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ABSTRACT: This paper deals with the modeling of a preventizgntenance strategy applied to a system subject to
random failures. According to this policy, the systis subjected to a perfect preventive maintenantien at times kT

(k =1,2,3...). If a failure occurs within a cycl&}{)T, kT[ (k = 1,2,3...) an imperfect corrective manhance action is
undertaken. Considering the average durations efrttaintenance actions and the inefficiency extéthecorrective
actions, a mathematical model is developed in otdestudy the evolution of the system stationaagjlability accord-

ing to the period of preventive maintenance, T, emdetermine the optimal period T* which maximiffes system
availability. The modeling of the imperfection loé tcorrective maintenance actions requires the kedge of the quasi
renewal function. A new expression approximating finction is proposed for the case of systemssa/times to first
failure follow a Gamma distribution. Numerical réisuare obtained and discussed.

KEYWORDS: Maintenance strategies, Imperfect maintenance,suemewal Process, Gamma Distribution.

1. INTRODUCTION the renewal theory and many other stochastic pseses
There are several reviews of the literature onstligect
In the current context of an increasingly wild summarizing the various models and gathering them i
competition, the constraints of time, quality anolstc  various classes. Among these reviews, we find tludse
imposed on the industrial companies put them intfod (Valdez-Flora et al., 1989), and (Wang, 2002).
the obligation to ensure a maximum availabilitytiogir Various maintenance models consider that maintenanc
production equipment at the lowest cost. Under ghes actions are perfectly executed. Actually, the
conditions, the implementation of preventive effectiveness of maintenance actions is generally
maintenance strategies proves to be inevitable. between the two extreme limits (‘fas good as newd an
A maintenance strategy is defined as a decisioa rul ‘as bad as old’), what is generally called impetrfec
which establishes the sequence of actions to bemaintenance. Several models of imperfect maintemanc
undertaken according to the state of the systenth Wi were proposed in the literature. They can be dladsin
each maintenance action one associates, a cost, two categories: models based on an arithmetic temuc
duration and a certain quality or effectivenesse Th of the age of the system (Malik, 1979), (Kijima adt,
performance of a strategy is then evaluated ingeom  1988), (Kijima, 1989), and models of reduction bét

the average total cost on a given horizon or imseof intensity function (Chan et al., 1993), (Shin I. et
the system stationary availability. Other perforcen al.1996).
criteria are proposed in the literature. With regard to the reduction of age, the improventdn

A great number of publications propose several the state of the system, following a maintenand®mac
maintenance policies, implying different types of is equivalentto an arithmetic reduction of its .ager the
preventive and corrective actions, such as inspegti  models of reduction of the intensity of failurefiet
replacements by new or used identical equipment,improvement of the state of the system, following a
overhauls or repair to the as good as new stage, th maintenance action, is equivalent to a reductioritf
minimal repair which consists in bringing the syste failure rate of a quantity proportional to its valught
back to the same operating state as just befdieddjas before maintenance. A literature review on impdrfec
bad as old state), etc. maintenance can be found in (Pham and al., 19%8) L
Basic maintenance strategies have been proposed ialso quote a recent work of (Shey-Huei and al. 2@06
(Barlow and Proschan, 1965). A great number of optimal maintenance strategies with imperfect
publications on the subject followed with maintecen  maintenance actions.

policies based on complex mathematical models using
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In this work, we consider an industrial context vehthe repair bringing the system at the as good as nate &br
planned preventive maintenance actions are gewerall a=1.

carried out in a perfect way; they are generallgcaited The reduction factora’ can be deterministic or random.
the most qualified resources, the adequate tootk an We consider in this study the deterministic caske T
original spare parts. In opposition to the cornerti preventive and corrective maintenance actions have
actions which must generally be carried out in respectively constant average duratibpandT..
emergency following unexpected failures. We do not Under these conditions, the system stationary alviitly
always find the best technicians nor the most bléta is expressed as follows:

tools or spare parts to carry out these repairsickle T, +T..Q(T)

they are generally imperfect repairs. We considethis SAT) =1--F for T2 T, 1
context a periodic preventive maintenance strategy (1)
applied to a system prone to random failures. This SAT =0 forZ 1

strategy consists in subjecting the system to &ioraof

perfect  preventive maintenance  at  instants Q(T) stands for the average number of system restarts
KT (k= 1,2,3...). If the system fails between consecutive following failure during periodr. It is called the quasi-
preventive actions, an imperfect repair is undemak renewal function. It has been studied by (Wang and
Considering the average durations of the maintemanc Pham., 1996) in the context of a quasi-renewalgssc
actions, as well as the imperfect nature of theairesp  In order to study the system stationary availapijiven
following failures, we study the evolution of thgsgem by equation (1), we will consider in next sectidre t
stationary availability according to the preventive quasi renewal-process as defined by (Wang and Pham.
maintenance period, T, and we determine the optimal1996). We will derive a new expression approxingtin
period T* which maximizes the system availability. the quasi-renewal function in the particular caseao

In order to model the imperfection or the ineffiusy of  system whose time to first failure follows a Gamma
the repair actions, we use the imperfect maintemanc distribution.

model developed by (Wang and Pham., 1996, 1997)

which is based on the quasi-renewal process. 3. THE QUASI-RENEWAL PROCESS

In next section we define the strategy and the imgrk  3.1. Definition

assumptions, and we establish the expression of the

system stationary availability under the considered (Wang and Pham., 1996, 1997) define the quasi-rahew
maintenance policy. This expression calls upon the process as follows:

quasi-renewal function whose analytical express®n Observe the sequence of non-negative random vasiabl

very difficult even impossible to obtain. In secti8 we {T.T,,....T.}, the counting procesEN(t),t >0} is said
will remind the general formulation of the quasnegval vz "

function enunciated by (Wang and Pham., 1996). We
will then derive a new expression of this quasiensal
function in the particular case of a Gamma distidou T, = a2 Zyi..; T.= amt Z,, where the z are
and we will discuss the related numerical calcalai

Section 4 will be dedicated to the study of theletion
of the system stationary availability when subnditte
the suggested maintenance policy. We will estalihigh

conditions of existence of an optimal strategy. A /W /\
numerical example will be treated in section 5. The ¥ 1 1 1 — 1

obtained results will be presented and interprefdue W’I‘T"‘ﬁ" HT:|

to be a quasi-renewal process with parameter attend
first inter-arrival tme T,, if T,=2,; T,=az, ;

independent and identically distributed aad> 0 is a
constant.

paper is concluded in section 6.

2. STRATEGY DEFINITION AND

A A A

s, d
MATHEMATICAL MODEL : s —
. . . T Interarrival Time
We consider a randomly failing system with a known 1242,
lifetime probability distribution. A perfect previve §=T+T 44T ;1< <n

maintenance action (overhaul or replacement byva ne
identical one) is periodically performed on theteys at
instants kT (k= 1,2,3,...). If it fails between sussee

preventive maintenance actions, it undergoes angince we consider imperfect repair throughout thgen,
|_mp_erfe(_:t repair action at the end of which thetesys_ the constantd will be taken between O and 1 as
lifetime is reduced by a factoabetween 0 and 1. This previously mentioned in section 2.

factor ‘a’ is considered as a characteristic of the
corrective maintenance action efficiency. The ewte
cases represent a minimal repair dor 0, and a perfect

Figure 1. The quasi-renewal process model

3.2. The quasi-renewal functiorQ(t)
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The quasi-renewal function
number of the system restarts following a repaiirgdua

time intervalt. Considering F;(.) as the probability
distribution of the system times to thd ifailure

T (i=1, 2,
quasi- renewal function as follows:

Q) = Zl YR () @

n
where .YlFT (t) stands for the convolution Product of
i=1

Fri(.) n times andF (t) = Fy, (%t)
' a

It clearly appears that the exact analytical foratioh of
the quasi-renewal function is very difficult even
impossible to obtain. (Rehmert,
transforms to compute an estimate of the quasiwahe
function for the Exponential and Gamma distribusion
In the case of a Normal distribution F(.) of thmdi to
fist failure with mean pu and standard deviat®nthe
quasi-renewal function can be calculated
straightforward (Rehmert, 2000):

Q) = ZF[l a" ’1 a"

1-a

2j;o<a<1 (3)

3.2.1 The case of Gamma distribution

2000) uses Laplace

represents the average 1 t

fTI(t)— ( . 1) for i=1,2,...,n
a

Thus, if the system times to first failurg follow a
Gamma distribution: Gamma(, ), it is clear that the

-n), (Wang and Pham. 1996) expressed thejmes T, to the " failure follow a Gamma distribution:

Gammda , B &).
Given that thez are independentS, is the sum oh

independents, which means the sum afindependent
random variables respectively distributed according

the Gamma lawGammda , B &%).
The distribution of this sum of random variableacle

one distributed according to a Gamma law, can be
validly approached by a Gamma distribution (see

Morschopoulos, 1985 and Pierrat et al, 2006).
Let Gg (®,W) be this distribution function ofS;: a

Gamma distribution with shape parameter and scale
parameterV .

We use in what follows the two first moments of

Gs, (P, W) to determine its two parametefiset W .

relatively The first moment:

E[S]=HT+ T+ T+.+ J]

E[s]= € z+ az+ &4Z+..+ & 7]
E[s]=Hz]+Haz]+ Eag+.+ E& 7
E[s]=Hz]+af 2]+ & 4+.+ & F 4

We develop in what follows a new expression which with E[Zi]za,b’ fori=1,2,..n and0<a<l1

approximates the quasi-renewal function for systems

whose time to first failure follows a Gamma distribn
with shape paramete:r and scale parametgr.

_ algy - L
W0 exp( ﬂ]

with r(a)zj0 x - 1gx

(4)

dx

The quasi-renewal function associated with thigesys
is given by:

Q)= nPI[N(t)=r (5)
n=1

n

Given that §,=)» T=%+a%+&2z+.+ &' 7
i=1

(see figure 1), we have:

P[N@t)=n]=Pf S, > - P[§> {

Let Gg (t)be the probability distribution function

associated to the random varia§le

Hence,

PIN®=n=[1- G, O] 1 G5 ()

Pr{N(t)=n] =G ()~ Gg, (D
Let’s find an approximation OG% ®.
In the general case, (Wang et Pham. 1996) shove¢d th

(6)

E[S |=aB+ap+ daf+..+ é’laﬁ=11__z
Then we consider the variance:

Var[§]=Val T+ T+ T+..+ J]
Var[§]=Val 2+ az+ & Z+.+ & 7]

The Zs being independent, we can write:

Var[§] = Vaf Z]+ Vaf aZ]+..+ Va[ ! Z]

Var[§] = Vaf Z]+ & vaf Z]+..+ a” v 7]
with : Var[ Z ]=a B% for i =1,2,...n and0<a<1

ap

2n
PRl
Given, by definition of the Gamma distribution,ath
E[S,|=W® et Vars ]=¥?®, we obtain by
identification :

Var[§, J=ap*+ da p*+..+ &0 p?=

_an
wo=12 ;5
_a2n
w2p=t 2 ap?
1-a
Solving this system leads to the following result:
_an n
=1 a l+a ot LIJ=1+a B
l1-a 1+a" 1l+a

The probability distribution associated witf, is then a
Gamma distribution defined as follows:
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1-a" 1+a 1+4a"

a, ; O<ax<l1 7

$'1-a 1+a" 1+a'8) ") ey
Hence, returning to equations (5) and (6), thasgu

renewal function in case the first time to failufelow a 2aT

Gamma distribution can be expressed as follows:

Q(t) =§]n[esn(t)— Gg,, (V]
n=1

Q) =G5, (9 ® il
n=1

with Gg (t) being the Gamma distribution given by i

equation (7). " e B g e ey
It can easily be shown that for the case of a perfe i Sl

renewal processa(= 1) (Barlow and Proschan, 1965)
with systems whose times to failure follow a Gamma
distribution G(a, ) , the renewal function is given by:

Figure 2. The terms of the quasi-renewal function
(equation 3) and their sum far=3

M(®) = Gammg . B) ) C= oI —== tattam
n=1 o

The formulation of the quasi-renewal function beimg A

sum of distribution functions (equation 7), does rase 35r

any special programming or computation problemsThi af

in opposition to the formulation proposed by
(Rehmert, 2000) which requires an inversion of a
truncated infinite sum in the Laplace transform cspa

which is very difficult and sometimes impossible to 15f
perform. 1}

05} S
3.2.2. Calculation of the quasi-renewal function . L e

1} a0 100 150 200 250 300 350 400 450 500
t

Figure 3. The terms of the quasi-renewal function
(equation 3) and their sum far=5

For systems whose times to first failure are disted
according to Normal or Gamma distributions, thesijua
renewal function (equations 3 and 8) is an infisiten of
probability distribution functions. Each term oftlsum ) ) ]
represents the probability to have n imperfectirsgaa ~ Figure 4 shows the quasi-renewal functiQ(r) for the
time interval [0,f]. The computer programming of these Same example in cases=1;c=2;c=3 andc=4

two quasi-renewal functions requires to truncate th .

corresponding sum at a certain levet c. The choice =0 ;
of the value ofc depends on the working horizon of i '_“I‘;‘I'_'ggigg
interestt. A —— Qs et
For illustration purpose, let us consider the cabere 35k

the first time to failure follows a Normal distrition

with mean 1 =100 and standard deviatioor = 20, with i

. . . _ Qi) 251
a corrective maintenance action efficiency factor
a=0.7. Figure 2 shows the curves of the first three ar
terms (distribution functions) of equation [3] agllwas 150
the curve of the sum of these three functions iseca S A ]

¢ =3. Figure 3 illustrates the same thing for 5.

0 n L L N n N N L L L L "
0 50 100 150 200 250 300 350 400 450 500 550 600 650 700
t

Figure 4. The quasi-renewal function forl ; c=2 ;
c=3 andc=4

It is clear that in case one is interested for eplann the
behaviour of the system (number of restarts) oviéma
horizon T =230 time units, it would be necessary to
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truncate the sum at=3. In fact, if the truncation is /’\ m /_\ h
[l

made atc=1 or c=2 one can not fully describe the
behaviour of the quasi-renewal function on the
considered time horizof =230 time units.

X Time toi" failure
Tc Corrective maintenance action duratior

4, OPTIMIZATION OF THE SYSTEM Xo=d"' 2

STATIONARY AVAILABILITY FUNCTION SA(T) Y =X AT
Figure 5. The quasi-renewal process model with

Let us go back to the maintenance strategy defined constant non negligible corrective maintenancetthma

section 2. Consider a system whose time to firdtria
follows a probability distributionF(t). This system is Q)
subjected to perfect preventive maintenance actains lim SAT) =lim1- T—~*
instantskT (k= 1,2,3,...). If it fails between successive T-® Toe T
preventive maintenance actions, it undergoes an
imperfect repair characterized by an efficiencyiéatbr
‘a’ as previously defined in the context of a quasi- restarts per time unit in the time intervalTp,We can
renewal process. also consider this term as the inverse of the aeera
period between successive restarts over the saer@ah
4.1. General behavior of the system stationary [0,T]. Thus, according to the quasi-renewal process
availability SA(T) defined in section 3, and considering the following
X; : the system time to thid failure following a given

probability distribution

The expressiom@ represents the average number of

As formulated in section 2, the system stationary
availability, SA(T) under the considered maintenance

policy s : T +T.Q(M Y, : a random variable defined as the sumXandT..
SAN=1--2 = °  forT> We have:
AT) T T 1) i
SAT) =0 fors T
im @0 jim | L jim d

T, and T. being respectively the preventive and T-% T n-e Zn:Y n n-e Zn:( X + I)
corrective maintenance actions average durations. ~ : —

Q(T) is a sum of continuous distribution functionsisit
thus a continuous function.

Hence SA(T)is a continuous function. lim Q_(l_T) =lim - n
TS50 Nn- o
X;+nT
By definition, SAT,) =0 ; : ¢
Theorem:
In the case of a periodic preventive maintenanegesiy i QM _ i n
with imperfect repair of non negligible durationfailure T'E“w T n'inw n
(Quasi-Renewal), the system stationary availabiétyds Z“a'"lzi +nT
to 0 when the preventive maintenance period tends t L i=1
infinity: n
With lim a"*z,=0 for O<a<1 then Z:a'_lzi is
lim SAT) =0 n-e i=1
T finite.
Proof : Hence, lim en_1
Too T T

Cc

Figure 5 represents the quasi-renewal process aith _ Q(T)

constant non negligible corrective maintenance tira Jim SA =lm1-F—-=0,for 0<a<1
Te.

These calculated limits show that the system abititia
function SA(T) admits necessarily at least a maximum
(Curve 1 figure 6). This means that the considered
maintenance policy admits in every situation (fory a
given set of input parameters:
F(), a T, and T;) a finite optimal periodT* of
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preventive maintenance which maximizes the system
stationary availability. Curves 2 and 3, in fig@reshow
both possible behaviors of the system stationary
availability in the case of perfect corrective naimance
actions (the block replacement policy (Barlow ard a
1965)). It is interesting to notice that if an mife
optimal solution (no corrective maintenance) issiule

in the case of perfect repairs, it can not be emad in

an imperfect repair situation.

1 -

SA L

0 N
Tp T
Figure 6. General behaviours of system stationary
availability function SA(T) in the situation of gect
repairs (curves 2 and 3) and imperfect repairsvc)

4.2. Numerical Example

For illustration purpose, let's consider a randofalling
system whose time to first failure follows a Gamma
distribution with shape parametexr =3 and scale
parametefs = 3.

The following average durations are considered:
Average duration of a corrective maintenance action
T=0.35 time unit ;

Average duration of a preventive maintenance action
T,=0.01 time unit ;

The corrective maintenance actions are charactebye

a constant average efficiency facaor 0.6.

The following figure shows the evolution of the t®m
stationary availabilitySA(T) considering a truncation in
the quasi-renewal function et= 10 (equation 8).

0.95

085

0af

0.75 5 7 -
i} 20 25 30
1

Figure 7. Evolution of the system stationary avality
SA(T)with a truncation at=10 in equation 8.

] 10 15 35

Figure 7 shows that there is an optimal preventive
maintenance perio@* (1.6 time unit) which maximizes
the system availabilit$A(T) The minimum of the curve
of SA(T)corresponds to the momentvhen the curve of
the quasi-renewal functionQ(t) reaches the limit
Q(t) =c (such as shown in the previous section). Note

that fromT=t; (the part of the curve in gray), ti8A(T)
curve is not exploitable.

Figure 8 below shows that, as expected, for theesam
input parametersF(.), T, and T, as the corrective
maintenance actions become more and more efficient
(increasing &), the optimal preventive maintenance
period T* becomes larger and the corresponding
availability SA(T*) increases. It is also interesting to
notice that beyond a certain level of the repdicieicy
factor, the variations, especially at the level thg
availability, tend to stabilize. This allows conding that

it is possible to tolerate a certain degree of
ineffectiveness of the corrective actions withoawihg a
notable availability loss.

Besides, we also notice that for the same systethfan
the same repair efficiency degrae as the ratiolJ/T,
increases, the optimal period of preventive mamtee
T* and the corresponding optimal stationary avaligbi
decrease.
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—4+—Te=5xTp
—+—Te=10xTp
—*+—Te=15xTp
—p—Tc=20xTp
+—Te=25xTp
Te=30xTp
—#—Tc=36xTp
—*—Te=40xTp
Te=45xTp

0.99

0.994

0.992

SA" 0.99

02 03 0.4 03

a
Figure 8.T* and SA(T*)evolution according to the
repair efficiency factor, for various ratidgT,

0.6 07 0.8 09

Figure 9 shows the evolution of the optimal preixent
maintenance period* according to the shape parameter
a of the Gamma distribution associated with thet firs
time to failure of the system. We notice essentitiiat
for all the considered systems, the optimal periofis
preventive maintenance and their correspondingesyst
availability level increase as the repairs are icmied
more and more efficient. This is accomplished until
having a stability of its two parameters* (et SA(T*)
from a certain repair efficiency factor approxintgate
equal to 0.35. Here again, the following important

—— alpha= 2
—— alpha= 2 5
——alpha= 3
——alpha= 35
# alpha= 4
alpha. 4.5
—p—alpha= 5§

0.995F

03 0.4 03 0.6 0.7 0.8

0.2

09

Figure 9.T* and SA(T# evolution according to the
repair efficiency factord’ for various Gamma
distributions (with different shape parameters)

5. CONCLUSION

In this work, we studied a preventive maintenanmeyp

for randomly failing systems evolving in a contatiere

the preventive maintenance actions performed every
T time units restore the system to its as good as ne

state, while in case of failure between successive
preventive maintenance actions, imperfect repair is
performed restoring the system to a state between a
good as new and as bad as old. The imperfection of
repair actions has been modeled by using the quasi-

conclusion can be drawn: for several systems withfénewal process based on a deterministic repair

different failure rates, the degree of the repéiciency
stops affecting the optimal strategy from a certain
threshold (here: 0.35).

efficiency factor & taken between 0 and 1. We studied
the evolution of the system stationary availabilityder

the proposed maintenance policy. We considered the
general case and the particular situations of Byste
whose times to first failure follow a Gamma distrtilon.

We derived for this set of systems a new exprestion
approximate and easily compute the quasi-renewal
function which is the average number of restarts
following failures during a time interval [,

This study showed that for any given system and any
given repair effectiveness factor and for any given
downtime durations for preventive and corrective
maintenance, there is necessarily a finite optipealod

T* of preventive maintenance which maximizes the
system stationary availability.

Obtained numerical results corresponding to a $et o
particular cases with systems whose times to fiiifitre
follow Gamma distributions, allowed concluding thiat

is possible to tolerate a certain degree of inéffeness

of the corrective actions without having a notable
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availability loss. The knowledge of the interval of single-unit system®aval research logistics, 36, 419-
tolerance of the repair inefficiency degree notsiag 446, 1989.

significant availability loss represents an impotta
source of flexibility for the maintenance managetmen
Finally, the obtained results also showed thatstoreral .
systems with different failure rates (different Gam nal of systems Science, volume 27, number 10, 1996,
shape parameters), the degree of the repair effigie pages 1055-1062.

stops affecting the optimal strategy from a certain Wang, H. PhamCorrespondence Changes to : "A quasi

Wang, H. PhamA quasi renewal process and its appli-
cations in imperfect maintenandaternational Jour-

threshold. renewal process and its applications in imperfect
Several extensions of this work are currently under  maintenance" International Journal of systems Sci-
consideration. ence, 1997 volume 28, number 12, pages 1329.
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