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ABSTRACT: The paper reports on the current status of a project concerned with the implementation of a Column 
Generation Heuristic in co-operation with a French medium-sized bus company. We discuss the modeling approach to 
the practical problem, as well as the mathematical background that supports the strategy adopted. Finally some 
preliminary results for artificially-generated instances are presented and some key actions to be taken in the near future 
are highlighted 
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1. INTRODUCTION 

 

In this working paper, we report on the results obtained 
during the first stage of a European Project concerned 
with the implementation of a computational tool for 
solving the multiple-depot vehicle scheduling problem 
in a French medium-sized bus company. 

The Multiple-Depot Vehicle Scheduling (hereafter 
referred to as MDVSP) is a classical problem in the 
field of Transportation Science. It consists of 
determining a minimum-cost covering structure for a 
set of predefined trips using vehicles provided by 
several depots. Let n be the cardinality of the set of 
trips T = {T1, T2, ..., Tn}, each one characterized by a 
starting and end time (si and ei, respectively, for all i = 
1, …, n), and let m be the cardinality of the set of 
depots K= { D1, D2, ..., Dm} each one characterized by a 
number of available vehicles (vk, for all k = 1, …, m). 
Now consider any two trips Ti and Tj, and let τij be the 
travel time between the end point of Ti and the starting 
point of Tj. We say that the pair (i,j) is compatible if 

jijiji se ≤++ κτ , where κij  is some parameter 

defined a priori, possibly zero. Moreover, throughout 
the paper A denotes the set of compatible pairs of trips 

(ie. arcs, in a graph representation) and k
ijc  denotes the 

cost of covering Tj just after Ti using a vehicle provided 
by depot k = 1, …, m. 

The MDVSP is proved to be NP-hard in Bertosi, 
Carraresi and Gallo (1987, cited in Ribeiro and 
Soumis, 1994). It has been the focus of academic 
researches for years (see Ribeiro and Soumis, 1994 for 
a brief literature review) and the evolution of the 
approaches developed, as well as the improvements in 
time and quality of solution, is evident. However, to 
our knowledge, the transposition of this know-how into 
the context of transportation companies has not yet 

been well explored. Our experience has shown that the 
general feeling among managers, engineers and 
computer scientists working on these companies is that 
the models are too complicated and time-demanding to 
be used in real-life situations. According to our 
partners, many of the transportation companies, both in 
private and public sectors, still do not formally 
consider aspects of optimization theory in their vehicle 
scheduling planning processes. 

In this sense, the goals of this paper are to provide a 
general overview of the modeling and algorithmical 
approach used to tackle the problem in co-operation 
with the company, and to present computational results 
obtained so far, as well as perspectives for the 
continuation in the near future. 

As a contribution to the state-of-the-art, we present a 
comparison between two approaches for solving the 
pricing problem in the scope of the Column Generation 
Heuristic. Our results strengthen the general guidelines 
given by Barnhart et al. (1998), where it was 
highlighted the absence of computational experience 
about this specific issue. 

We firstly present in Section II two formulations for 
the MDVSP model as well as our approach to adapt 
them to the real context. Section III highlights some 
important points concerning the theoretical background 
of the field. Results for randomly-generated instances 
up to 600 trips and 10 depots are presented and 
analyzed in section IV. Finally conclusions are drawn 
in section V concerning the know-how generated and 
the contributions both to theory and practice. 

 

2. THE MODEL 

 

This section is dedicated first, to the presentation of 
two mathematical formulations of the MDVSP and 
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second, to explain the way these models were used to 
represent the real problem. Hereafter, let )(ko  and 

)(ko  be the nodes corresponding to the starting and 

end points at depot Kk ∈ , respectively. Moreover, 

let  ),)}(),({( kk AkokoTG ∪=  be the graph 

defined by all the trips in T plus the depot Kk ∈ , as 
well as the existing arcs. 

 

 2.1. Multi-Commodity Flow Formulation 

 

We start by introducing the multi-commodity flow 
formulation of the MDVSP, which has been 
extensively used in the literature (Ribeiro and Soumis, 
1994; Pepin, Desaulniers, Hertz and Huisman, 2006). 

The decision variable is kijx , indicating whether the arc 

( )ji,  will be covered by a vehicle from the kth depot, 

Kk∈ . The maximum capacity of each depot is given 

by kv  and, as we had defined previously, k
ijc  denotes 

the cost of covering Tj just after Ti using a vehicle 
provided by depot k. For a more complete description 
of this formulation and its underlying theory, we 
address to Ahuja, Magnanti and Orlin (1993). 
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Model 1. MDVSP Multi-Flow Formulation 

 

In Model 1, the minimization of the total cost is 
established in (1). Constraints (2) impose that exactly 
one arc has to arrive (to depart) at (from) each node 

Ti ∈ of the graph while constraints (3) impose that 
these two arcs (ie. the one arriving at and the one 
departing from a given node) have to be covered by a 
vehicle provided by the same depot Kk∈ . In 
constraint (4) we have that the number of used vehicles 
per depot is not greater than the number of available 
vehicles and, finally, (5) imposes binary variables. 

 

 2.2. Set Partitioning Formulation 

 

Differently from the multi-commodity formulation, the 
set partitioning formulation considers a set Ωk 
containing some set of feasible schedules provided by 
depot Kk ∈ . The optimization is therefore performed 

over ∪ Kk

k

∈
Ω=Ω . In the specific case of the 

MDVSP, these variables are represented by 
1)( ×+ mn  vectors where the first n positions 

correspond to the set of trips to be covered and the last 
m positions to the set of depots from where the vehicles 
may come. For a given variable, say p, the i th 
component aip is equal to one if p covers i, and zero 
otherwise. As for the last m positions, a given 
component, say i (with mnin +≤≤+1 ), is equal to 
one if p comes from depot ni − , and zero otherwise. 
Finally, computing the cost cp of each variable p in Ω , 

and defining pθ  equal to one if schedule p is taken in 

the solution and zero otherwise, we can now formulate 
the set partitioning model as follows. 
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Model 2. MDVSP Set Partitioning Formulation 

 

We will briefly interpret the constraints of  

Model 2 comparing its roles with those of Model 1. 
First, we see that (6) plays the same role of (1), ie. 
minimizing the total costs of the chosen schedules. 
Besides, (7) and (2) have also the same role, assuring 
that all services will be covering once. Finally, (8) 
plays the same role of (4) and (9) of (5). One may think 
that (3) is not being considering, but in fact this 
constraint must be considered when building the set Ω. 
It means that all the schedules included is Ω already 
obey to (3). The way this is done will be clearer in 
Section III. 

Although the comparison above shows that both the 
multi-commodity and the set partitioning formulations 
are equivalent models for the MDVSP, one can 
mathematically proof this fact by applying the 
Decomposition Principle to Model 1. We bypass this 
proof and refer to Ahuja, Magnanti and Orlin (1993) 
for details. 

We now address the way these mathematical 
formulations can be used to model the practical 
problem handled by the company. Our partner 
possesses three physical depots, located in the 
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surroundings of Amiens, France and performs two 
types of trips: urban and inter-urban. The focus of the 
current project is on the latter, typically longer trips. 
Besides, the particular characteristic of this application 
that makes it slightly different from the usual is the fact 
that the driver may accompany the bus for several days 
without going back to any of the three physical depots. 
Instead the bus is taken with the driver to his residence. 
In this case, considering in the model only the three 
physical depots would be obviously of no value from 
the practical point of view, however, on the other 
extreme, considering each driver’s residence as a 
potential depot with unitary capacity would be 
impractical from the computational point of view. 

Finally, the solution proposed was to divide the 
geographical region over where the trips are distributed 
– La Somme, France – in an appropriate number of 
smaller regions so as to consider the center of each one 
as a virtual depot. We present the resulting division in  

Figure 1. The red and black dots correspond to drivers’ 
residences, while the blue limits are circles in the space 
of minutes, each of them with a ray equal to 20 
minutes. The definition of this ray takes into 
consideration the assumption that the drivers allocated 
to each virtual depot (ie. each circle) would travel an 
extra amount of about 20 minutes to get home at the 
end of the day and that this would not impact on the 
practical value of the scheduling for the company. 
Having this assumption validated we came up with a 
reasonable number of depots, which could be more 
easily dealt by the existing algorithms. 

 

 

Figure 1. Definition of Virtual Depots 

 

3. BACKGROUND 

 

In this section we present some important theoretical 
concepts which provide the basis for understanding the 

Column Generation approach. We explain briefly (3.1.) 
the roles of the master and pricing problems as well as 
the relationship between them; (3.2.) the rounding 
procedure used to rapidly compute integer solutions for 
the master problem; and (3.3.) the K-shortest path 
algorithm chosen for solving the pricing problem. 

 

 3.1. Column Generation to solve huge linear 
programs 

 

When dealing with linear programs of very large scale 
the set of feasible solutions may be so immense that 
traditional methods, like the Simplex (Chvátal, 1980), 
may become useless. The reason lies on the fact that an 
explicit search for priced-out variables to enter the 
basis is too difficult to be performed efficiently. On the 
other hand, we observe that the optimal solution of 
these huge problems usually contains a very tiny part 
of the feasible set. This observation gives rise to the 
idea of manipulating just a small subset of the most 
“interesting” variables among all the possible ones1. 

To tackle the question of how to determine this 
“interesting” set of variables the Column Generation 
Algorithm deals with two levels of problems that 
exchange information throughout the procedure. The 
first level corresponds to the Master Problem, 
represented in our case by  

Model 2. This is the upper level of the algorithm and it 
manages the set Ω which contains variables from all 
the depots. The dual information provided by the 
solution of the Master Problem is then used to modify 

the arc’s costs of each graph mkGk ,...,1=∀ , which 

will be considered independently in each of the Pricing 
Problems. As the title suggests, the Pricing Problems 
use the dual information provided by the Master to 
determine a few priced-out variables (new schedules 
with negative reduced cost, in our case) that will 
hopefully improve the current solution, if it is not 
optimal yet. 

One can proof that these Pricing Problems are actually 
shortest paths problems over each Gk and with an 
adequate definition of arc’s costs, the optimal solution 
of each shortest path problem also solves to optimality 
the multi-flow formulation and its equivalent set-
partitioning version. Let πi and βk be the dual values 
corresponding to constraints (7) and (8), respectively. 

Then, choosing kikoiko cc β−= ),(),(  

;Ti ∈∀ Kk ∈  and iijij cc π−= Ti ∈∀ , makes 

                                                 
1 This idea was firstly introduced by Ford and 
Fulkerson (1958, cited by Lübbecke, 2001) and further 
developed by Dantzig and Wolfe (1960, cited by 
Lübbecke, 2001) who pioneered the fundamental idea 
of decomposition. 
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the optimality conditions of each shortest path problem 
equivalent to the ones of the multi-flow problem, 
validating the resolution of the shortest-path problems 
independently as a searching engine for priced-out 
variables. This result is detailed in Lima (2007) based 
on the proof provided by Ahuja, Magnanti, Orlin 
(1993). 

Having explained the general strategy to deal with the 
difficulty of the multi-commodity-flow problem and 
the role of the Master and Pricing Problems, we turn 
out efforts to understanding how to solve them. 

 

 3.2. The Rounding Procedure to solve the 
Master Problem 

 

In the beginning of the algorithm, the set partitioning 
formulation given by  

Model 2 is initialized with some set of rather expensive 
artificial variables – in order to assure the existence of 
a feasible solution to the LP relaxation of the master – 
which are then progressively eliminated as better 
variables are added to Ω. The importance of this initial 
phase lies in the fact that it determines the quality of 
the dual variables passed to the pricing problem, which 
thereby determines the quality of the columns 
generated. In this sense, some important aspects used 
in our implementation were taken from the discussions 
in Lübbecke (2001) or are detailed in Lima (2007). 

We have chosen to solve the LP relaxation of  

Model 2 using the large scale linear programming 
algorithm described in Zhang (1997). In this sense, one 
of the main concerns regarding the solution of the 
master problem is the development of an efficient way 
to find an IP solution that can be proved to be optimal. 
Branching strategies with this aim have been 
extensively studied in the past (see Desaulniers et al. 
2005 for a survey of these practices), but are not within 
the scope of this work. As argued by Barnhart et al. 
(1998), if finding a good IP solution is of greater 
concern over proving optimality – as it is often the case 
in practical applications – it makes sense to adopt a 
greedy branching scheme that divides the solution 
space in non-even sub-trees. This strategy can go even 
further when backtracking in the tree is not important 
either, in which case, after solving the LP relaxation, 
variables with high fractional values are fixed to one. 
This approach has been used successfully by Marsten 
(1994, cited by Barnhart, 1998) in the context of crew 
scheduling and in Pepin, Desaulniers, Hertz and 
Huisman (2006), in the context of vehicle scheduling. 
In the following, we provided a formalization of this 
procedure. 

 

Algorithm 1. Rounding Procedure 
Define a rounding threshold γ; 

Let Π be the current master problem and Γ be the 
current corresponding graph; 
while no integer feasible solution was obtained do 

for  all variables θp do 

if  ( γθ ≥p ) do 

1=pθ ; 

Delete the column corresponding  
to θp from Π and all lines  
corresponding to the trips covered  
by θp; 
Also delete the nodes in Γ 
corresponding to the trips deleted; 
Update vehicle availability; 

end if  
end for 
if no variable was rounded do 

Round up to 1 the greatest variable θp; 
Delete its corresponding column from 
Π and all lines  
Corresponding to the trips covered in  
it; 
Also delete the nodes in Γ 
corresponding to the trips deleted; 

end if 
Solve the Master Problem over Π and the 
Pricing Problem over Γ; 

end while 

 

The definition of the rounding threshold is rather 
experimental. As suggested by Pepin, Desaulniers, 
Hertz and Huisman (2006), we have used 7,0=γ  

which worked well with our database. 

 

 3.3. Using a K-shortest paths algorithm  to solve 
the Pricing Problem 

 

The solution of the pricing problem lies on the very 
heart of the column generation algorithm. For instance, 
Lübbecke (2001) reports on exhaustive tests showing 
that up to 80% of the CPU time may be spent on this 
phase. For being so expensive, instead of adding just 
the variable corresponding to the shortest path between 

)(ko  and )(ko  we would rather add a greater 

number of variables, all of them potentially capable of 
improving the current solution. In this sense, we need 
to determine not only the shortest path in Gk but some 
others equally “good” paths, which is done by means 
of a K-shortest path algorithm. 

However, as this strategy goes naturally against the 
will of simplicity evoked in Section I, we need to 
address the question of whether the choice of a K-
shortest path algorithm really provides any gain of 
performance when compared with a single shortest 
path approach. This will be demonstrated further, in 
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Section IV. For the time being, we consider this choice 
appropriate. 

We have decided to use the MPS Algorithm (Martins, 
Pascoal and Santos, 1998) to solve the K-shortest path 
problem. According to the authors aforementioned, 
although the theoretical complexity of this algorithm is 
still an open question it has performed well compared 
to its closest competitors and this is the main reason for 
our choice. The MPS Algorithm requires the 
construction of a tree of shortest paths, for which we 
used the polynomial version of the Auction Algorithm 
with Graph Reduction proposed in Bertsekas, Pallotino 
and Scutella (1995). This latter was implemented using 
the “second best” type of implementation and the pre-
processing algorithm, both suggested by Bertsekas 
(1991). Moreover, to improve the performance of the 
K-Shortest Path algorithm we also used a sorted 
forward star form to organize the set of candidate 
paths. Finally, as the sub-problems are solved 
sequentially, we have chosen to use the information 
contained in the price vector of one sub-problem to 
initialize the next, reducing the time spent in the pre-
processing phase of the Auction Shortest Path 
algorithm. The interested reader is addressed to Lima 
(2007) for details about these performance 
improvement procedures. 

Two interesting effects concerning the resolution of the 
Pricing Problem are reported in the literature 
(Lübbecke, 2001; Desaulniers and Desrosiers, 2005). 
The first one, known as heading-in, is related with the 
possibility of generating an important amount of “bad” 
columns in the beginning of the algorithm, when lots of 
artificial variables are still present in the formulation. 
In this case, the dual information passed to the Pricing 
Problem is poor and therefore, the columns generated 
are not good. To avoid this effect, instead of 
maintaining a constant set point for the K-shortest path 
algorithm, we rather start with a small desired number 
of columns to be generated per sub-problem and 
increase this number as new columns are added and 
artificial ones are deleted. The second typical effect 
refers to the fact that improving the total cost becomes 
more difficult as the algorithm evolves. As a 
consequence, at the end, the Pricing Problem continues 
generating columns with negative reduced cost but, the 
improvement in the solution does not make it worth to 
continue the process. This happens because proving 
optimality would be too expensive in terms of time. To 
avoid this tailing-off effect we introduce a parameter 
that monitors the number of iterations without overall 
cost improvement and whenever this parameter 
becomes greater than a given arbitrary threshold (3 to 
5, in our experiments), we allow the early termination 
of the algorithm. 

 

4. RESULTS 

 

Despite the early stage of the project, we have already 
been able to come up with a first generation of 
preliminary results for randomly generated data sets. 
These first rounds of tests aim to evaluate the 
suitability of the approach developed so far and play an 
important role as a way to identify gaps where further 
work is needed. 

All codes were implemented on Matlab™. For this 
reason the running times presented herein are on 
average greater than the ones achieved by 
implementations carried out on other languages, 
especially structured ones. On the other hand, as 
pointed out by Zhang (1997), Matlab™ allows a much 
faster development and therefore is suitable for testing 
the concept of a solution framework before getting 
deeper in its implementation. All instances were run in 
an Intel Xeon™ 2,66GHz Workstation, 1 Gb RAM, 
Windows XP, Matlab 6.5. 

The data was generated randomly according to the 
statistical characteristics of real timetables obtained 
through the partner’s database. A brief description of 
the parameters is provided in Table 1. 

 

Table 1. Parameters for data generation 

 

We start by investigating whether the K-shortest path 
algorithm provides any gain in performance that 
justifies its implementation. For this purpose, the set of 
graphs shown in Figure 2 compares the solution times 
of both approaches for instances ranging from 15 to 
600 trips, and 2 to 5 depots. 

The two graphs on the top half of the picture present 
this comparison both regarding the elapsed time until 
the best-cost-solution was found and the total elapsed 
time of the procedure. As for the former, the K-shortest 
path approach was faster in 80,77% of the replications 
and this improvement was greater than 15% in 73,08% 
of the replications. When it comes to the latter, the K-
shortest path approach was faster in 76,93% of the 
cases, improving the total time by more than 15% in 
55,77%. 
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Figure 2: k-Shortest Paths (KSP) vs. Single Shortest Path (SSP) 

 

An interesting insight arrives when analyzing just 
replications in which the instance had a number of trips 
greater than 100. In this case, the K-shortest path 
approach outperforms its competitor in 86,36% of the 
replicaions, with a contribution of more than 15% in 
77.27% of them. For these instances, greater than 100 
trips, we present also the distribution of the 
improvement rates obtained in the histogram on the 
bottom left of the figure. Therefore, we conclude that 
the adoption of a K-shortest path algorithm within the 
scope of the pricing problem provides a fairly 
significant gain in performance, which justify its use. 

These results are coherent with the guidelines given by 
Barnhart et al. (1998) who suggested that adding 
multiple columns would work better when the pricing 
problem is computationally intensive. Otherwise, it 
would be more interesting to add just the column with 
the highest reduced cost, using therefore a single-
shortest path algorithm to solve the Pricing Problem. 

Being convinced of the utility of the K-shortest path  
strategy as well as its potential advantages for a greater 
number of trips and depots, we can now turn our 
efforts to analyzing the results obtained for the current 
version of the code for instances up to 600 trips and 4, 
8 and 10 depots. Table 2 shows these figures. 

As one should expect the results show a linear 
dependency between the solution time and the 
cardinality of the set of depots. This is easily explained 
by the sequential nature in which the pricing problems 

are solved and can only be improved if all problems 
were carried out in parallel. On the other hand, the 
dependency between the solution time and the 
cardinality of the set of trips is strongly non-linear, 
demonstrating the theoretical complexity of the 
MDVSP.  

 

 
Table 2. Results’ compilation using KSP 
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In the following we finish this section pointing out the 
most important actions to be taken in the near future in 
order to improve the results obtained so far. 

i. Run of more intensive tests to improve the 
code’s parameters; 

ii.  Tests with label setting shortest path 
algorithms: Bertsekas, Pallotino and Scutella 
(1995) report on results of comparative tests 
between the version of the Auction Algorithm 
used here and its label setting competitor. In 
general the latter performed better although 
the former is more suitable for parallel 
computation. We believe that implementing 
this version and comparing its results to the 
current ones could be of great value. 

iii.  Use parallel computation to solve the Pricing 
Problem and the Auction Algorithm for the 
Shortest Path Problem: we could use the 
concept of parallel computation to distribute 
the solution of each sub-problem of the 
pricing phase among a given number of 
processors running in parallel. The result of 
each of these problems would be then put 
together and written in a common shared 
memory. Besides we can go even further 
implementing the forward-reverse version of 
the auction algorithm for shortest paths in 
parallel. In doing so, two processors 
modifying the same price vector are used; one 
running the forward and the other the 
backward auction processes. The execution is 
stopped when the paths meet at a common 
node Polymenakos (1991) discusses some 
parallelization issues specifically designed for 
the Auction Algorithm. 

iv. Implementation in a non-interpreted language: 
as discussed briefly before, after having a 
robust version of the current code, the 
implementation of the codes in some non- 
interpreted language (C or C++, for example) 
will provide a quantum leap in the current 
performance, increasing the suitability of the 
code for even harder instances. 

v. Implementation of a Large Neighborhood 
Search Heuristic (LNS): as suggested in the 
experimental work carried out by Pepin, 
Desaulniers, Hertz and Huisman (2006), the 
Column Generation Heuristic can be 
combined with an algorithm for a slightly 
modified Single Depot Vehicle Scheduling 
Problem2 giving rise to a more powerful tool 
for tackling the MDVSP. According to the 
results presented by the authors 

                                                 
2 Despite not being reported in this paper an algorithm 
for the Single Depot problem was also implemented in 
the first phase of the work. The work was mostly based 
on Freeling, Wagelmans and Pinto Paixao (2001). 

aforementioned the LNS heuristic yields 
better results in terms of the commitment 
between quality and solution time. 

 

5. CONCLUSIONS 

 

Throughout this paper we presented the main topics 
concerning the approach used to tackle a practical 
scheduling problem in a medium-sized bus company. 
Despite the early stage of the work some experimental 
results for real-size randomly generated instances were 
already presented. 

As for the continuation of the project, some key points 
to be carried out in the near future to ensure the 
improvement of the current performance were pointed 
out and explained. 

On the one hand, from the theoretical point of view, the 
paper put together a wide range of techniques from 
different areas of the Operational Research literature, 
making it easier for practitioners to get started with 
similar applications. Also, by comparing the K-shortest 
path approach with the single one we could 
demonstrate the gain of performance obtained, mainly 
when dealing with bigger instances, helping to 
strengthen the computational experience about this 
issue and supporting our choice for the former 
alternative. Lastly, given the relatively newness of the 
auction algorithm, its incorporation within the scope of 
project contributes to evaluate its advantages and 
drawbacks when compared with its traditional label 
setting competitors. 

On the other hand, from the practical point of view, the 
envisaged algorithm will make it easier for the 
company to answer rapidly and precisely to public 
demands, providing it with a scientific tool of planning, 
mainly when dealing with huge instances of thousand 
of trips. Last, but not least, the work also shows how 
the co-operation academy-industry can enrich the 
application of tools developed by the former, 
encouraging the latter to invest in their development 
and application. 
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