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ABSTRACT: This paper deals with the two-dimensional rectangguillotine oriented cutting-stock problem with
the objective of minimising the trim loss. For thiass of problems, we propose a hybrid heuristat tombines two
algorithms: the first with a good quality that cae applied to the problems of small and medium #iiesecond with
a medium quality that can be applied to all siz¢hef problems. An example has been used to illestnad clarify each
step of these algorithms. The effectiveness dfythad heuristic has been tested by a set of irstan
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1. INTRODUCTION

The two-dimensional cutting stock problem consists
cutting a large supply of rectangular stock sheets

In the 1960’s a number of pioneering papers onrgutt
stocks problems were written by Gilmore and Gomory
(1961, 1963, 1965, 1966). A set of pieces is taclie
using the least numbers of identical sheets. Thdisn

produce smaller pieces in quantities matching arder is an integer programming model with a column

received. The objective of this process is to mis@he
total cost such as the total number of stock shesesl.
This problem arises in many industrial applicatisash

generation procedure.

Since integer linear programming models are not

as paper, wood, clothes, glass and sheet metal (fopractical to solve large size problems, some hgcgsis
application see Farely, 1988, 1990b; Schutlz, 1995;have been proposed for the generation of goodngutti

Mornar, 1997; Menon, 2002; Dikili 2004; Yanasse,
2006).

In this paper, we study the two-dimensional recteany
guillotine oriented cutting-stock problem. This plem
can be stated as follow. A set of rectangular opieces
with dimensionsw; x |,..., wy X Iy are requested with
quantity d; (i=1,2,...,N). di is usually a very large
number, more than one hundred, and it is to bdroat
rolls of material with standard widti (=1,2,...,K),
each in sufficient length to satisfy the entire d@uoh
The cutting patterns must satisfy the following
technological constraints. First, the pieces ar&iobd

patterns to produce the columns of an integer
programming problem. For example (Farely, 1990b;
Wang, 1983).

Other researchers proposed a two-stage approathefor
integer programming cutting stock problems, basea o
rounding up procedure after a linear program (LP)
relaxation (Johnson, 1986, 1997). To construct the
matrix of constraint, Suliman (2001) proposed anbha
and bound column generation method for the one-
dimensional CSP that can be projected to the 2DCSP.

Suliman (2006) developed a three-stage sequential

from oriented guillotine cut. Second, the number of heuristic. In the first stage, a width-cutting patt is

transversal cuts can not exceed the number of &nive determined. Determining the table

available in the machine, in this case the numbequal

to six (Figurel). For this problem it is required t
determine the production schedule that minimises th
total material needed, while satisfying the givemand.

Before providing the details of the proposed heiags
we shall briefly review the solution techniques italde
in the literature.

length and the
associated layout of the pieces length wise to ywed
good cutting pattern is the second stage. In thal fi
stage, the number of times in which the generaigiihg
pattern will be used is determined.

These works consider only trim loss as the main
objective, several works include other factors anset

of methods for multi-criteria cutting stock problgrare
presented by Gasimov (2007); Yanasse (2006) and
Franca (2007).
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Figure 1. Schematic representation of cutting rimech

2. PROBLEM FORMULATION

The following notations are used in this paperaoili-
tate communication:

LXJ : Biggest integer lower than x.
|_x_| : Lowest integer bigger than x.

Vii - Number of units of widthy; being cut according to
thejth pattern from théth roll.
Ly :Length produced with the patterg

Xy If Vig >0, X denote the integer valké‘ﬁJ, SO
|

I
that X;Vig represents the number of pieces of width

contained in the pattei; through the length,.
Jx : Number of non dominated patterns/gfroll width.

This problem can be formulated as follows:

K Jk
Minimise Z\MZ L
k= =
Subject to
Ko i
ZZ XiVi=d  Forall (1)
k=1 j=1
li Xkji <Ly For allk,jandi  (2)

For allk and;j 3)

N
E Viii W <Wk
=

=0  XiiZ+ (5)

The objective function represents the total aréiégsed
from the different rolls which represent the sumtluod
area demand and the waste. Since the total areandiem
is constant, minimising the total area is equivalgn
minimise the waste.

Wh-1< For allk andj 4)

The constraints have the following meaning. Commstsa
(1) guarantee that the demand of each type of items
satisfied. Constraints (2) assure that the varsablg
assume the appropriate values witch respect the
corresponding integer variableXy Constraints (3)
specify that the number of transversal cuts in each
pattern can not exceed the number of knives auvaiiab
the machine (in this case, the number is equalixp s
Constraints (4) reduce the number of patterns by
selecting for each pattern width the closest féagibll.
Finally, constraints (5) introduce non-negative and
integrality conditions.

In order to solve this problem in a reasonable time
heuristics are used.

3. THE FIRST HEURISTIC APPROCH (H1)

The first heuristic is based on three stages, uinglan
enumeration of all feasible non-dominated pattefribe
different widths to construct the matrix of congita at
the first stage followed by a LP relaxation at seegond
stage, and finally a generation of a solution @ Ibasic
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problem through the solution of the associated lprab  Step 1. For eacli1,...,N compute the total number

with relaxed constraints. Ko | Ly -
— J —ir = —d.
di = 2 2 I_ i and setQ—{| ri=d d.>0}.

The linear relaxation of the basic problem can be k=1 =1 i
formulated as follow:

K Jk Step 2. For each patterd; with L >0, calculate
Minimise » Wk > Ly = i -
kZ:;, ]Z:; | ij—zmh wherehi =inf (Vi , i) .
Subject to Step 3. Select the pattern with the gredtdst and in-
Ko ) crease its lengthl,; as much as necessary to make
Z Z ijvkji 2 q | For all 6) ri<0for all i0Q with V;>0.
k=1 j=1
N Updateri,Q and Ly; .
z Vi £6 Forallkandj (3) If Q= go to step 4. Else go to step 2.
i=1 Step 4. For each patteM; with L; >0, reducely; as
N . much as possible while maintaining the feasibitifythe
W‘1<Zl:iji W <Wk Forallkandj (4) solution with respect to the demand constraints.
1=

>0 (7 The heuristic approach flowchart is shown in Fig2ire

From an optimal solutioh*of the relaxed problem, it is 3.1 Example
easy to construct a feasible solution for the basic
problem as follows. Since the number of items poedu

. To illustrate and clarify each step of this heicighe
according to L* is

following example is used. Four rectangular pieséh
i ik: Lk ) <ZK: Jzk ijV o . the specifications shown in Table 1 are to be owiinf
o | i k"_k =l ki, L* may violate g5 with three widthsW, =2.5m; W, =2.25m:Ws=2m.

the demand constraints for some item types. Howétver

is easy to transforrh* in a feasible solution to the basic Itergenrum- Widthw;,  Lengthl; Demandd;
problem by suitably augmenting some of its comptsen
The following algorithm named rounding up is desidn 1 1.35 0.5 200
for this aim. 2 1.05 0.4 150
Procedure rounding up: 3 0.78 0.8 400
4 0.37 0.9 400
Table 1. Example data
Start
v
Enumerate all feasible non-dominated patternsefiifferent widths to construct the matrix of
constraints

Generate a solution to the basic problem througlstiution of the associated problem with
relaxed constraints

____________________________________________________________________________

Figure 2. Heuristic approach flowchart
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Before providing the details of this example, ineces-
sary to show the definition of the dominated patier

Definition:
a patternV, is dominated by a patteM, if the first is

included in the second and each of the two patteyns
feasible with the same roll width.

3.1.1 First stage

The enumeration of all feasible non-dominated paste
of the different widths is achieved through a skaree
with a number of levels equal to the number of sde

The non-dominated feasible patterns of differerdtiag
are presented in the following matrix:

1111110000000000000
1000002211110000000

0110000011003221100

01032110103202143635

The associated roll widths of theses patterns aee p
sented in the following line Matrix:

C=1[25 25 225 25 225 2.0 252.2%2522.0
22520 25 25 20 25 2.0 2.25 2.0]

3.1.2 Second stage

Relax the constraints of our problem to obtainreedr
formulation by replacing the constraints (1),(2d &)
by (6) and (7).

The relaxed problem is:

Min (C L)
Subject to
AL=B
L=0

- A: Matrix of constraints

- C: Associated rolls widths of patterns presenteithén
matrix A

- L: Lengths to produce with the different patterns to
satisfy the accumulated lengths of orders.

- B: Accumulated length of each rectangular type of
pieces.

For our example: B is presented in the followintuom
matrix:

d;x ;=100
d, x L=60

ds X ls= 320
dsx ;=360

The solution of the linear problem is:
L=[0;100;0;0;0;0; 21.0092;0;17;99;0;0
;0;0;101.1;0;0;20;0]

3.1.3 Third stage

Generate a solution to our problem from the sofutid
the associated problem with relaxed constraintsuiin
the procedure rounding up (Figure 3).

W=2m; L41s=100.8m

s \\
It3
It4 I \ \
\ \
W=25m; [;=23.4m
It2 \\
It 2 \\
It4 [ \ \
W=2.25m; lo=17.6n
It2 \\
It3 N\
It4 [ N\
W=25m; L, =100.8m
It1 \\
It3
it4 || | I \\\\
W=2.25m; l4g=19.8m
It 4 N\
I'{ 4 \\ \\
i \)
It4 \ \

Figure 3. Production schedule
4. THE SECOND HEURISTIC APPROCH (H2)

The second heuristic is based on a sequential apipro
with four-stage. In the first stage a sekoWidth-cutting
pattern layouts with the minimum trim loss is idéetl.

In the second stage the pattern with the leasthwiitin
loss is selected from the set. In the third sthgelength
of this pattern layout is calculated from the whgttat
least the demand of one order is fulfilled. As suteof
these stages a good cutting pattern is producedcém
be used for the solution of the two-dimensionatingt
stock problem. Finally, the pieces produced witk th
cutting pattern are decreased from the demand sarder
new iteration is started to produce the followingting
pattern for the reduced problem.

The heuristic approach flowchart is shown in Figdire
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For each specific standard roll widi¥ (j=1....K), a The procedure goes along the steps shown in the flo
width cutting pattern is generated as follows. ket charts of figure 7.

(i=1.....N) be the width list of the required rectangles

arranged in a decreasing order> w,>....>wy .The First iteration:

maximum number of pieces of widtl; that can be

obtained across the widt of the stock roll is: In the first stage a set &f width-cutting pattern layouts

is identified by the procedure presented in therkgs.
RYY; For each specific standard roll widit§, a pattern layout
. . W,
Vy (i) =min(C6 , {k—\%‘ ) (8) is generated.

W
1 1 1
Where v, represents the width of the cutting pattern, 1 0 0
and it is initially set equal to 0. C6 represehts aumber - | 7| Wi=2.5m -, |7 Wo=2.25m -, _ | =) Ws=2m
of available knifes, and it is initially set equal 6. The o | Wi=2.4m 1| W2=2.13m o|Ws=1.72m
width of the cutting pattergy, and the number of avail- 0 0 1
able knifes after the cutting piecesvefwidth become:
Wic = W + V() xw; ©) In the second stage the pattern with the leasthwtidin
C6=C6- k(i) (10) loss is selected from the set. For this examplefitse

pattern is selected because:
The Width-cutting pattern flowchart is shown in &ig5.  (Wi-W'y)=min{( W-W") ;i=1,2,3}=min {(2.5-2.4),(2.25-
2.13),(2-1.72)}.
4.1 Example
In the third stage the length of this pattern layisucal-
culated from the way that at least the demand & on
order is fulfilled

To illustrate and clarify each step of this heirighe
example presented in 3.1 is used.

Start
v
Arrange orders by decreasing widds0.
v
J =J+1; Stepd <

No

v

GenerateK vectorsVy
v

V=V, that satisfy

WeWe=min {(W, - W) ; k=1......... K}
Yes

v

L:min{([vcé‘i) l);i=1....N with \/(i))0 }

2

d. = Sug0; d- \(){H); E1..N with V() 0

End

Figure 4. Heuristic approach flowchart
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Start;k=1

la
+‘
i =0,C6=6W,=C L',=0 eti=0

Generate a new patterk=k+1

Calculatevk(i);W[( and @&
by: (8);(9);(10).

v

e

A

Yes

No

Figure 5. Width-cutting pattern flowchart

The solution of our problem is:

L = 60m = min{( {L}m) =12}

1 1
1 |L;=60 m v.e |0|L=40m
0 | W=2.5m = |1 |w=2.5m
0 1
0 0
0[L=140m |, _ |0|L=306m
> | W=2m o | w=2.25m
1 6

4. EXPERIMENTAL RESULTS

V(i)

. . . . V=
Finally, the pieces produced with the cutting pattere
decreasing from the demand orders. The update diEman
are presented in the following table:

ltem  Width Length Update demand Va=
number W, I d
1 1.35 0.5 Sup(0,(200-[60/0.5]))=80
2 1.05 0.4 Sup(0,(150-[60/0.4]))=0

The effectiveness of these proposed heuristicsbbas
3 0.78 0.8 400 tested to check both the computing time and thditgua
of the solution.

4 0.37 0.9 400

Table 2. Reduced problem data

A new iteration is started to produce the followitigg-
ting pattern for the reduced problem. The demarsdis
isfied by four iterations.

4.1 Computing time

For each heuristic the computing time has beenueval
ated by a set of problems witch are randomly geedra
with different number of orders.
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The experimental results are presented in the iatig
table and graph:

Number of orders 5 1015 20 25 30
Computing time insec (H1p,51,5 2 5 30 346
Computing time in sec (H2p,30,6 0,9 1,2 14 1,6

Table 3. Computing time for H1 an H2

400

200 / HL
A=

0 ‘ \ \
5 10 15 20 25 30

Number of orders

Figure 6. Computing time

The experimental results presented in Table 5 shaiv
the first heuristic is suitable for only problemghMow
size because the computing time increases expaiignti
with the size of the problem, however the secondike
tic is suitable for all sizes problems.

4.2 Quality of the solutions

For each heuristic the quality of the solutions basn
evaluated through the value of the relative errdciw
represents a comparison between the solution pgezsen
by a heuristic and the solution of the relaxed faob
that represent a lower bound for the optimal sotuti

-MNHi-LB
VREH= MNH

Where VREHi, MNHi and LB denote respectively, the
value of the relative error obtained with, the material
needed with the heuristidi and a lower bound of the
optimal solution.

The experimental results of the application of ¢hego
heuristics on some problems witch are randomly
generated are presented in Table 5.

Square Square
Problem Lower of VREH of
number bound solution (%) solution

(H1) (H2)

VREH

25031 25078 0.19 25241 0.83

92879 92973 0.10 92956 0.08

19772 19804 0.16 20069 1.48
51922 52414 0.94 54870 5.37
23074 23262 0.81 23930 3.58
15016 15039 0.15 15422 2.63
16548 16570 0.13 16761 1.27
13634 13682 0.35 13806 1.25
16106 16110 0.02 16544 2.65
22504 22584 0.35 22680 0.78

Boo~Nv~ourwnek

Table 4. Quality of the solutions generated by Hd a
H2.

2 avril 2008 — Paris- kca

The comparison of the results given by these hisis
with the lower bounds of the optimal solutions skaav
good quality of the first heuristic and a mediunalify

of the second heuristic, because the VREH1 does not
exceed a rate of 1% and VREH2 does not exceedea rat
of 6%.

5. THE COMBINED APPROCH

The basic idea of the new method is to find a tenauyo
solution with the second heuristic (H2) and thepriove
it by solving a small, critical part of the problefsub-
problem) again with the first heuristic (H1).

The sub-problem contains less than S differentkstoa
order sizes. So, we expect substantially bettarlteat
the expense of low increased time complexity. There
fore, the proposed method would still be suitaloledil
sizes of the problem.

As the size of the sub-problem remains unchanged re
gardless of the size of the whole problem, totaleti
complexity depends on time complexity of H2 witch i
suitable for problems with large size. Thereforee t
combined approach can be used for problems witfelar
size.

The combined approach flowchart is shown in Figure
6. EXPERIMENTAL RESULTS

A set of experimental tests have been executedno c
pare the effectiveness of the proposed combined ap-
proach with the previous heuristics H1 and H2 othbo
the computing time and the quality of the solution.

The experimental results of the application of éhheu-
ristics on some problems witch are randomly geeérat
are presented in Table 5.

The comparison of the results given by the combined
approach and the previous heuristics show a great s
cess of the combined approach to determine a gulad s
tion close to the optimal solution in a reasonabiee,
because the VREH of the set of experimental testd d
exceed a rate of 2% with a low computing time.

For this combined approach the user can choose the
value of S to get a medium solution more quicklyt@r
perform the solution by a grew in the computingetim

To proof these performances, the heuristic H habe
tested on the following three problems collectexfithe
literature (Benati, 1997).
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Star
No
N+K<S
Yes
Solve problem with H2 and save the obtained satuff®l)
Solve problem with H1 with the total area needed TAL
v
Arrange cutting patterns solution in a decreasatgral trim
loss:(W. -W',) L. (fore =1...J)
v
Construct the sub-problem from the cutting pattevith the
most lateral waste from the way tiNit+K don’t excee®
v
Solve the sub-problem with H1
v
Replace corresponding part of the cutting pattevite the
solution of the sub-problem (S2) and calculatettital area
TA2
v
e >
Yes
\4 v
Display S Display S = S2 Display S = S1
v
End

Figure 7. Combined approach flowchart

For the following examples S is equal to 15.

Lower

N° N K bound

Material needed (fh

value of the relative error (%) Computing timeds

(LB) H1 H2 H VREH VREH, VREH H1 H2 H

1 10 1 16379 16430 16401 16430 0,31 0,13 0,31 13,8 @,3
2 10 2 16048 16093 16213 16093 0,28 1,02 0,28 1,3 13
3 10 3 14581 14616 14691 14616 0,24 0,75 0,24 18,2 1,8
4 10 4 14754 14766 14864 14766 0,08 0,74 0,08 2 12
5 20 1 22805 22993 23450 23033 0,82 2,75 0,99 22 6 17

6 20 2 22774 22868 23064 23064 0,41 1,26 1,26 30 6 28
7 20 3 22267 22344 22703 22361 0,35 1,92 0,42 40 6 2,2
8 20 4 22562 22617 22854 22794 0,24 1,28 1,02 50 8 25
9 30 1 50228 50690 51517 50826 0,911 2,502 1,177 9 2418 2,8
10 30 2 49957 50144 50941 50211 0,373 1,932 0,506 46 3 16 2

11 30 3 49204 49278 50160 49529 0,150 1,906 0,656 440 1,7 2.2
12 30 4 49475 49780 50267 49876 0,613 1,576 0,804 80 5 19 23

Table 5. Experimental results
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Problem 1 3 0.82 1.03 500
) 4 0.4 0.51 2000
Item number  Widtlw; Lengthl; Demandd; 5 0.37 0.45 2000
1 0.8 1.03 300 6 0.74 0.935 3000
2 0.4 0.51 200 7 0.8 1.05 3000
3 0.66 0.55 100 8 0.55 0.65 5000
9 0.6 0.8 500
4 1.035 1.27 300
5 0324 046 200 12 00-67125 0-173 sggg
6 0.233 1.07 600 )
1 oes o724 100 2077 103 2000
8 0.8 1.03 300 14 0.4 05 2000
9 0.7 0.9 200 15 0.605  0.73 500
10 0.77 1.03 1000 16 0.388 0.51 500
11 0.37 0.45 2000 17 0.55 0.65 500
12 0.3 0.4 1000 18 0.37 0.45 1000
13 0.55 0.65 2000 19 0.43 0.57 500
14 0.8 1.05 1000 20 0.72 0.72 1500
15 0.388 0.51 100 21 1 0.7 500
16 0.605 0.73 100 22 0.8 1 300
17 0.795 1.03 100 Table 8. Problem 3 data

Table 6. Problem 1 data i .
Roll widths on with it has been tested are theofeihg:

The testing has been carried out with the followdsegs ~ ©1=(1.33), C2(1.33,1.12), C3=(1.33,1.12,1.05) dreht

of roll  widths: A1=(1.33), A2=(1.33,1.25), Bl B2,B3.
A3=(1.33,1.25,0.77), B1=(1.15), B2=(1.15,1.05),

B3=(1.15,1.05,1.01). I'I'he experimental results are presented in the Tiable
ow.
Problem 2
. Lower Material Valu_e of the
Iltem number Widtlw;, Lengthl; Demandd; Code relative error
bound (LB) needed (f) (%)
1 0.37 0.45 2000
2 0.24 0.3 500 P1-A1 4664,6 4670 0,12
3 0.3 0.4 3000 P1-A2 4499,7 4514,7 0,33
SRS T B o S
> 04 0-5 4000 Pl-BZ 4604’5 4624'4 0’43
6 0.4 0.512 4000 i ’ ’ ’
- 05 0.6 500 P1-B3 45458 45748 0,63
8 0 '55 0 '65 6000 P2-Al 6571,5 6597,8 0,40
9 0 4 0'51 2000 P2-A2 6459 6484,1 0,39
10 0 4'115 0 '521 1000 P2-A3 6459 6486,2 0,42
11 0 5o O o4 600 P2-B1 6541,1 6550,3 0,14
’ ' P2-B2 6473,4 6483,8 0,16
12 1.05 05 500 P2-B3 64734 64868 0.21
Table 7. Problem 2 data P3-B1 22074 22077 0,01
P3-B2 20553 20711 0,76
Thg probtljlem r:lLas been tested with the same sewllsf r P3-B3 19990 20210 1,09
as in proolem L. P3-C1 20079 20085 0,03
Problem 3 P3-C2 18405 18535 0,70
P3-C3 18093 18226 0,73

Iltem number Widtlw; Lengthl; Demandd,

1 1.05 1.315 400
2 0.78 1.08 200

Table 9. Experimental results
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In table 9 the value of the relative error doesiteed a  Johnson.R.E, 1986. Rounding algorithms for cutting

rate of 2.5 % with an average of 0.52 %. Theseltesu stock problems. Asia-Pacific Journal of Operational
confirm the effectiveness of the proposed heurisgie- Research, 3, p. 166-171.
cially that the computing time for each example side Johnson.M.P., Rennick.C. & Zak.E, 1997. Skivingiadd
exceed 2 seconds. tion to the cutting stock problem in the paper mdu
try. Journal of Siam Review, 39(3), p. 472-483.
7. CONCLUSION Menon.S. & Schrage.L, 2002. Order allocation farckt
cutting in the paper industry. Operation Research,

In this work an algorithm to solve the two-dimemsib 50, p. 324-332.
guillotine oriented cutting-stock problem was prepd. Mornar.V and Khoshnevis.B, 1997. A cutting stock-pr
This algorithm combines two heuristics H1 and HEchi cedure for printed circuit board production. Com-
have the following performances. The first is daligafor puters & Industrial Engineering, Volume 32, p. 57-
problems with low size and get a solution with ado 66.
quality, the second is suitable for all size proideand Schultz.T.A, 1995. Application of linear programmiim
get a solution with a medium quality. The basicaia a gauge splitting operation. Operations Research,
the new method is to find a temporary solution with 43 (5), p. 752-757.
second heuristic (H2) and then improve it by sajvan Suliman. Saad.M.A, 2001. Pattern generating pragedu
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heuristic (H1). This algorithm has been tested sataf of Production Economics, 74, p. 293-301.
problems. The experimental work shows the following Suliman. Saad.M.A, 2006. A sequential heuristiccpro
performances of the combined approach: a goodtguali dure for the two-dimensional cutting-stock prob-
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