACCµi

i,σ) and
(
⋂

i∈Indσ
REJµi

i,σ). That is, Fuseσ computes inter-
sections of languages received from the supervisors.
Therefore, the fusion modules are independent of
L(G),Lm(G) and K.

2.4 Existence Results

The notions of n-observability and feasibility have
been defined in (Khoumsi & Chakib 2007).

Definition 2.1 K ⊆ Lm(G) is said n-observable
w.r.t L(G), Σo,1,Σc,1, · · · ,Σo,n,Σc,n iff ∀λ, µ ∈
K, ∀σ∈Σc s.t.
(λσ, µσ ∈ L(G)) ∧ (Pi(λ) = Pi(µ)∀i ∈ Indσ) :
λσ ∈ K ⇔ µσ ∈ K.

Let us explain the intuition of n-observability of K.
We consider a controllable event σ and two event se-
quences λ and µ of K that are undistinguished by
the supervisors that control σ. Let us assume that
the plant permits σ to occur after both λ and µ. n-
observability of K guarantees that K: either permits
σ to occur after both λ and µ, or forbids σ to occur
after them.

In § 2.1 and 2.2, we explained how the global supervi-
sor (consisting of the supervisors and the fusion mod-
ules), denoted SUP , interacts with G so that it con-
forms to K.

Definition 2.2 SUP is said feasible w.r.t K,L(G),
Σo,1,Σc,1, · · · , Σo,n, Σc,n iff
∀λ ∈ K,∀σ ∈ Σc such that λσ ∈ L(G):
(
⋂

i∈Indσ
ACCPi (λ)

i,σ = ∅) ∨ (
⋂

i∈Indσ
REJPi (λ)

i,σ = ∅).

Intuitively, feasibility of SUP means that for every
controllable event σ, the situation Any (see Subsec-
tion 2.2) never occurs when σ is accepted by L(G).
Recall that the situation Any occurs when Fuseσ has
not enough information to take an enabling/disabling
decision on σ. The situation Any is a problem only
if it occurs when σ is accepted by L(G), because the
decision of Fuseσ does not matter when σ is not ac-
cepted by L(G).

Here is a proposition that states the equivalence be-
tween n-observability and feasibility:

Proposition 2.1 2 Consider a nonempty K ⊆
Lm(G). The following two statements are equivalent:

2This proposition corresponds to Proposition 4.1 of
(Khoumsi & Chakib 2007).

- SUP is feasible w.r.t K,L(G), Σo,i, Σc,i, i=1, · · · , n.
- K is n-observable w.r.t L(G), Σo,i,Σc,i, i=1, · · · , n.

When SUP is feasible, it can be seen as a func-
tion SUP : L(G) → 2Σ which associates to each se-
quence λ ∈ L(G) the set of enabled events. Formally:
SUP(λ) = {σ ∈ Σc | Fuseσ(

∏
i∈Indσ

Supi,σ(Pi(λ))) =
En} ∪ Σuc .

When SUP is feasible, we define L(SUP/G) as be-
ing the prefix-closed language generated by the plant
under the control of SUP . Formally:

• ε ∈ L(SUP/G) (ε is the empty event sequence)

• [(λ∈L(SUP/G))∧(λσ∈L(G))∧(σ∈SUP(λ))] ⇔
λσ ∈ L(SUP/G).

Let Lm(SUP/G) = L(SUP/G) ∩ Lm(G) be the
marked language corresponding to L(SUP/G). SUP
is said nonblocking iff Lm(SUP/G) = L(SUP/G).

Theorem 2.1 3 Consider a nonempty K ⊆ Lm(G).
SUP satisfies C1 to C4 iff K satisfies K1 to K3:
C1: SUP is non blocking.
C2: SUP is feasible w.r.t K,L(G), Σo,i,Σc,i, i =
1, · · · , n.
C3: L(SUP/G) = K.
C4: Lm(SUP/G) = K.
K1: K is controllable w.r.t L(G) and Σuc.
K2: K is n-observable w.r.t L(G), Σo,i,Σc,i, i =
1, · · · , n.
K3: K is Lm(G)-closed, that is, K = K ∩ Lm(G).

Theorem 2.1 means that every nonempty K ⊆ Lm(G)
respecting K1 to K3 can be achieved by controlling
the plant G using SUP . When the languages are
prefix-closed, we can omit C1, C4 and K3.

3 N-NORMALITY

3.1 Definition and Properties of n-normality

Since n-observability is not preserved under union of
languages, let us define a new notion of n-normality,
which is stronger than n-observability and is pre-
served under union of languages.

Definition 3.1 K ⊆ Lm(G) is n-normal w.r.t L(G),
Σo,1, Σc,1, · · · ,Σo,n,Σc,n iff ∀λ∈K, ∀µ∈L(G), ∀σ∈Σc

s.t. (λσ, µσ ∈ L(G)) ∧ (Pi(λ) = Pi(µ)∀i ∈ Indσ) :
λσ ∈ K ⇒ µσ ∈ K.

3This theorem corresponds to Theorem 4.2 of (Khoumsi &
Chakib 2007).
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For brevity, in the sequel we will omit the expres-
sion “w.r.t L(G), Σo,1,Σc,1, · · · ,Σo,n, Σc,n” related to
n-observability and n-normality. Here are a few no-
tations, where K ∈ Lm(G):

Notations 3.1 (2K, O, OK, N , NK)

• 2K is the set of subsets of a language K.

• O is the set of n-observable languages.

• OK is the set of n-observable languages which are
included in K. Formally: OK = O ∩ 2K.

• N is the set of n-normal languages.

• NK is the set of n-normal languages which are
included in K. Formally: NK = N ∩ 2K.

An important property linking n-normality and n-
observability, is that the former guarantees the latter.
That is, if A ⊆ Lm(G) is n-normal, then A is n-
observable. Note that the converse is not guaranteed.
This is stated by the following proposition:

Proposition 3.1 N ⊆ O.

The advantage of n-normality is that it is pre-
served under union of languages (contrary to n-
observability). That is, the union of n-normal lan-
guages is n-normal. This is stated by the following
proposition:

Proposition 3.2 (A,B ∈ N ) ⇒ (A ∪B ∈ N ).

Note that propositions 3.1 and 3.2 also hold if we
replace N and O by NK and OK, respectively.

Since n-normality is preserved under union of lan-
guages, there exists a unique supremal n-normal lan-
guage which is included in K; let us denote it by K↑N .
The latter is the union of all n-normal languages in-
cluded in K. Formally:

K↑N =
⋃

X∈NK
X

For the sake of brevity, we will use the following def-
inition:

Definition 3.2 Given a controllable event σ ∈
Σc, two distinct sequences λ and µ are said σ-
undistinguishable iff λ and µ cannot be distinguished
by the supervisors that control σ. Formally: Pi(λ) =
Pi(µ) ∀i ∈ Indσ.

3.2 Example illustrating A ∈ O \ N
In order to clarify the difference between n-
observability and n-normality, let us present an ex-
ample of language A which is n-observable and not
n-normal. We consider the plant G modeled by
the finite state automaton (FSA) of Figure 2 de-
fined over the alphabet Σ = {a1, a2, σ, α, β}, where
Σuo = Σc = Σc,1 = Σc,2 = {σ, α, β}, Σo,1 = {a1},
Σo,2 = {a2}, and Σuc = {a1, a2}. We assume the
plant prefix-closed, that is, Lm(G) = L(G), i.e., all
states are marked.

We consider the prefix-closed language A obtained
from the plant by forbidding α. That is, A is obtained
from L(G) by removing the dotted part (i.e., states
6, 7 and 8). Let us show that A is n-observable and
not n-normal.

The property of n-observability of A has to be checked
for every controllable event σ ∈ Σc and every pair of
σ-undistinguishable sequences λ and µ of A such that
L(G) permits σ to occur after both λ and µ. Since
such a situation does not occur in A, we deduce that
A is n-observable.

The property of n-normality of A may seem quite sim-
ilar to n-observability. The only difference between
the two notions, is that in n-normality, one of the
two σ-indistinguishable sequences can be in L(G), in-
stead of being constrained to be in A. This situation
holds uniquely for the two sequences λ = a1βa2 ∈ A
and µ = a1αa2 ∈ L(G) \ A, that lead to states 4
and 7 respectively. Indeed, P1(λ) = P1(µ) = a1 and
P2(λ) = P2(µ) = a2, and L(G) permits σ to occur
after both λ and µ, i.e., in both states 4 and 7. A is
not n-normal because λσ ∈ A (leads to state 5) and
µσ 6∈ A (leads to state 8).

Note that we obtain a n-normal behavior if we remove
state 5 from A. This is actually the supremal A↑N .

a2

a1
a2

1

2 3 4 5678
σβσ α

Figure 2: Example illustrating A ∈ O \ N

3.3 Example Illustrating (A,B ∈ N ) ⇒
(A ∪B ∈ N )

Let us present an example which illustrates the
preservation of n-normality under union of languages.
We consider the prefix-closed plant G of the pre-
vious example. Therefore, Σ = {a1, a2, σ, α, β},
Σuo = Σc = Σc,1 = Σc,2 = {σ, α, β}, Σo,1 = {a1},
Σo,2 = {a2}, and Σuc = {a1, a2}.
We consider the two prefix-closed specifications A and
B of Figure 3. Their union A∪B is represented in the
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same figure. In each language X (A, B or A∪B), the
dotted part represents what must be removed from
the plant for obtaining X.

Recall that the property of n-normality of a language
X has to be checked for every σ ∈ Σc and every pair of
σ-undistinguishable sequences λ ∈ X and µ ∈ L(G)
such that L(G) permits σ to occur after both λ and µ.
In A, this situation holds uniquely for λ = a1βa2 ∈ A
and µ = a1αa2 ∈ L(G) \A, that lead to states 4 and
7 respectively and are followed by σ ∈ Σc. A is n-
normal because both λσ and µσ are not accepted by
A. In B, the situation holds uniquely for λ = a1αa2 ∈
B and µ = a1βa2 ∈ L(G) \ B, that lead to states 7
and 4 respectively and are followed by σ ∈ Σc. B is
n-normal because both λσ and µσ are not accepted
by B. Using the same reasoning, we can easily deduce
that A ∪B is n-normal.

a2a2

a1

a2a2

a1

a2a2

a1

2 3 4 5678
σβασ

1A

2 3 4 5678
σβασ

1B

2 3 4 56
σβα

1

78
σ

UBA

Figure 3: Example illustrating the preservation of n-
normality under union of languages

4 ON UNDECIDABILITY AND SYN-
THESIS

4.1 Undecidability of n-observability and n-
normality

In (Tripakis 2001), a joint-observability has been de-
fined and shown to be undecidable. From the resem-
blance of the joint-observability with n-observability
and n-normality, we can easily state (and prove) the
following Proposition:

Proposition 4.1 n-observability and n-normality
are undecidable in general.

4.2 How to Tackle this Undecidability

For simplicity of the discussion, we suppose here that
the plant and the specification are prefix-closed, i.e.,
Lm(G) = L(G) and K = K.

Note that undecidability occurs only in problems us-
ing infinite sets. Therefore, a simple idea that crosses

the mind is to consider only finite sets. In our con-
text, this means that the plant and the specification
(i.e., L(G) and K) are finite languages. When the
latter are infinite (i.e., in the general case), an ap-
proach may consist in approximating them by finite
languages. The question that arises is then: When is
it possible to approximate realistically the plant and
the specification by finite languages ? We present
here a tentative to answer to this question: we pro-
pose a very simple approximation method, and then
we analyze briefly when this method is realistic.

Our proposition for approximating a language A is to
keep only the sequences whose lengths are lower than
a fix upper bound. Let us denote by Af the obtained
finite language. In our context of control, L(G) and
K are approximated by two finite languages L(G)f

and Kf , by keeping only the event sequences whose
lengths are lower than a given value `.

This approach of approximation seems realistic if we
assume that the plant is not executed indefinitely,
that is, it is inevitably stopped after an execution
whose length is lower than a given upper bound `.
We may also assume that the plant is inevitably re-
set (i.e., returns to its initial state4 instead of be-
ing stopped) after an execution whose length is lower
than `. In the latter case, the plant is said peri-
odic and we suppose that all the supervisors observe
(i.e., are informed of) the reset. The value ` must be
chosen sufficiently great to exceed the length of the
longest event sequence (or path) between two pas-
sages through the initial state of the plant.

In the sequel, we assume that we are in the presence
of finite languages L(G) and K, and thus, checking
n-observability and n-normality are decidable.

4.3 Fix-Point Method for Computing K↑N
The principle for computing K↑N is based on the it-
erative execution of the following operator Ω, where
A ⊆ Lm(G):

Ω(A) = A \ {λσx | σ∈Σc, λ, x∈Σ∗,∃µσ∈L(G)\A,

(Pi(λ) = Pi(µ) ∀i ∈ Indσ)}

The objective of the operator Ω is to remove the
“problematic” sequences, that is, sequences that
make A non n-normal. But Ω(A) is not necessar-
ily n-normal, because some “good” sequences can be-
come problematic after the removal of problematic
sequences. We have the following lemmas:

Lemma 4.1 (K ∈ N ) ⇔ (Ω(K) = K).
4The initial state of the plant means the initial state of the

corresponding minimal finite state automaton.
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Lemma 4.2 (A ⊆ B) ⇒ (Ω(A) ⊆ Ω(B))

When K is not n-normal, let us show how K↑N can
be computed by using Ω iteratively. We consider the
following series K0,K1, · · · ,Ki, · · ·:

• K0 = K

• Ki+1 = Ω(Ki), ∀i ≥ 0.

Proposition 4.2 ∃p ≥ 0 such that ∀q ≥ p: Kq =
Kp. That is, Ω has a fix-point which is obtained after
a finite number p of iterations.

Proposition 4.3 K↑N = Kp. That is, K↑N is the
fix-point of the operator Ω.

4.4 Example of K↑N Synthesis

We consider the plant G modeled by the FSA
of Figure 4 defined over the alphabet Σ =
{a1, a2, σ, α, β, γ}, where Σuo = Σc = Σc,1 = Σc,2 =
{σ, α, β, γ}, Σo,1 = {a1}, Σo,2 = {a2}, and Σuc =
{a1, a2}. We assume the plant prefix-closed, i.e., all
states are marked.

We consider the prefix-closed specificationK obtained
from the plant by forbidding α, that is, by removing
the dotted part (containing states 10, 11 and 12). Let
us show that K is not n-normal.

The property of n-normality of K has to be checked
for every σ ∈ Σc and every pair of σ-undistinguishable
sequences λ ∈ K and µ ∈ L(G) which are followed by
σ in L(G). This is for example the case for λ =
a1βa2 ∈ K and µ = a1αa2 ∈ L(G) that lead to states
4 and 11 respectively and are followed by σ ∈ Σc. K
is not n-normal because λσ ∈ K (leads to state 7)
and µσ 6∈ K (leads to state 12).

If we apply Ω to K of Figure 4, we obtain K1 = Ω(K)
of Figure 5, which is obtained from K by forbidding
the σ which links states 4 and 7. The dotted part of
Figure 5 represents what must be removed from the
plant for obtaining K1. Let us show that this K1 is
not n-normal.

Let us consider the two undistinguishable sequences
λ = a1βa2a1 ∈ K1 and µ = a1βa2σa1 ∈ L(G), that
lead to states 5 and 8 respectively and are followed by
γ ∈ Σc. K1 is not n-normal because λγ ∈ K1 (leads
to state 6) and µγ 6∈ K1 (leads to state 9).

If we apply Ω to K1 of Figure 5, we obtain K2 =
Ω(K1) (= Ω(Ω(K))) of Figure 6. The dotted part of
Figure 6 represents what must be removed from the
plant for obtaining K2. Let us show that this K2 is
n-normal.

There exist two pairs (λ, µ) such that: λ ∈ K2 and
µ∈L(G) are indistinguishable and L(G) permits the
same controllable event after both λ and µ. The two
pairs are:

• λ = a1βa2a1, µ = a1βa2σa1 and L(G) permits
the controllable event γ to occur after both λ and
µ.

• λ′ = a1αa2, µ′ = a1βa2 and L(G) permits the
controllable event σ to occur after both λ′ and
µ′.

K2 is n-normal because in the above two situations
λγ, µγ 6∈ K2 and λ′σ, µ′σ 6∈ K2.

a2

a1
a2

a1a1

9561

2 3 4 7
σβσ α

1012 11

8
γγ

Figure 4: Example of K which is not n-normal

a2

a1
a2

a1a1

51

2 3 4 7
σβσ α

10

8
γγ

9

12 11

6

Figure 5: K1 = Ω(K0) for the K0 = K of Figure 4
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Figure 6: K2 = Ω(K1) (= Ω(Ω(K0))) for the K1 of
Figure 5

4.5 Synthesis of the Supremal Controllable
and n-normal Language

We have seen in Theorem 2.1 that a language
X ∈ Lm(G) is achievable by controlling the plant,
iff X is controllable, n-observable and Lm(G)-
closed. For simplicity, let us assume the languages
prefix-closed, and thus, Lm(G)-closure is guaran-
teed. Therefore, the necessary and suffisant condi-
tions for achievability become uniquely controllabil-
ity and n-observability. Since n-normality guarantees
n-observability, we deduce that controllability and n-
normality are sufficient conditions for the achievabil-
ity of X ∈ Lm(G).

It is well known that controllability is preserved un-
der union of languages and that there exists a unique
supremal controllable language which is included in
a language X ⊆ Lm(G); let us denote it by X↑C .
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Since both controllability and n-normality are pre-
served under union of languages, we also deduce that
there exists a unique supremal controllable and n-
normal language which is included in X; let us de-
note it by X↑CN . The latter is the union of all lan-
guages included in X which are both controllable and
n-normal.

We denote by CONT and NORM the functions that
compute the supremal controllable language and the
supremal n-normal language, respectively. That is, if
X ⊆ Lm(G):

• CONT(X) = X↑C ,

• NORM(X) = X↑N .

Given a specification K ⊆ Lm(G), K↑CN can be com-
puted by using CONT and NORM iteratively and
alternately, until a fix-point is reached. That is,
we compute a series K1,K2, · · · and we stop when
Ki+1 = Ki. The series Ki is defined as follows:

• K0 = K
• K2i+1 = CONT(K2i), ∀i ≥ 0

• K2i+2 = NORM(K2i+1), ∀i ≥ 0

We obtain the same fix-point if we switch CONT and
NORM, that is:

• K0 = K
• K2i+1 = NORM(K2i), ∀i ≥ 0

• K2i+2 = CONT(K2i+1), ∀i ≥ 0

4.6 Discussions on the computations of K↑N
and K↑CN

In Subsection 4.3, we have presented a function
NORM that computes K↑N and is based on the it-
erative application of the operator Ω. Recall that
the actual aim is to obtain a n-observable language;
n-normality is used just for its convenient preserva-
tion under union of languages. Consequently, we can
adopt a modified version of NORM, which we de-
note NORMobs, where the condition that stops the
iterative application of Ω is the obtention of a n-
observable language (even if not n-normal), instead
of a n-normal language.

For example in Section 4.4, K of Figure 4 is n-
observable. Therefore, the two iterations for com-
puting K1 and K2 of Figures 5 and 6 are not applied
if we use NORMobs. That is, NORMobs(K) = K.

We can also replace NORM by NORMobs in the func-
tion of Subsection 4.5 that applies CONT and NORM

iteratively and alternately. In this case, we stop when
Ki is controllable and n-observable (even if not n-
normal).

5 CONCLUSION

A new control architecture has been recently pro-
posed in (Khoumsi & Chakib 2007), which general-
izes all prior architectures for decentralized control
of DES. In this paper, we have first presented this
new architecture and the corresponding notion of n-
observability, which is not preserved under union of
languages. Then, we have proposed a new notion of
n-normality, which is stronger than n-observability
and has the advantage to be preserved under union of
languages. We have shown that these new notions of
n-observability and n-normality are undecidable and
we proposed simple sufficient conditions that make
these two notions decidable. Assuming these condi-
tions, we have developed a method for synthesizing
K↑N (supremal n-normal language included in K) and
K↑CN (supremal controllable and n-normal language
included in K).

Here are a few points we plan to study in a near
future:

• To evaluate rigorously the complexity for com-
puting K↑N and K↑CN .

• To tackle more efficiently the undecidability
problem. More precisely, the aim is to investi-
gate less restrictive (and less simple) conditions
that make n-observability and n-normality de-
cidable.
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A Proofs

A.1 Proof of Proposition 3.1

Let us first prove the following Proposition:

Proposition A.1 K ⊆ Lm(G) is n-normal w.r.t
L(G),Σo,1, Σc,1, · · · , Σo,n, Σc,n iff ∀λ∈K, ∀µ∈L(G),
∀σ ∈ Σc s.t. (λσ, µσ ∈ L(G))∧ (Pi(λ) = Pi(µ)∀i ∈
Indσ) : λσ ∈ K ⇔ µσ ∈ K.

Prop. A.1 is obtained from Def. 3.1 by simply replac-
ing the implication “λσ ∈ K ⇒ µσ ∈ K” by the
equivalence “λσ ∈ K ⇔ µσ ∈ K”. Let us prove that
this replacement is correct, that is, for a n-normal
K the implication guarantees the equivalence. Or in
other words, let us prove that “λσ ∈ K ⇒ µσ ∈ K”
guarantees the converse “µσ ∈ K ⇒ λσ ∈ K”.

We consider a n-normal K ⊆ Lm(G), that is, from
Def. 3.1: ∀λ∈K, ∀µ∈L(G),∀σ∈Σc s.t.
(λσ, µσ ∈ L(G)) ∧ (Pi(λ) = Pi(µ) ∀i ∈ Indσ) :
λσ ∈ K ⇒ µσ ∈ K.

If we assume µσ ∈ K, we deduce µ ∈ K and thus, the
roles of λ and µ can be switched in Def. 3.1. There-
fore, we obtain µσ ∈ K ⇒ λσ ∈ K, which proves
Prop. A.1.

Let us now compare Def. 2.1 and Prop. A.1 to prove
that n-observability guarantees n-normality. We see
that Prop. A.1 is obtained from Def. 2.1 by simply
weakening the expression µ ∈ K into µ ∈ L(G).
Therefore, n-normality is stronger than (i.e., guar-
antees) n-observability.

More precisely, we consider a n-normal A ⊆ Lm(G),
and the aim is to prove that A is necessarily n-
observable. Since A is n-normal, we have from
Prop. A.1: ∀λ∈A, ∀µ∈L(G), ∀σ ∈Σc s.t. (λσ, µσ ∈
L(G))∧ (Pi(λ) = Pi(µ) ∀i ∈ Indσ) : (λσ ∈ A ⇔ µσ ∈
A).

The above definition of n-normality of A states a
property which is satisfied for every pair of sequences
λ ∈A and µ ∈ L(G). Since A ⊆ L(G), the property
also holds if µ∈A. That is: ∀λ∈A, ∀µ∈A,∀σ ∈Σc

s.t. (λσ, µσ ∈ L(G)) ∧ (Pi(λ) = Pi(µ)∀i ∈ Indσ) :
(λσ ∈ A ⇔ µσ ∈ A).

The latter property corresponds to the definition of
n-observability of A.

A.2 Proof of Proposition 3.2

We consider two n-normal languages A,B ⊆ Lm(G),
and the aim is to prove that A ∪ B is necessarily n-
normal.
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1. We consider λ ∈ A ∪B,µ ∈ L(G), σ ∈ Σc s.t.
(λσ∈A ∪B) ∧ (µσ∈L(G)) ∧ (Pi(λ)=Pi(µ)∀i∈
Indσ).

2. λσ∈A ∪B of Item 1 implies: λσ∈A or λσ∈B.

3. If in Item 2, λσ ∈ A, then λ ∈ A. From Item 1
and n-normality of A, we deduce µσ ∈ A.

4. If in Item 2, λσ ∈B, then λ ∈B. From Item 1
and n-normality of B, we deduce µσ ∈ B.

5. Items 3 and 4 imply µσ ∈ A ∪B.

6. Item 5 implies µσ ∈ A ∪B.

7. Items 1 and 6 imply that A ∪B is n-normal.

A.3 Proof of Proposition 4.1

By analogy with the joint-observability of (Tripakis
2001), we can adapt quite easily the proof of the un-
decidability of the joint-observability which can be
found in (Tripakis 2001).

A.4 Proof of Lemma 4.1

Let us prove that K is n-normal iff Ω(K) = K.

1. n-normality of K and Def. 3.1 is equivalent to :

∀λ∈K,∀µ∈L(G),∀σ∈Σc s.t.
(λσ, µσ ∈ L(G)) ∧ (Pi(λ) = Pi(µ)∀i ∈ Indσ) :
λσ ∈ K ⇒ µσ ∈ K.

2. Item 1 can be written: ∀λ∈K,∀σ∈Σc s.t. λσ ∈
K : ¬∃µ ∈ L(G) s.t.

(µσ ∈ L(G) \ K) ∧ (Pi(λ) = Pi(µ)∀i ∈ Indσ).

3. Item 2 can be written:

∀λ∈K,∀σ∈Σc,∀x ∈ Σ∗ s.t. λσx ∈ K:

¬∃µ ∈ L(G) s.t.
(µσ ∈ L(G) \ K) ∧ (Pi(λ) = Pi(µ)∀i ∈ Indσ).

4. Item 3 means Ω(K) = K.

A.5 Proof of Lemma 4.2

Lemma 4.2 is equivalent to:

[(A ⊆ B) ∧ (ϕ ∈ Ω(A)] ⇒ [ϕ ∈ Ω(B)].

1. We consider A and B such that A ⊆ B.

2. We consider a sequence ϕ ∈ Ω(A), that is:

ϕ∈A\{λσx |σ∈Σc, λ, x∈Σ∗, ∃µσ∈L(G)\A,
(Pi(λ) = Pi(µ)∀i ∈ Indσ)}.

3. Item 2 implies:

3.a: ϕ ∈ A and

3.b: If ϕ = λσx for σ ∈ Σc, λ, x ∈ Σ∗,

Then there exists no µσ ∈ L(G) \A such
that (Pi(λ) = Pi(µ)∀i ∈ Indσ).

4. Items 1 and 3.a imply ϕ ∈ B.

5. Item 1 implies L(G) \B ⊆ L(G) \A.

6. Items 3.b and 5 imply:

If ϕ = λσx for σ ∈ Σc, λ, x ∈ Σ∗,

Then there exists no µσ ∈ L(G) \B such that
(Pi(λ) = Pi(µ)∀i ∈ Indσ)

7. Items 4 and 6 imply: ϕ ∈ Ω(B).

A.6 Proof of Proposition 4.2

1. The operator Ω consists in removing some “prob-
lematic” sequences and is applied iteratively
starting from K. The iterative process is stopped
when no sequence is removed, i.e., when a fix-
point is reached.

2. K is supposed finite, i.e., contains a finite number
of sequences)

3. Items 1 and 2 imply that the fix-point is reached
after a finite number of iterations. Note that the
fix-point can be empty.

A.7 Proof of Proposition 4.3

Let us show that the fix-point of Ω is K↑N .

By definition, the fix-point Kp of Ω is such that :
K↑N

p = Kp. From Lemma 4.1, we deduce that the
fix-point Kp is n-normal.

Therefore, it remains to show that if there exists a n-
normal language M such that Kp ⊆ M ⊆ K0 (= K),
then Kp = M .

1. We consider an n-normal M such that Kp ⊆
M ⊆ K0.

2. Lemma 4.1 and n-normality of Kp and M imply:
Ω(Kp) = Kp and Ω(M) = M .

3. Let us apply Ω p times in Item 1. From
Lemma 4.2 and Item 2, we obtain Kp ⊆ M ⊆
Kp. Therefore, Kp = M .


