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ABSTRACT : We consider the problem of minimizing the sum ofigtetion times in a two-machine permutation
flowshop subject to release dates. Despite itsréimal and practical importance, this NP-hard pietn has not been
investigated before. We present some lower bounndké problem under consideration. We presentva pgority rule
and we propose some efficient constructive heasistMoreover, a genetic local search algorithm resented.
Computational experiments on a large set of rangogeinerated instances provide evidence that orikeoproposed
constructive heuristics as well as the genetic algm perform consistently well.
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1. DESCRIPTION AND NOTATION Remark 1 The F2r;|3C; is NP-hard in the strong sense.
This is an immediate consequence of the NP-hardness

The problem can be defined as follows. We are givenresult of the FRYC; (Garey and Johnson (1979)).

two machines M and M, and n jobs (j=1,...,n). Each Consequently, the existence of a polynomial alparito

machine is available at time zero and can prodes®st  solve the F&;I>.C; is unlikely.

one job at a time. Each of n jobs must be processecRemark 2 The F2rj, p;=p2=pI>.C; can be polynomialy

during p; time units without preemption firstly on solved by ranking the jobs in nondecreasing order o

machine M, and then duringptime units on machine their release dates.

M,. The processing of job j can not be started before

release datg.rThe order by which the jobs are processed 2. LITERATURE REVIEW

on any machine is identical and is not known. The

objective is to minimize the sum of job completiime. To the best of our knowledge, this is the first grageal-
Using notation of Lawler et al. (1993), this prablas ing with the F2rjI>C;. In this section, we briefly review
denoted by F2r; | 3 C,. the related literature to this problem. The thdoattand

practical importance of minimizing total completitme

Let n=(n(1),x(2),...x(n)) be a permutation of {1,...,n}. in flowshop scheduling has motivated several resear

Let 0={n | n is a feasible permutation} be the family of ers to investigate this important optimality criter. A

all the feasible permutations. A permutatwomlefines a  machine based lower bounding scheme for the two-

processing order of jobs ;(JJ)....dn) ON each  machine case was first proposed by Ignall and $ehra

machine. Define ¢ as the completion time of job j (1965), which was later extended to thenachine case

(=1,...,n) on M (k=1,2). We haver*€b to find such by Bansal (1977). An exact method was proposed by

permutation, such that Szwarc (1983). Ahmadi and Bagachi (1990) derived a
new machine based lower bound for the m-machine. cas

n n The calculations for Ahmadi and Bagachi's boundient

zczj'(ﬂ*)= mégzczj(n) minimizing the total flow time for each of m single

=1 = machine problems with preemption and release times,
which implies that the time requirement for thisibd is

Let m€0, be a permutation defining a processing order of O(mn log n). The computational experiments show that

jobs on machines Mand M, then, we have their bound performs Bansal's one. Chung et al0Zp0
proposed a branch-and-bound algorithm to solve both

n n | i the weighted and unweighted version of the problem.
C.: ()= max + + Their lower bound is based on the relaxation ofdbe-

JZ;‘ %) ;Ehs'ﬂ L kz:;: P9 ; Pl straint that each machine can process at mostoatja
time, for all machines but one. Chung et al.'s @atlgm
incorporates a new dominance test for pruning naades
the search tree. This bound is calculated im#) time.
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The lower bounding procedures developed by Van&eld

tic is based on the work of Chu (1992). Experimenta

(1990) and Hoogeveen and Van Velde (1995) are basedesults show that the two first algorithms are aer®-

on a Lagrangian relaxation of the problem. Delladér

et al. (1996) present a detail analysis of a nunatbexl-
ternative lower bounding procedures. A computationa
study of these procedures in Della Croce et al9§)9
demonstrates that Van Velde's lower bounding praeed
and a new lower bounding procedure presented bia Del

bly efficient to find near optimal solutions.

Allahverdi and Aldowaisan (2002) and Framinan et al
(2005), present a classification, comparison araluay
tion of existing heuristics for thelgrmu}.C;. Moreover,
a few metaheuristics were developed for theriu) C;

Croce et al. generate good bounds. Della Crocd. et aincluding genetic algorithms (Vempati et al. (1993)

(2002) improve the lower bound of Van Velde by ex-
ploring sufficient conditions for the optimality af solu-
tion in the Lagrangian dual problem, and propose do

Tang and Liu (2002)) and tabu search (Gupta et al.
(2000)).

minance criteria that improve the performance the As a particular case of our problem, when thera $in-

branch-and-bound algorithm. Della Croce et al.G0®)
branch-and-bound algorithm can solve up to 45 {80)
problems when processing times are uniformly distri
buted in the [1,10] ([1,100]) range.

gle machine, is thel|> C;. This problem is known to be
NP-hard in the strong sense (Rinnooy kan 1976)hén
particular case with equal release dates the prolide
solved in polynomial time by SPT priority rule (Stest
Processing Time, Smith 1956). When the preempson i

Akkan and Karabati (2004) proposed a new branch-and allowed, the SRPT priority rule (Shortest Remaining

bound algorithm. The main feature of their algaritts a

Processing Time) provides an optimal solution im O(

new lower bounding scheme that is based on a nktwor log n) time (Baker 1974). Ahmadi and Bagchi (1990)

formulation of the problem. They formulate an expion
tial-size network resembling a search tree, in Wwhic
schedule corresponds to a path in a network, aed th
compute a lower bound by applying Lagrangian rlax
tion. This lower bound is tightened by the usehaf tlo-
minance criteria already established in the liteeat
Akkan and Karabati's (2004) algorithm can solvebpro
lems with as many as 65 (45) jobs when processing t
times are uniformly distributed in the [1,10] ([0d])
range.

Recently Hoogeveen et al. (2006) formulate the lgrob
by the using of so-called positional completiondina-
riables and investigate the application of Lagrangi
relaxation to the problem formulation. They present
two equivalent polynomial-time lower bounds based o
the integer linear programming formulations withné(
variables and @ constraints. These bounds dominate
the previously published bounds.

Due to the NP-hardness of the problem many hecsisti
are proposed in the literature. In the case oftwtema-
chines Della Croce et al. (1996) proposed a héarrist
which is divided in two phases. In the first phages
jobs are first sorted in non-decreasing order ef fitst
machine processing times then a greedy approaadbas
on the preference relations between two jobs. €hersd
phase is an ®f time descent neighborhood search
based on pairwise interchanges. The heuristic ihgor
has an average error of less than 0.5% from thienapt
value and less than 2.7% from the lower bound. W&ing
al. (1996) proposed three heuristics. The firstristia
focuses on avoiding idle times or reducing (if unida-
ble) idle times on the second machine by choodieg t
job with the shortest processing time on the firs-
chine. The basic idea of the second heuristic igvimid

or reduce (if unavoidable) waiting times of jobstlag

have proven that the optimal solution df;,pmtri}.C
given by SRPT is the best available lower bouncdttier
1Ir;13.C;. Della Croce and T'kindt (2003) have proposed
an improvement on this bound by exploiting the erep
ties of the preemptive solution.

The 1r;I3C; problem has been extensively studied in the
literature. Several branch-and-bound algorithms/and
dominance properties have been designed for thigesin
machine total completion time subject to releasegla
(see Chandra (1979); Dessouky and Deogum (1981);
Deogum (1983); Chu (1991); Chand et al. (1996);1gha
and Chen (2006); Jouglet et al. (2008)). Many ¢ffor
have been developed to obtain near optimal solsition
(see for instances Chu (1992); Liu and MacCarthy
(1991); Reeves (1995); Chand et al. (1996) and {199
Della Croce and T'kindt (2002); Jouglet et al. @00
For an exhaustive survey on approximation algorithm
for the 1rI>C; the reader is referred to Chekuri and
Khanna (2004).

3. LOWER BOUNDS

Lower bounds for the F2P°C; could be computed by
solving the subproblem that is derived by relaxthg
constraint that each machine can process at mesjpbn

at a time (see Ladhari and Haouari 2005). More
precisely, if we relax the capacity of one machithen

we obtain a one machine problem, where we have to
sequence a set of jobs subject to release dates o
minimize the total completion time. This problem is
denoted I|[>C; and is known to be NP-hard (Rinooy
Kan 1976). Three lower bounds could be directlyvider
from this relaxation.

31 LB1

processing time on the second machine. The thindde

we get a relaxed problem which is a single machine
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scheduling problem &) q[>C; where ¢rpy for j€J. A
lower bound on the optimal value of this problem is
|-511:|J|?D1Jin [+Z G 42 B WhereZC1j is the total
ja3 0 j[my)
completion time of an optimal solution of|ILC;
problem defined on M This later is solved in
polynomial time using the so-called Smith's rule:
schedule the jobs in order of nondecreasing protgss
times.

Similarly, if we relax the capacity of the first ofane
My, then we get a relaxed problem which isrl|[>C;
where for each §J, the release date isj+py;,
respectively. A lower bound on the optimal valuetlos
latter  problem is LBlZ=|J|?E1L]in ( [+ Qj) 4%: G
whereZ:C2j is the total completion time of an optimal
j09
solution of 113>C; problem defined on M Hence, a
valid lower bound for F2I>C is
LB1=max( LB} ,LBL)

3.2. LB2

4. APRTCT PRIORITY RULE

In this section, we provide a new priority rule fire
total completion time based on the generalizatibthe
sufficient and necessary condition for local optitya
described in Chu (1992) for the ;X C;.

Let i and j two jobs that have to be scheduled wao t
machines M and M,. M; and M, are available after
times y and v respectively.

Definition A function PRTCT(i,y,v;) of a job i under
2 and 3 is defined as
PRTCT(i,w,v2)=2max(%,Cy)+po  (Priority Rule for
Total Completion Time) with G=max(w,r;)+pui.

5. CONSTRUCTIVE HEURISTICS

In this section we present eight constructive rstigs
for the problem under consideration. The proposad h
ristics belong to two families. The heuristics bé ffirst
family (Hy, H,, Hs, Hy) are based on the adaptation of the
well-known NEH (1983) procedure for the completion
time objective function. The heuristics of the swto
family (Hs, Hg, H7, Hg) are based on the PRTCT priority

Let r denote the value of a fixed release date. Werule presented in Section 4.

consider a subset of jobss3, where S{j€J; i>r}. A

valid lower bound is
LBL (S,) =IS |jErgr|n jrg G -%: B as wel as

LBL,(S;) =IS chngin( I +H) JZ S
s s,

Thus, a lower bound is

LB1(S,) =max LB1($) ,LBY( §))

Taking the maximum over all possible subsets yield
LBZ=;n§1Jx( LB1(S)). This maximum is obtained by

successively considering the different possiblei@slof
rj. Thus, LB2 is a valid lower bound for EXC;.

3.3. LB3

A second relaxation of 4p-C; is obtained by allowing
preemptive schedules. An optimal solution for the
preemptive version (denotedr;1|pmtr}C) can be
found in polynomial time by using the SRPT ruleaay
time schedule an available job with shortest prsiogs
time. Let LB3 (i=1,2) denote the value of the sum of the
completion of the optimal preemptive schedule otadi
after solving the 1), pmtr>C; problem on M (i=1,2).
Before the computation of LB3we set the release date
of each job j (j=1,...,n) as;{py). Then the valid lower

bound isLB3=max( LB3 ,LB3)).

LB3 is calculated in Q(log n) time.

First, we recall the NEH procedure which has bedyp o
inally proposed for the [FC,,ax

NEH Heuristic

Step 1:Rank the jobs in decreasing order of the total
processing time on all machines.

Step 2:Consider the first two jobs and schedule them in
order to minimize the partial makespan as if theege
only these two jobs.

Step 3:Select an unscheduled job with the largest total
processing time.

Step 4:Insert this job (selected in Step 3) into the
scheduled jobs assuming the preceding job order in
position which minimizes the makespan.

The third and the fourth step are repeated uritijohls
are scheduled.

The adaptation of the according NEH heuristic resgui
modifying its stepl to the following four alternads
yielding four different variants:

H,: Rank the jobs in nondecreasing order;.of r

H,: Sort the jobs in nondecreasing order of
Ti=(r+pyj+pz)-
Hs: Rank the jobs in nondecreasing order of

Tj=2(rj+py)+py. If two jobs have equal;Tthen choose
the job having min(}.
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H,4: Rank the jobs in nondecreasing order GfZp;+p,;.
Break ties by choosing the job having the smallatie
of Tj.

In the second family we propose four approximate
algorithms. These algorithms are based on the
assumption that a job with low PRTCT should be give
higher priority than a job with high PRTCT. The igas
idea for this set of heuristics is building thewsimn in

an iterative way, adding at each iteration the yath
higher priority and finding the best partial sotuti We
denote by : a partial sequence of the scheduled jobs, J :
the set of unscheduled jobs, ang € the minimum
completion time ot on the machine i (i=1,2)

Hs

Step 0o=0;J =J..

Step 1:Schedule the first job,jfrom J having the
minimum value of FF2(ij+py)+p,; and setd =J\{ j;} .
Step 2:Compute $2max(G, ,max(f,Cys)+pyj)+py; for
each job§J .

Step 3:Find the job having the minimum ;S

Step 4:Schedule’jseto=cj* andJ =J\{ j*} .

Step 5:1f J =0 then stop otherwise goto Step 2.
He

This heuristic is similar tdds except that in step 1 the
job from J having the minimum value ofiF2p;+p;; is
selected.

H7

Step 0o=0;J =J.
Step LiLet T=2(h+py)+py and T= r%ijn T
J

Step 2:Construct a subs8t{j0J | T, < T}. Rank the

jobs in S in nondecreasing order of, IS=S. Set
J=J\{s}.

Step 3:Generate from S' a new sequenéeuSing the
NEH heuristic.

Step 4:Seto=cS".

Step 5:1f J=0 then stop otherwise updatgeJ ,

Ti=2max(Gg,max(f,Cis)+p1j) +Po; and goto Step 1

He

Step0wo=0;J =J.

Step 1 :Select the two first jobs pnd j from J having
the minimum value of F2(5+py)+py.

Step 2: Among the partial sequences= j;j, andc =
jJ1, select the one with the minimum partial total
completion time. Sef =J \{j1,j2}.

Step 3: Calculate $2max(Gs,max(f,Cys)+py)+py for
each job§J .

Step 4:Find the job j* having the minimum:S

Step 5:Select the job j* and insert it in k+1 possible
positions ofc. Among k+1 sequences, select the one
with the minimum partial total completion time aset it

as the current.

Step 6:If J=00 then stop otherwise goto Step 3.

6. GENETIC LOCAL SEARCH ALGORITHM

In this section we propose genetic local searcbrilgn
as metaheuristic for the problem under consideratio

6.1. Genetic algorithms

6.1.1 Encoding scheme

The most frequently used encoding for optimization
problem with permutation property is a simple petanu
tion strings, i.e. strings of integers, with eatfing cor-
responding to a feasible solution (permutationke Téla-
tive order of the jobs in the permutation indicatke
order of the jobs on machines. We adopt this remtes
tion in our genetic local search algorithm.

6.1.2 Population initialization

In our algorithm the initial population consists bf
permutations (chromosomes). M-1 chromosomes are
generated randomly while a single chromosome is gen
erated using kldescribed above. M is referred to as the
population size.

6.1.3  Fitness computation

The fitness evaluation function (Fitness_Function
(chromosome)) assigns to each chromosome (permuta-
tion) in the population a value reflecting theitatere
superiority (or inferiority). The fitness value agsed to
each chromosome is the total completion time of the
corresponding permutation.

6.1.4  Crossover operators

Two-point crossover: A pair of crossing points is ran-
domly selected along the length of the first panb-
mosome. Two versions of the operator are implenadente
In the first version (Figure 1 (a)), the jobs odésithe
selected two points are copied into the proto chitdl
the remaining jobs are copied from the second panen
the order of their appearance. In figure 1 (a) tie
crossing points are on the jobs 4 and 1, respégtile
the second version of the operator (Figure 1 (the,
sequence of the jobs between the selected crogsints
are copied into the child, and the remaining jotestak-
en from the second parent in the order of theireapp
ance.

Parent 1 Parent 1

[3[4]e]e[1]5]2[7]
Proto-Offspring nn.-n
[3[4]e8[1[5]2[7]

[7]3]6[1]5[8]4]2]

[3[4]efe[1]5]2]7]
Proto-Offspring .-nn.-.-

[7[3]efe[1]5]4]2]
[7[3]e[1]5]8]4]2]

(b)

Offspring Offspring

Parent 2 Parent 2

(a)
Figure 1. Two-point Crossover
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Three-point crossover: Three crossing points are ran- that solutions of higher quality are achieved usihg

domly selected along the length of the first pardhe
chromosome is then divided into four distinct sausi
Copy the first (second) and third (fourth) sub-getd of
jobs into the same places of the offspring. Fill the
remaining empty locations of the offspring with $ob
from the second parent according to their ordeamf
pearance. Again, no duplication of jobs is perrditte
Figure 2 displays an example of the operation efé¢h
operators with crossing points at the jobs 4, @ arof
the first parent.

Parent 1
Proto-Offspring
offspring  [3[1]8[6[5[4]2]7]
Parent 2
Figure 2. Three-point Crossover
6.1.5 Mutation schemes

In our experiments, we found it useful to set ahbig
probability (0.7). The exchange and the insertioa a

following settings and control schemes:

Population size: M=200.
Crossover probability (Pc=0.9)

- The Two-Point Crossover (form 1) is used with a
probability (R;=0.3)

- The Two-Point Crossover (form 2) is used with
probability (R,=0.3)

- The Three-Point Crossover is used with prolitgbil
(Pe=0.4)
Mutation probability (l,=0.7)

- The Exchange Mutation is used with probability
(Pvu1=0.5)

- The Insertion Mutation is used with probability
(PMu2=O-5)

6.1.9 Termination condition

In our implementation of GA, the termination critar
depends on the size of the problem. The GA stapsrei
when a maximum number of 100n generation has been
surpassed or when the best solution of the populdtas

not been improved on over 10n consecutive genesatio

adopted as mutations operators. These two operators

work as follows.

Random exchange mutation (M,): Two positions are

6.2 Geneticlocal search

In order to derive high quality solutions, we prepca

selected at random along the chromosome and tf®e jobhybridization of our genetic algorithm with a local

contained in these positions are exchanged agrébesl
in figure 3.

L S
Original offspring [3[4[8[6[1[5]2]7]

Mutated offspring nﬂﬂn
Figure 3. Random exchange mutation

Insertion mutation (M ,): A single job is selected ran-
domly and inserted in a random position. Figurélut i
strates an example of this operator.

™
Original offspring [3[4]8]6[115]2]7]

Mutated offspring [3[8]6[1]4]5]2]7]

Figure 4. Insertion mutation

6.1.6 Parent selection

In our genetic local search algorithm, the paretgction

is a binary tournament selection scheme based din in
vidual fitness. Each execution of this selectiohesne
provides one individual to play the role of parent.

6.1.7 Population replacement

We have chosen the following strategy for the papul
tion replacement. The improved offspring that istdre
than any current individual in the population iplezed
by the worst one.

6.1.8 Control parameters
After the experimental study of the behavior of tie
ferent parameters of the proposed algorithm, wexdou

search procedure, thus yielding a genetic locatckea
algorithm. The main objective of the local searsha
enhance the intensification process in the gemsetiech.
In local search methods, the definition of the hbimy-
hood is by far the most important ingredient. So Ve
have used two different neighborhoods. These neighb
hoods are the following:

Exchangingt,i,j) : Given a permutation, a neighborm’
is obtained by interchanging the jobs in positioasd j.
The positions i and j are selected randomly.

Swappingt,i,j) : Given a permutation, a neighbor’ is
obtained by interchanging the jobs in positionsd g
The positions i and j are enumerated in some sytem
ways such as adjacent pairwise interchange.

These neighborhoods present the advantage of lnéing
polynomial sizes, and easy to enumerate.

To integrate the local search phase in the GA, ragve
alternatives are possible. Murata et al. (1996ppse an
improvement step by applying a local search proeedu
before selection and crossover in a GA. In our @npl
mentation, we apply local search phase after ugieg
mutation operators and this for each individualthe
population. The used local search scheme is based o
two different procedures. The first procedure
(Find_best_neighbor) generates k neighbors for each
chromosome in the population. The second one (Im-
provement_procedure) is an improvement procedure.
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The proposed local search scheme is describedlas foIn this way we obtain four subsets Al, A2, A3 andl A

lows.

Local_Search_Procedure(k)
Begin
Generate a probability £
If (P.s<X)—(x=0.5)then
Call Find_best_neighbor(k, permutation)
Else
Call Improvement_procedure(k, permutation)
End if
End

Find_best_neighbor (k, 7)
Begin

respectively where R={1,2,n,2n}.
7.1. Performance of the proposed algorithms

The performance analysis is based on two measures :
average relative gap and average relative peroentag
deviation (ARPD) from the best-known solution. The
relative gap provides the gap between the solytian
vided by H (i=1,...,8) and the best lower bound. (i.e.
100«(((UB;-LB)/(LB))) where UB denote the solution
value of Hand LB is a lower bound on the optimal solu-
tion). The percentage deviation is defined as+{(Q0B;-
UB*)/(UB%))), where UB*=min(UB) (i=1,...,8). The
results of the computational study of the proposead-

Step 1Generate k (k=30) neighbors of a given solution structive heuristics are summarized in Table 1. fiéwd-
n.(k/2) of the neighbors are generated by Exchang-ings have the following meanings: n: number of jobs

ing(m,i,j). (k/2) of the neighbors are generated by Swap
ping(m,i,j).

Step 2nsert the best neighbor in the population.
End

I mprovement_procedur e(k, x)
Begin
Step 1
For 1to 100do
n'= Exchanget,i,j).
If Fitness_Functiom() < Fitness_Function{ then
replace by n'(n—n')
End if
End For
Step 2nsertr in the population.
End

7. COMPUTATIONAL RESULTS
This section describes the computational tests hwhic

have been used to evaluate the empirical perforenahc
the proposed lower bounds and heuristics. All the p

Gap: average relative gap, ARPD : average relgtere
centage deviation from the best-known solution and
Time: mean CPU time (in s).

Table 1 provides strong evidence that the heursged

on the PRTCT priority rule (§) yields consistently near-
optimal solutions and far much better than all pine-
posed heuristics in term of quality of the soluti6or all
problem sizes less than n=500 the mean CPU time re-
quired by H is negligible (<1s). H8 is able to solve large
problems in a few seconds. For instance, the seait
veal that all the instances with 1000 jobs werevesbl
within a mean CPU time nearly equal to 7s.

The GLS algorithm is tested for
ne{20,30,50,100,200,300,400,500}. Table 2 shows that
the GLS consistently performs all the constructiei-
ristics, but requires longer CPU times. Indeedafbtest
problems, GLS provided the best average relatiye ga
and average relative percentage deviation frombts-
known solution over all proposed methods. We oleserv
from Table 2, that our GLS algorithm is able tovsol

posed procedures have been coded in C and compilegery large instances with up to 500 jobs withinetar

with the Microsoft Visual C++ (version 6.0). All ¢h

tively moderate CPU time. For instance, we founak th

computational experiments were carried out on & Pen g|| the 120 500-job instances were solved withinean

tium 1V 3.0 GHz PC with 1GB RAM.

The test problems are generated as follows. Fdr giae
ne{20,30,50,100,200,300,400,500,700,1000} 30 in-
stances were generated. The processing times anen dr
from a discrete uniform distribution on [1,100]. €l he-
lease dates are uniformly distributed between [AR]0

CPU time nearly equal to 12 mn. The GLS improves th
performance of the fHheuristic and provides superior
results compared to the all proposed constructige-a
rithms
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Subset n Hy . ak : Ha . Ha
Gap | ARPD| Timegl Gap ARPD Time Gap ARPD Time Gap ARMFDe
20 | 9.23 | 156 | 0.000 8.56 1.02 000 896 1.32 0J00 847.85Q0 0.00
30 [11.51] 243| 0.000 9.85 0.94 0.00 1023 1.28 000 9.5@.70 | 0.00
50 | 13.55| 3.03| 0.00 1131 10% 0.0 12]19 1.80 0,00 691p.0.46 | 0.00
100 | 15.88| 4.19| 0.01] 132p 1.87Y 0.01 1427 24 001897.061| 0.01
Al 200 | 18.12] 5.48| 0.06] 1434 211 0.7 15/89 3.49 006 701R.0.65 | 0.06
300 | 19.92| 6.10| 0.19] 15.74 2.4( 0.25 17)57 4.02 0,19 0514.0.91 | 0.19
400 | 19.84| 6.12| 044 1574 2.5( 0.74 1750 4.05 044 0014.0.95| 0.44
500 | 20.07| 6.32| 0.90[ 1591 264 143 1764 4.17 088 0714.1.01| 0.89
700 | 20.54| 6.58| 255 16.18 273 333 17/99 432 236 234.1.01 | 2.58
1000| 21.50| 6.89| 7.21] 1692 287 10.28 18|76 448 6.86.9414 1.12 | 6.91
20 | 1153] 2.27| 0.000 111F 196 0.0 11447 2.2 0,00 27p.1.14 | 0.00
30 | 14.05| 3.24| 0.000 1301 231 0.0 14)07 3.6 0,00 2911.0.76 | 0.00
50 |15.09] 3.21| 0.000 14.1p 23% 0.0 1493 3.06 0,00 01p.0.46 | 0.00
100 | 1551 4.21| 0.01] 13.7fy 2.64 001 1469 347 001 287.040| 0.01
AD 200 | 18.88] 5.49| 0.06] 1650 339 0.06 17/81 454 006 583.0.79 | 0.06
300 | 19.94| 6.01| 0.25 1730 3.7% 0.24 1866 4.87 028 1414.0.89 | 0.21
400 | 20.58| 6.30| 0.61] 18.08 4.1( 059 1943 5.9 0.745514.0.99 | 0.48
500 | 20.78| 6.42| 122 18.11 407 120 1953 582 1556414.1.01 | 0.93
700 | 21.14| 6.58| 359 1858 429 3.0 19/92 55bH1 407 8514.1.05| 2.35
1000| 21.37| 6.73| 10.73 186p 4.34 1154 20j10 51 118697| 1.10| 6.81
20 | 116 | 0.07| 0.000 119 0.1d 000 121 0.11 0J00 12.20.100 0.00
30 | 0.89 | 0.08| 0.000 0.89 0.08 000 087 0.06 0J00 0.87.06Q0 0.00
50 | 0.67 | 0.08| 0.000 0.64 0.09 000 0.7 0.08 0J00 0.64.05Q0 0.00
100 | 0.37 | 0.03| 0.01] 0.37 0.03 001 037 0.03 001 037.02Q0 0.01
A3 200 | 0.26 | 0.02| 0.06] 0.26 0.03 007 026 0.02 0j06 025010 0.06
300 | 0.16 | 0.01| 0.27] 0.1 0.07 028 016 0.02 030 0.16.01Q9 0.19
400 | 0.18 | 0.01| 0.71) 0.19 0.09 075 019 0.02 075 0.18.010 0.45
500 | 0.38 | 0.04| 136/ 0.39 0.0% 141 040 006 144 0.35.01Q9 0.92
700 | 3.05| 092| 3.72] 290 0.71 360 303 090 378 217.06Q0 241
1000| 8.73 | 4.05| 10.36 8.65 397 1057 876 4.08 11.33885.10.65| 7.30
20 | 0.24| 0.01| 0.000 0.2 0.01 000 025 0.01 0J00 0.24.01Q0 0.00
30 | 0.18 | 0.00| 0.00, 0.1 0.00 000 0.18 0.00 0J00 0.20.02Q0 0.00
50 | 013 | 0.01| 0.000 0.14 0.01 000 013 0.01 0J00 0.14.010 0.00
100 | 0.08 | 0.00| 0.01] 0.08 0.00 001 008 0.00 001 0.08.000 0.01
A4 200 | 0.05| 0.00| 0.06/ 0.05 0.00 008 005 0.00 0J06 0.05.000 0.06
300 | 0.10| 0.00| 0.29] 0.1 0.0% 027 010 0.00 0/33 0.09.000 0.19
400 | 0.18 | 0.01| 0.75 0.19 0.09 o064 019 0.02 o077 0.18.010 0.44
500 | 0.38 | 0.04| 144 039 0.0 126 040 0.06 1445 0.35.01Q9 0.89
700 | 3.05| 092| 359 290 0.71 361 303 090 3|89 217.06Q0 2.58
1000| 8.73 | 4.05| 10.48 8.65 397 1046 876 4.08 11.78815.10.65| 6.91

Table 1. Computational performance of the constradteuristics
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Subsetl n Hs . He _ Hy : He
Gap | ARPD| Timel Gap ARPD Time Gap ARPD Time Gap ARMPDe
20 |11.04| 3.26| 0.00f 17.0p 882 0.0 1098 3.,0 000 1§.50.91 | 0.00
30 | 12.73] 3.59| 0.000 17.1fy 7.67 0.00 12/66 3.2 000 3 9.50.66 | 0.00
50 | 1351 3.03| 0.00f 16.3¢ 556 0.00 13|66 3.17 0,00 4010.0.20 | 0.00
100 | 14.41| 2.89| 0.01] 1636 4.64 0.01 1442 2.89 002 2711.0.07 | 0.01
Al 200 | 14.84| 256 | 0.07] 156 3.2% 0.7 14)80 253 0116 9711.0.00 | 0.06
300 | 15.69| 2.36| 0.25] 16.34 293 0.25 1571 238 0,49 0213.0.00 | 0.19
400 | 15.48| 2.27| 0.56] 159p 264 056 1547 2.p6 1,16 921P. 0.00 | 0.44
500 | 15.28| 2.09 1.15] 1568 244 116 1531 2.11 2,66 9212. 0.00 | 0.90
700 | 15.19| 1.85| 3.15| 154p 2.09 3.15 1521 1.87 7,10 0913.0.00 | 2.55
1000| 15.49| 1.61| 9.14] 1569 1.78 949 1551 1.62 20.866613 0.00 | 7.59
20 |10.46| 1.30| 0.00f 155¢y 6.03 0.0 1020 1.p6 000 19.80.72 | 0.00
30 | 13.04| 2.35| 0.000 1648 541 0.00 13j27 2.55 0,00 7610.0.29 | 0.00
50 | 13.72] 199| 0.00f 182p 6.06 0.00 13/93 2.18 0,00 6941.0.18 | 0.00
100 | 13.26| 2.19| 0.01] 1576 4.4% 0.01 13j20 2.14 0,02 9010. 0.06 | 0.01
A2 200 | 14.77| 1.85| 0.07] 16.6p 3.52 0.07 14j91 188 0115 69p.0.01 | 0.06
300 | 15.88] 2.43| 053] 1730 367 054 1517 180 0,74 1313.0.00 | 0.19
400 | 15.81| 2.10 1.31] 16.88 3.04 1.29 15)22 1.b8 1,81 4213.0.00 | 0.44
500 | 15.60| 1.86| 2.75] 1641 258 2.72 1511 143 4,05 493.0.00 | 0.88
700 | 15.68| 1.78| 8.34| 16.4p 247 8.04 1525 1.40 11.516613 0.00 | 2.34
1000| 15.48| 1.55| 25.16 1597 198 2439 15/16 127 261B72| 0.00| 7.18
20 | 141 | 031| 0.00f 1461 1337y 000 141 082 000 1.268.13 | 0.00
30 | 1.14 | 0.33| 0.00f 20.2p 19.2y 0.00 1.14 0.83 000 0.86.05 | 0.00
50 | 0.88 | 0.29| 0.00f 4148 4061 000 0.88 0.29 000 0.60.04 | 0.00
100 | 0.56 | 0.22| 0.01] 39.0f 3860 0.01 056 022 002 0.30.02 | 0.01
A3 200 | 0.50 | 0.26 | 0.07] 522y 5191 0.7 051 0.27 015 0.26.01 | 0.06
300 | 0.29 | 0.14| 055 58.78 58556 0858 029 0.14 0{76 0.18.01 | 0.19
400 | 0.34 | 0.17 1.33] 52.28 5202 137 035 0.18 1187 0.18.01 | 0.45
500 | 1.47 1.13| 3.06) 625 6200 280 143 109 379 0.36.02 | 0.89
700 | 10.65| 8.36| 9.08] 81.2y 7757 8.33 1010 7.82 11.1822 0.10 | 2.40
1000| 13.20| 8.33| 27.6% 80.1p 7245 2568 12,07 725 258361 | 0.11 7.26
20 | 0.27 | 0.04| 0.00] 9.28 9.02 000 0.27 004 000 0.24.010Q9 0.00
30 | 0.22 | 0.04| 0.00f 2392 2369 0.00 0.22 0.04 000 0.18.01 | 0.00
50 | 0.18 | 0.05| 0.00f 28.7y 2860 000 0.18 0.05 00O 0Q.18.00 | 0.00
100 | 0.11 | 0.03| 0.01] 410b 409 001 011 0.03 002 0Q.08.00 | 0.01
A4 200 | 0.06 | 0.01| 0.07/ 5135 5127 0.7 006 0.p1 0|15 0Q.08.00 | 0.06
300 | 0.14 | 0.04]| 057/ 5091 50.77/ 054 013 0.04 0{77 Q.00.00 | 0.19
400 | 0.34| 0.17 141 5228 5202 132 035 0.18 196 0.18.01 | 0.44
500 | 1.47 1.13 290 625p 6200 281 143 109 3|8 0.36.02 | 0.90
700 | 10.65| 8.36| 8.75| 81.2y 7757 8.34 1010 7.82 11.0k22 0.10 | 2.39
1000| 13.20| 8.33| 27.45% 80.1p 7245 2587 12,03 721 25.4061| 0.11 7.30

Table 1. Computational performance of the constredteuristics
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Subset] n GLS -
Gap ARPD | gapH; | Time
20 | 6.4892 | 0.000Q0 1.898f 0.11
30 | 7.5778 | 0.000Q0 1.798p 0.23
50 | 8.5625| 0.000Q0 1.681P 0.66
Al 100 | 10.2359| 0.0047| 1.3116| 4.33
200| 11.3394| 0.0000 0.7670 36.00
300| 12.5770| 0.0000 0.5081 151.69
400| 12.5927| 0.0031 0.3493 461.13
500 | 12.6521| 0.0020 0.2974 1065.835
20 | 8.1138 | 0.0000 1.567p 0.11
30 | 9.0516 | 0.000Q0 1.556( 0.22
50 | 10.0210| 0.0000 1.513p 0.61
A2 100| 9.8127 | 0.000Q 1.363[L 3.50
200| 12.0910| 0.0000 0.67756 37.06
300| 12.6728| 0.0047 0.5108 152.77
400| 13.1114| 0.0017 0.3577 410.88
500| 13.2079| 0.0032 0.3096 1060.49
20 | 1.0328 | 0.000Q0 0.190p 0.11
30 | 0.7721| 0.000Q0 0.08683 0.20
50 | 0.5299 | 0.000Q0 0.0941 0.54
A3 100| 0.3092 | 0.000Q 0.055f 2.86
200| 0.2028 | 0.0002 0.0438 24.4(
300| 0.1247| 0.0003 0.0283 93.57
400| 0.1437 | 0.001Q 0.032p 291.81
500| 0.2489 | 0.001Q 0.1079 746.31
20 | 0.2299 | 0.0000 0.011p 0.10
30 | 0.1773| 0.000Q0 0.0068 0.20
50 | 0.1249 | 0.000Q0 0.0074 0.52
Ad 100| 0.0746 | 0.000Q 0.0054 2.79
200| 0.0465| 0.0003 0.0028 20.1(
300| 0.0830| 0.0007 0.011p 87.79
400| 0.1301 | 0.0009 0.032b 313.69
500| 0.2252| 0.0009 0.0963 804.08

Table 2. Computational performance of the GLS

Moreover we run our algorithms (GLS ang) lén ad-
ditional set of small sized instances (n=10). Fase
problems (120 test problems), the two algorithimes ar
compared with the optimal solution. An important ob
servation is that the GLS gives the optimal sohutio
negligible CPU time £0s) for all generated instances
(120 instances) and 62 instances out of 120 wetie op
mally solved by H. For the instances that remained
unsolved by Hthe maximal, minimal, and average gap
are reported in Table 3.

Gap
Subset  US Max Avg. Min
Al 26 6.265 1.367 0.037
A2 22 7.586 1.707 0.034
A3 9 0.940 0.263 0.034
Al 1 0.322 0.322 0.322
Table 3. Performance ofgttn small instances (n=10)

8. CONCLUSION

This paper investigates the two-machine permutation
flowshop with the objective of minimizing the total
completion time subject to release dates. Despste i
theoretical and practical importance, this NP-hard
problem has not been investigated before. We peapos
a new priority rule, lower bounds, constructive figu
tics, as well as a genetic local search algorittuar
computational experiments that were carried ougon
large set of randomly instances provide strongenade
that a constructive heuristic based on the proposed
priority rule as well as the GLS algorithm consighg
yield near-optimal solutions.

An interesting issue which deserves further ingasti
tion is to develop an exact method for the problem
der consideration.
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