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ABSTRACT: In this article two new acceleration strategies BRenders algorithm have been proposed. In order to
illustrate the efficiency of the algorithm two castedies are used ([G.K. Saharidis, 2006] and [Mralpetritou and
C.A. Floudas, 1998]). These strategies are called Multi-Generation of HI§ensity Cut StrategyMGHDCS) and
Maximization of the number of Active ConstrailtdAC). The objective is to produce with systematic &alyigh
density cut in each iteration of Benders algorithihe MGHDCS and MAC strategies decrease the nurober
iterations leading to a better resolution time. érsnary of the advantages and the limitations ofalgerithm and
suggestions for improving even more the resoluiioe are provided.
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1. INTRODUCTION

Decomposition techniques are based on the obsenvati

produced by adding the cuts derived from the coiotiis
relaxation since any extreme ray or point of thaldf
SP can generate a valid cut f®MP. The presented

that we can decompose the decision variables of theresults showed that in some cases this new strategy

initial problem @) obtaining several smaller sub-
problems: the slave problerSP) which is obtained by
fixing a number of decision variables of the iditia

decreases the resolution time of Benders algorithm
reducing the iterations of the algorithm.

problem P) to a feasible value and the restricted master[T.L. Magnanti and R.T. Wong, 1981] proposed a new

problem RMP) which converges to the optimal solution
after the addition of some valid cuts. These vaelits are
obtained by solving theSP in each iteration of the

procedure to accelerate the Benders algorithm,gusin
Pareto-optimal cuts. The characteristic of Pargtiral
cut is that no other cut dominates it. The autipoopose

algorithm and sent to the restricted master problemto add in each iteration of the Benders algorithwo t

(RMP) which converges to the optimal solution. If the
optimality condition is not satisfied by the boudde
solution obtained bySP, the RMP sends the updated
information to theSPwhich produce a new cut ftMP
and the algorithm continues until the optimality
condition is satisfied [M. Minoux, 1986].

types of cuts: the classical optimality or feagtpilcut
and also the Pareto-optimal cut. The obtained tesul
showed a significant reduction of the convergerce t
of the algorithm. [W. Rei et al., 2006] presentetbeal
branching strategy in order to accelerate the idalss
Benders decomposition algorithm. They showed tlyat b
applying local branching throughout the solution

Over the years there have been a number of newprocess, one can simultaneously improve both thero
techniques and strategies in order to speed-up theand upper bounds of the algorithm. They also showed
classical Benders decomposition approach which is ahow Benders feasibility cuts can be strengthened or
well known and used decomposition strategy for the replaced with local branching constraints. To assks

MILP and for stochastic programming. Most of the
proposed approaches have focused on either redtheng
number of integer relaxed master problems beingesol
or on accelerating the solution of the restricteaster
problem using a better initialization scheme.

[D. McDaniel and M. Devine, 1977] presented thatfir
such strategy for the acceleration of Benders dhgar
They proposed to relax the binary variables of RihP
program and generate a cut using this relaxed anogr

performance  of different  algorithmic ideas,
computational experiments were performed on a serie
of network design problems illustrating the bersefiff
the developed strategy.

Another group of strategies proposed to accelerate
Benders are the hybrid strategies where more tin&n o
strategy is used at the same time. [V. Roy, 1983]
proposed the cross decomposition strategy where the
main idea was to use simultaneously primal

The authors proposed that useful information can bedecomposition which is Benders decomposition asd it
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dual which is Lagrangian relaxation. The authorveub
that the solution obtained for one of this problean be

maximization of active constraintdAC), is presented
and some numerical results illustrate the gaininbth
used as a feasible solution for the other givingieso by applying this strategy. Finally, in section 6gw
useful information to the Benders algorithm. The¢hau present our conclusions and some perspectiveshéor t
concluded by saying that the cross decomposition ca suitability of the presented approaches.

improve the speed-up of the algorithm replacing the
resolution ofRMP by the resolution of the Lagrangian 2.
problem. The same idea has been developed by [K.
Holmberg, 1994] who presented a complete study2.1. Introduction

concerning the use of this technique. The authors

showed that the bound obtained by the Lagrangian Following the presentation in [M. Minoux, 1986],
relaxation of theRMP is not better than the bound we can state a classical Mixed Integer linear Rnobl

BENBERSDECOMPOSITION

obtained by the Lagrangian dual relaxation of thigail
problemP. They demonstrated that this is always true,
even when all cuts produced B8P are added t&RMP.
Also, the authors claimed that when using Lagramgia
relaxation in theRMP, a lack of controllability on the
integer solution obtained may prevent the apprdiamh
converging.

[G. Cbté and M.A. Laughton, 1984] presented an
algorithm generating only cuts associated with the
solution obtained using just a feasible integeutioh of
RMP without solving it to optimality. This strategy $1a

some problems concerning the convergence of the

algorithm due to the proposed heuristic way in orte
choose the iterations where tRMP will be solved to
optimal do not guarantee the rate of the convemearic
the algorithm. The same authors presented alsategy
using Lagrangian relaxation. They made an obsemati

concerning the case where the solution space of the

(MILP) as follows:

Mind x+ f Oy
st:
Dx+Fy=b
x=0,ydYOR™

Given the structure of problerR) the decision variables
can be partitioned into two setx) and (y ). For a fixed
decision variable y¢= 9), problem P) takes the
following form (Slave Problem):

Mind x + f Oy
st
Dk=b-F Ly
x=0.

SH(y)

master problem has a special structure which can be

exploited by different solution algorithms. In tlipecial

To be able to apply this partition strategy, we can

case the obtained cuts would prevent the use ofchoose the variableg in Y arbitrarily. It is at least

specifically adapted methods for solving tR&P. The
authors proposed the use of Lagrangian relaxation o
these cuts and the generation of a speRisIP. For
specific values of Lagrangian multipliers, the pesb
can be solved efficiently with a method that exisidhe
structure of the feasible solution space of the temas
problem. However, the integer solution obtained maty
be feasible for th&kMP. [G. Cété and M.A. Laughton,
1984] proposed the use of sub-gradient optimizaiion
order to modify the Lagrangian multipliers and feso
the problem. Unfortunately at the end may still find
an optimal solution to thRMP due to the duality gap. In
order to solve this problem they proposed a bramghi
strategy for the solution dRMP in order to bridge this

gap.

In this paper we present two new strategies in rotae
produce high density cut accelerating classicaldgesn
algorithm. The outline of the paper is as follovis.
section 2 we briefly present the classical Benders
algorithm and in section 3 the main inefficienciefs
Benders Algorithm. In section 4, the first develdpe
strategy named multi-generation of high density cut
strategy MIGHDCS is presented and compared with the
classical Benders through some numerical examples.
the following section 5 the second strategy named

necessary that the proble®® have non-empty solution
set. To express this condition we shall use thenia of
FarkasandMinkowski Associate with every constraints
of SPa dual variablay, (not sign-restricted) and denote
by u the row vector of dual variables the lemma of
FarkasandMinkowskistates:

SRly) has a solution x>0 if and only if

u" x(b-F xy) <0 for all u for whichu™ [D < 0holds.

Since the coneJ :{u/uT D < o} is polyhedral, it has a

finite number of generators which we denate.. 4.
The necessary and sufficient condition Fdrkas and
Minkowskilemma is then equivalent to the system of
inequalities

W' Ob-FO)<0
(ud)"Ob-FO) <0

(") Ob-F¥)<0

(Sh

In general this system contains an enormous number
inequalities, since this is the number of genesatdrthe
polyhedral condJ.
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Let R be the set of vectory[0Y which satisfy the  (RMP) where only part of the extreme points and rays of

above system. The complete minimization problem can (SP (y)). are defined producing the constraints. The
therefore be written as: RMP is formed from the subsets] [1, P]andJ O [1, Q]

of the constraints of thglP
MDiFD{fT y+Min{d" xX/DX=b-F ¥;x>0}}
yl X

For a giveny [J R the dual ofSR(y) is as follows: Min Z

st:
(RMP) { fT y+ (V') Ob-F /) - Z < 0,(0j 0 J)

MaXVEQE’._FEy) ) b~ F Gy) < 0,(0i O1)
SP(y St yOR
) viD<d
vof any sign A necessary and sufficient condition fgy,z) to be the

optimal solution of problenMP, and henceP, is that

The constraints polytope @®P(y), V :{V/vT IZIDSO} (y,z) satisfy all the constraints d¥iP which are not

does not depend oy and the (4... ,If) defined above
are its extreme rays. Then by agreeing to assigndlue
—o0 to the maximum o8P (y) if it has no solution, and

explicitly stated inRMP. In order to test this condition
we shall see that it is sufficient to solve simply,
for(y = y), the problem(SP (y)) where three cases can

using the duality theorem, we can write the initial 5ige-

problem as R

I\jlmigl{fT y+Max{v' (b-F3)/v' D<c}}

The maximum ofSP(y) is obtained at a vertex of the
polytope V. Assuming that V is not empty, we dernoge
V%,... \ the vertices of the polytop¥, then the initial
problem can be written

Min{ f TOy+ jl\zqaé{(vj )" b-F )}

and this problem turns to be equivalent to thealine
program

Min Z'
st:
fry+(v) Wo-FO)-Z <00 0[L..Q]
yOR

(MP)

By expressing the conditiorny 1 Rby the system of

inequalities, we deduce from it the equivalent rofial
problem to the solution of the linear problem adlle
Master Problem. The Master problem is:

Min Z'

St.:
(MP) { fT y+(v))' Ob-F 3) -7 < 0,0 O[LQ]

W) Ob-F3) <00 O[LP]
yOR

whereu’ are all the extreme points of the constraints
polytope of SP(y),V ={v/v' [D<d}jO[LQ]) and
u' are the extreme raysli [, P]) .

In Benders decomposition framework two different
problems are solved. The Restricted Master Problem

Case 1 The optimal value of SP(y) is
unbounded. The simplex method, applied to
SP (y) then produces an extreme ray of U
such that :

U’ Qb-F)>0andl’ [D<O.
Thus the constrainy’ [Mb-F)<0 does
not hold for the current solutiorfy = y) of

RMP. This means tha(y, z) is not a solution

of MP. Then the constrainti’ [{b—F [3) <0

must be added toRMP to form a new
augmented restricted master program.
Case 2 The optimumSP (y) of has a finite

value and we have:
fTy+v OQb-F)-2'<0
We can then write:
fTOy+(v') Qb-FO)-2"<0,0j =1....Q.
Moreover, we have(u')” [{b—-F [y/) < 0, for
all extreme raysu', of U, (QiO[LP]). It
follows that (y, z) is an optimal solution of

MP, so thaty is an optimal solution oP and

the algorithm terminates.
Case 3 The optimum ofSP (y) is bounded

and obtained at a verte_k, of V, but contrary to
case 2we have:

fTy+v Qb-F¥)-2" >0
This shows that the constraint
fTy+v' b-F))-2z"<0 is not satisfied
by the current solutiofy, zZ) of RMP. The
constraint f T [y +v" [{b- F [j) —z" <0 must

therefore be added t®MP to form a new
augmented restricted master program.
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As long as the optimality test is not satisfi€chée 32, Benders algorithm we can say that the cuts (optiynal
we can add to the restricted master program the noftand feasibility cuts) are in some cases low dergsitg.
satisfied constraints by the current soluiig|z) . The

new restricted master program is then solved(fgrz) Definition: A cut can be considered low density ifut

and so on. If, at any stage, tR&IP has no solution, then mcludes_only a small portion of the decision vates of
. . the restricted master problem.

the problemP has no solution and the algorithm stops.

Finally, if V is empty and iP has a solution, then we can

conclude thatP is unbounded, and the algorithm

terminates. In figure 1, the complete Benders itigor

is presented.

If for example in each cut generation by the clzasi
Benders algorithm only the 10% of decision variatié

the master problem have been considered then the cu
can be considered a low density cut.

Fix Binary Variable: y=0 At each iteration of classical Benders algorithriveg
v the current optimal solution of thRMP, we solve the
Solve Dual Slave| corresponding%P) and we produce the following cut:
Problem N

(u" M) <u' b (feasibility cut) and

——— Yes T <zZ'+Vv' optimality cut
Optimality Bounded Feasibility (v D)I<z"+v [b (op y cut)
Cut Solutior Cut . .
whereu or v are the current optimal solution of the dual
OFlJJtiSn(ial (SP. The coefficient ofy, in the produced cut is equal
L »| Add Cutto RMF [«———| Solution of to uT D' or v' [D’'. In the application presented in
RMP and [G.K. Saharidis, 2006] on average 90% of these
4 Change coefficients are equal to zero that implies a loamsity
| Solve RMP_| FObJetf:t'Vef cut. Two maim reasons are responsible for this
unction o phenomenon: the first one is that the maBijs sparse,
Dual Slave . . .
Problen and the second one is that a big number of vatg@ble

: . (y;) coefficientsu™ or v' are equal to zero. The first
Satisfy Optimality !
Condition one happens due to the structure of the problentland
form of the functional constraints of the systermdem
study and thus cannot be addressed for a specific
Stop Optimal Solution Found problem formulation. Concerning the second one it
happens because only a small number of dual vagabl

are not equal to zero which means that only a small

To summarize the Benders algorithm we can say thatnumber of SP constraints are active. The basic idea

Benders cut is a linear inequality based on Lageang stud!ed here E the]'c ge_nebrlatlon of a_dcut dwhe_re ttEe
multipliers obtained from a solution of the dualbsu maX|murrt1_ nulm :—:-rt_o g;}ﬁ‘: Iestrlls ?OI?S' ere uts_lng €
problem. The next set of values for the primaryatdes same optimal sofution - I the following sections,

is obtained by solving the master problem, which we present two strategies to produce high denaity c

contains all the Benders cuts so far generated. Theacceleratlng the convergence of the algorithm.

rocess continues until the master problem and sub-
groblem comverge in value P 4. MULTIGENERATION OF CUTS

Figure 1. Benders Algorithm

3. BENDERSINNEFICIENCIES 4.1. Introduction

To our knowledge nobody has developed a strategy in
order to construct high density cut from the slave
eProblem GP. We define as high density cut to be the cut
that is dense in terms of decision variables padton.

One of the most important problems in Benders
algorithm is the convergence of the algorithm. Age t
worst case Benders algorithm converges after th

production of all the constraints using all therewrie ) X
points of the dual of slave problem. The finite !N this section we present a new methodology talpce

convergence of the method can easily be established 970up Of low density cuts (multi-generation) acke
resulting from the fact thaRMP) has a finite number of iteration for the acceleration of Be_nders alg_orlthhe
constraints, and that the successively generatedsUM Of these cuts results to a high density cuis Th

constraints are necessarily all different. For feats of  Procedure, named multi-generation of high densiy c
very large size, the convergence could be very slowstrategy MGHDCS, accelerates the Benders algorithm

because of the inefficiency of cuts produced inheac 9€créasing the number of iterations needed. THus, t
iteration. After studying the form of the cuts pooed by solution space oRMP will be restricted faster (multi-
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generation of cuts), the algorithm will convergstéa to
the optimal solution.

4.2. Generation of cuts

Most of the resolution time in Benders algorithnspent
for the solution oRMP because this problem is usually
an integer problem. In contrary the resolution SR
(slave problem) does not consume a lot of timeesihc
usually corresponds to a continuous problem. Ireiotd
reduce the computational complexity RMP and take
full advantage ofSP we have developed tHdGHDCS
strategy. The basic idea studied here is the gdoeraf

cuts where the maximum number of variables are

considered. In the general case, some bounds heare b
added in each of these coefficients (of decision
variableyj ) in order to generate the following cut. These

bounds have the following form:
a, <s(u'D)<p ora, <(v' D)< p

Whereaj,,gj correspond to the lower and upper bound,

respectively that we want to impose in each coieffic
of the variable decisiofy ) of RMP. These bounds give

the following augmented slave problem where the
number of inequalities added are equal to the nurobe
decision variables dRMP. This program (for the case of
feasibility cut) has the following form and it wibe
solved for different values af, and, :

MaxZ =u" (b - B¥)
st
u" D=0
-u' =1
-u" ' =2-B,0
u' ' za,0j
us<o0

(ADP)

Introducing two new set of variableg andy, , for the

additional inequalities, the corresponding auxyliar
primal problem ADP) takes the following form:

MinZ'==% 5, B, + > a; 1,
j j
st
Dx-YD'® +3 D [y < (b-B)
X,0, 1= 0.

(APP)

In the general form oMGHDCS algorithm, we solve
problemAPP for different values ofg, andg, . We use

the APP form because in order to produce the high
density cut only the objective function must be roded
using also the last optimal solution as a basetlier
generation of the next cut. In order to generateut

where a decision variable dRMP(y, ), has been

considered in the cut we solve thEP using the optimal
solution (y) of theRMP in current iteration and we fix
the following values for the problem parameters:

ajo ::gjo =+1 ajo =1, ,Bjo =+7, n=M, 0= jo
Fixing these parameters we are making sure thiaat
the variable decisior{y; ) will appear in the next cut

since its coefficient has a nonzero value. Thicedure
produces valid cuts because in order to generatet a
with specific variables, we solwDP in a sub-space of
its original feasible region.

In MGHDCSnot only theSPis solved but we have also
the successive resolution APP using the same optimal
solution of the currenRMP. In each resolution oAPP,

the parameters+n/—schange and a new cut is

produced. The complete procedure MGHDCS is as
shown in the schema in figure 2:

Fix Binary Variable : y=0
v

Solve Dual Slave Problenig
Optimality] _Ye< NO I asibilit
Bounded Solution y
Cul Cul

|—>| Add Cut to RMP|<—| Use
- L2 Optimal
4>| Examine Produced Cut{; Solution
2 of RMP

Setup APP’s Objective Function i and
order to Produce a Cut Considerirlg | Change
the first no-Covered Variable Objectiv

e

Optimality
Cul

Yes No ez sibilig| T
Bounded Solutign cut y

—»{ Add Cut to RMPj¢————

[ solveRrRMP |

L 2
Satisfy Optimality
Condition

l Yes

Stop Optimal Solution

No

Figure 2MGHDCSStrategy

Before resolving théAPP the cut produced is added to
RMP and for another not yet converted varia}ojke the
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parametersy ,and g, are fixed. At the same time the In order to further assess the efficiency of theetigped

Jo ’ . strategies, we also considered a second case Biudy
lower and the upper bound pf coefficient are re-  |erapetritou and C.A. Floudas, 1998]. This also eons
initialized. A second cut is produced and the tieres a scheduling problem for multi-product, multi-pusgo
continue. The procedure stops when the number tsf cu batch plants. The problem considers the optiminatib
determined a priori is generated or when all theisien the plant capacity to improve a given economic
variables of the(RMP are covered. Before the production objective. Usually profit, cost, or production magam
of multi cuts, the classical Benders algorithm progs a IS considered. The decision variables involves the
classical cut from th&P. After the generation of this cut ~assignment of tasks to units, the amount of mdteria
a test is performed in order to determined whictiaide each tank at each time instant and the starting and
has been covered. The variables that are not cdvaee  finishing time of each task. Given is the produatio
stored in a matrix in order to be used when we esolv recipe (what is needed to produce certain prodaits
APP. The multi-generation of high density cut strategy the correct task sequence that has to be followbe),
can be considered as the procedure that genenati®s ¢ Unit maximum capacities and minimum requirements fo
towards all the directions by fixing the valuessmime operation, the processing time for the specifiksa3he
ADP variables. In this way a maximum number of cuts is constraints involve material balance throughouttte,
added toRMP defining a restrictive solution space, thus the assignment constraints to ensure that each isask

decreasing the number of Benders algorithm's iterat assigned to one unit, capacity constraints to enthat
the limits of the units are not violated and adfetiming
4.3. Case studies constraints to ensure that the tasks are executed

according to the correct sequence and timing litioites

All results presented in this paper Correspond‘]mdase and that all tasks are scheduled before the datedmi
study presented in [G.K. Saharidis, 2006] and [M. time horizon. This model is general to describe
lerapetritou and C.A. Floudas, 1998]. In [G.K. Satiar ~ Scheduling problems in a variety of industrial sest
2006] a general model for scheduling of crude wiki including pharmaceutical and chemicals. The problem

refinery is presented. This model provides theropti ~ Size can be very substantial. The examples coresider
plan for the loading and unloading of crude oilthe here involve numbers of variables in the rangetd &

tanks by Ships and/or pipe"nes and to crude Hisoh 7301 and number of constraints between 7636 ané.917

unites (CDU) and/or another system of pipelines. The

system under consideration consists of ports, geora 4.4. Numerical resultsapplying MGHDCS

tanks, CDUs and pipelines. It is very important aoly

for security reasons that the crude oil is loaded o In order to accelerate Benders decomposition atyori
unloaded continuously but also for another impdrtan the most important task is to reduce the numbdXMP
reasons. The launching of a loading or unloadimk¢a that should be solved. Decreasing the algorithm's
requires a setup cost which is very important foe t iterations, usually results in reduction of reswinttime
refinery. The system is further complicated due to butthis is not always the case since the resolutioe is
different mixing strategies and different distiitat not only a function of the number of iterations figo
options. The developed model for this applicatierai ~ depends on the resolution of thaPP problems.
mixed integer linear program where the continuous Incorporating additional cuts in each iterationutesn
variables have been introduced in order to desdioves reducing the number of iterations that leads to a
in the pipelines and the inventory in the storageks. significant reduction due to smaller numbeRMP that
The binary variables describe the setup decision ofhave to be solved. However more time is required to
loading or unloading and the decision to continue build the additional cuts. In table 1, we presenine
loading or unloading for the tanks. The data of the examples where we show that the ustGHDCShelps
problem involve the arrival times of the crude ioithe ~ Benders algorithm to converge significantly faster.
refinery by ship or by pipeline, the quantitiesuizggd by =~ some examples a reduction up to 98% is observed
the CDUs, the type of preparation of mix and the concerning the resolution time and the number of
distillation option. Finally, we know the dimensiaf iterations. The computer used was a Pentium (R) 4 CP
the refinery: number of ports, storage tanks and €DU 2.40 GHz, RAM 1 GB and the optimization software
and also storage capacity and pumping capacity.was CPLEX 9.0.

Concerning the problem constraints the model indude

material balances to account from transfer betwten — VEX- - 9120 7268 6340 142 8(L 15700 (1524;0
port tanks and the CDUs, operational constraints " t°® =St 2=t
expressing the system's specificities as for exarntipd Classical | Time 1 15n | 26ml 24anl 28m 120 27m

requirement that a tank can not be loaded and datha Benders | lter. | 2297 814| 3500 817 3317 228
the same time period. The number of the decision MGHDCS| Time | 13m| 20m| 22m| 2m| 5m| 5m
variables for the examples considered vary betvézdn Strategy | Iter. | 36 | 42 | 44| 65| 106 27

: : Difference | Time 98% | 20%| 98%| 929 98% 769
Zgg 11§§8 and the number of constraints is betwdén 5 tor T o8% 92961 98% 9294 969k 88%

Table 1. Benders VMIGHDCS

o
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Although these results are encouragindGHDCS
strategy does not give every time good results iand
some cases fails to accelerate the convergencéeof t
classical Benders algorithm. In table 2 some exampl
for the case study presented in [M. lerapetritodi @nA.

Floudas, 1998] are given. The comparison between

classical Bender's aldGHDCSshows the deficiency of
MGHDCS in some cases. In these five examples we
choose to produce 16 additional cuts per iteration
order to show the advantages and disadvantages
MGHDCS In example 7 classical Benders is more
efficient than MGHDCS that requires 20 CPU sec

compared to 5 CPU sec needed by classical Benders

However although resolution time can increase, an
important reduction concerning the number of ifers

is always observed. This is also true in the exaspl
presented in table 3 where the effect of numbewuts is
examined.

EX. 7 8 9 10 11

Number Var. 7301 876 876| 1022 102p

of Con. 7636 9176 9176 9176 9176
Classical Time 5s 13m 5m 50m 2m
Benders Iter. 41 683 378| 1093 172
MGHDCS Time 20s 13m 2m 39m 2m
Strategy Iter. 39 573 105 712 96
Difference | Time -300% 0% 60%| 22% 209
Iter. 5% 16% | 72%| 25% @ 44%

Table 2. Benders VelGHDCS(16 cuts)

In all the results obtained, the application of the
MGHDCSto Benders algorithm results in an important
reduction in terms of the total number of iteraiofor
the example presented in table 3 the classical &snd
algorithm finds the optimal solution in 38 secoradter
180 iterations. Applying thtAGHDCSand generating 4
cuts in each iteration, a reduction of 44% of the
resolution time and 71% of the number of iteratiims
observed (cf. table 3). In the same example a minim
reduction of 27% (130 iterations) is obtained usi®)
cuts in each iteration. With 22 cuts the convergeat
the algorithm is slower due to the time spent ideorto
generate all the cuts. We should point out thahéf/the
resolution time is worse than in classical Benders
algorithm, the number of iteration continues to be

smaller. In table 3, we can see that in some cases

decreasing the number of additional cuts resultain
decrease in a number of iterations. When the nurober
cuts is equal to 32IGHDCSconverge in 52 iterations.
We can decrease even more the number of iterafions,
example with 16 cuts the algorithm converges iry &rd
iterations which is the minimum number of iteraion
observed in this example.

Number of cuts Time Iterationg
1 25s 88
4 21s 64
7 33s 62
10 1im 21s 62
13 2m 71
16 1m 24s 48
19 1m 24s 54
22 7m 16s 130

[0)

25 2m 25s 57
28 2m 30s 55
32 2m 40s 52
Table 3. Effect of number of cuts generated in each
iteration

The numerical examples show that the choice of the
number of cuts produced in each iteration is very
important since as it is observed increasing thelrar

?f cuts can have a negative effect in the perfoceasf

the algorithm. Thus we must select the number of
generated cuts in order to find the minimum number
required to give the maximum reduction in the numbe
of iterations. Generally th®IGHDCSis a good strategy

in order to accelerate the convergence of Benders
algorithm. The only deficiency that appears is tinee
spent to solve th&PP problems. In order to accelerate
more theMGHDCS we developed also an additional
strategy where we produce a cut where the maximum o
constraints are active. In the following sectioristh

strategy named Maximization of Active Constraints

(MAC) is presented and some numerical results
concerning the performance are given.
5. MAXIMIZATION OF THE ACTIVE

CONSTRAINTS(MAC)
5.1. Introduction

The primal form of a linear program in von Neumann
symmetric form is as follows:

Min z=c" [k
st
AlX=b,(A: mxn)
x=0

(Primal))

and the dual problem has the following form :

Minz=b" ¥
st
AT y<c, (A:mxn)
y=20

(Dual)

Introducing slack variableg = (X, X,,5,--:Xpem) ' 20,
Ys = (Yot Yinezs-+»Yomen) ' 2010 the primal and dual

problem, respectively, we can measure the extent of
constraint satisfaction. By complimentary slackness
theorem we know that for the optimal solution oé th
primal and dual systems, whenever the slack variabl
the kth constraint of either system is positive, tki
variable of its dual is zero and if tHeh variable is
positive in either system, thih relation of its dual is
tight which means that the value of the slack \Heidas
zero. We can describe this relation by the follayin
equations:

X [ Y = Ofor (k=1,..,n) and
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Yy [X., =0for (k=1,..,m) MinZ =c' [X
When Benders algorithm produces a less dense laigt a st.
number of dual variables of slave problem take laeva (NewSlaveProblen)] A [x=b,
equal to zero. That means that only a few numbéhef
slave problem's constraints are active. In order to A, X>Db,
produce a high density cut we should be able o fire x=0.
solution of SP where the maximum number of

constraints beg:omes active. In ge_neral, the plalssic We solve theNSPand we produce a cut in the same way
Benders algorithm does not provide cuts with the 45 in the classical Benders algorithm. The cut pred
maximum number of active constraints, and thishis t by this problem has the maximum number of positive
main reason that a low density cut can be obtaiRed. gefficients and is added to tHdRP. It should be
the example presented in [G.K. Saharidis, 2006] thengticed that in order to optimize the results af NSP
resolution of SP gives a small number of active the value of Big-M irESPshould be as small as possible
constraints. The maximization of the number ofv&ct i order to restrict the bounds of each constramarder
constraints using the Extended Slave Problem pteden 5 yse in each constraints the same value of Bigrd!

in the following subsection leads to a significant ¢4, replace it with the maximum value of the caists
reduction of the number of not active constraintsclv which can be calculated a priori.

is about 30% compared with the solution taken ey

that has not active constraints in 25% on averages We should pay attention to the fact that the above
result shows that high density cuts can be producedsrocedure of ~maximizing the number of active
maximizing the active constraints and using a d#f®  constraints involves the solution ofILP formulation
(from the Benders optimal) extreme'pomt of theutioh (ESP in order to produce the linear prograNSP
space of Slave problem. The basic ide&iC strategy  Generally the resolution time &SPis not so long even

is to find the optimal solution of the slave prable i it js a MILP. But if we need to develop a more simple
between the points that have the maximum number ofyersion of theESP. we can replace the objective function
active constraints. of theESPby the following formMin z= Slack+ Slack

and eliminate the use of binary variables. Thispdure
leads to a linear Extended Slave Problem. In otder
give equal weight to all slack variables, we mujtipach
slack variable by a coefficient equal to the mealue of
the right hand side of the constraint. Since thiee/af
the right hand side change in each iteration, lieiter to

5.2. Generation of high density cut by MAC strategy

For the needs of MAC strategy's presentation, we
introduce the following slave problem:

MinZ =c’ [x chose the mean value of the right hand side. This
St procedure is not an exact procedure in order 1o fire
. _ maximum of active constraints but an approximation
(SlaveProblemy A B2 b,(4 - (m=k)xn) which in general gives a solution where the nuntfer
A, xzb,(A, 1 kxn) active constraints is bigger than in the case dfain
x=0 slave problem.

In order to find the extreme point of the solutgpace of ~ 5.3. Numerical results applying MAC
the Slave Problem)where the maximum number of

constraints are active ti&lave Problenis extended as  Applying the MAC strategy, the produced cut involves
follows: the maximum number of decisions variableMRRP and

thus improves the convergence of the Benders #fgori
MinZ = Binary, + Binary, We should notice that in both of these new strateghe
| —b | -b classical Benders cut should be produced and atided
Extended) A, k- Slack =b,, A, X~ Slack =b, the RMP. In the following table we present some

Slave <Slack <M [Binary,, Slack, < M [Binary, numerical results where we compai&HDCS strategy
Problem |x>0,Slack, slack, =0 with and without theMAC strategy.
Binary,, Binary, 0{01}. MGHDCS
MGHDCS with MAC Difference

Solving the Extended Slave ProbleESP, we can find Elx' 'tseer' T'l”;e 't;lr Tlln;e l';eé% T7”;‘f
the maximum number of _active constraints. Obtaining— 22 0 36 18 143%  1o%
these results b¥SP we build the New Slave Problem |3 44 22 39 21 11.4%|  4.59
(NSB, which corresponds to th8P with the active 4 65 2 62 2 4.6% 0%
constraints identified by problef8SP For example if S5 106 5 96 4.5 9.4%| 10%
Binary;=0, which means that the first group of 6 | 27 5 26 5 3.7%| 0%

constraints is active then tiNSPis : Table 4 MGHDCSvs. MGHDCSwith MAC
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The results show an additional important reductiothe
number of iterations of the algorithm. The cut proed

of simplex algorithm for the linear problems an@rrh
and bound algorithm for the mixed integer linéaviP

by NSPresult in some cases in a reduction of resolution problem. Results of this algorithm will be reportad

times of RMP and give an additional reduction on the
number of iterations which fluctuates between 4% an

future publication.

14%. This reduction is very important because the ACKNOWLEDGEMENDS

MGHDCS had already decreased in a critical way the

number of iterations. For example for example 1 the M. lerapetritou would like to rate fully acknowleelg
classical Benders algorithm converged after 2297 financial support from the National Science Fouiutat

iterations. UsingMGHDCS resulted in 98% reduction
and the algorithm converged after 36 iterationsdiAd
the cut produced b)MSPthe algorithm converged in 31
iterations which means an additional 13.9% reductio
Of course we should also take into account theaditre
required to produce the additional cuts solvingopgms
ESPandNSP(the average time spent for the resolution
of ESP and NSP per iteration is only some secomds b
as the number of iteration increase as the surhisf t
time becomes important).

We should notice that th&IAC strategy can be applied
alone without theGHDCS accelerating in a significant
way the convergence of the algorithm. However riaeo
to have the best results we should apply theseegtes
together although additional time is required ttvadhe
series ofADP, ESP,andNSPproblems.

6. CONCLUSIONSAND FUTURE DIRECTIONS

Two acceleration strategies for Benders decompasiti
algorithm have been presented in this paper nathely
multi-generation of high density cut strategyGHDCS
and maximization of number of active constraints
(MCA). The presented examples illustrate the
applicability and efficiency of these strategiedl the
presented examples illustrate that both strateg®dt in

a significant decrease of the number of iteratiand
resolution time of the Benders algorithm. Adopting
multi-generation of high density cut strategy thanber

of iterations always decrease resolving in gereetatter
resolution time since th&MP has to be solved less
number of times.

In some cases the resolution time

under the NSF CTS 0625515 grant and also the USEPA-
funded Environmental Bioinformatics and
Computational Toxicology Center under the GAD R
832721-010 grant.
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