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A new Path Planner based on Flatness Approach
Application to an Atmospheric Reentry Mission

Vincent Morio, Franck Cazaurang, Ali Zolghadri, and Philippe Vernis

Abstract— This communication proposes a method for de-
signing a model-based onboard path planner for next gener-
ation reusable launch vehicles. Flatness approach is used to
map the system dynamics into a lower dimension space. As a
consequence, the number of optimization variables associated to
the optimal control problem is reduced. In addition, nonconvex
nonlinear trajectory constraints in the flat output space are
inner approximated by means of deformable geometric shapes.
A genetic algorithm is used to find a global solution both for the
geometric shapes and the associated geometric transformations
tuning parameters. Finally, simulations results, based on the
terminal area energy management phase of the Shuttle orbiter
STS-1 reentry mission, are presented to illustrate the proposed
approach.

Index Terms— trajectory planning, differential flatness, con-
vexification, genetic algorithm, superquadrics.

I. INTRODUCTION

Today, trajectory generation for reusable launch vehicles
(RLV) requires a significant amount of pre-flight analysis.
Depending on the type of mission, ground intervention
could be too complex, too long or temporarily impossible
(i.e., in case of automated operation during a critical phase),
and/or too costly. Reliable onboard path planning appears
to be a promising alternative, as it could provide a greater
flexibility to account for off-nominal conditions or even to
recover timely the vehicle from faulty situations.

The motivation behind this work is to provide a general and
efficient method for onboard path planning of RLV. The
main advantage over the existing strategies is that the initial
optimal control problem, formulated in the state space,
is transformed into a convex geometric setup by using
flatness approach and annexation techniques, leading to
an integration-free programming problem, computationally
tractable and that can be solved quickly. The concept of
differential flatness has been widely used in the framework
of trajectory generation [l]. The main objective is to
minimize the number of decision variables involved in the
optimal control problem (OCP) by mapping the nonlinear
system dynamics to a lower dimensional space. However,
flatness parametrization does not preserve the convexity
of the initial optimal control problem. In [2], the authors
conclude that if the number of optimization variables
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is decreased while maintaining convexity, computational
burden could be significantly reduced. It would be of great
interest to keep the flat formulation to provide a minimum
number of optimization variables, while at the same time
ensuring the convexity of the OPC in the flat output space.
In [3], a technique called polyhedral annexation has been
introduced, which consists in enlarging a polytope by
annexing more and more portions of the nonconvex feasible
set associated to some nonlinear trajectory constraints.
However, although polytopes provide exibility by a large
variety of reachable shapes, they become very difficult
to handle in high order spaces, the computation of their
volumes being a NP-hard problem. Recently, some results
about convexification by n-D superquadric shapes have
been obtained in [4], which constitute the starting point of
this work.

The contribution of this paper can be summarized as follows.
First, flatness property of the guidance model is proved, and
the original optimal control problem is transformed into a
geometric and integration-free framework. Next, a general
and efficient methodology is proposed to inner approximate
a set of nonconvex nonlinear constraints, by a smooth
convex one. Finally, a genetic algorithm (GA) is used to
find a global solution both for the superquadric shapes and
the associated geometric transformations tuning parameters.
The overall method is then applied to the terminal area
energy management phase of the Shuttle orbiter atmospheric
reentry mission.

The remainder of the paper is organized as follows.
Section 2 briefly presents the interest of differential flatness
for trajectory generation. Then, the proposed superellipsoidal
convexification method is described in section 3. In section
4, the proposed path planning method is applied, step by
step, to the terminal area energy management (TAEM)
phase of an atmospheric reentry mission. Some concluding
remarks are given in a final section.

II. DIFFERENTIAL FLATNESS AND TRAJECTORY
GENERATION

A. Brief review of differential flatness

Differential flatness has been introduced in early 90’s [5]
and has been applied to a wide number of problems since
then. The main interest behind this concept lies in the ability
to transform the nonlinear model of a process into a trivial
one, i.e., a chain of pure integrators. More precisely, we
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consider a general dynamic system given by

&= f(z,u), ey

where x is the n-dimensional state vector, u the m-
dimensional input vector, and f(.) is a smooth nonlinear
function. We assume thatrn < n, which means that the set
of equations is underdetermined’.

Definition 1 (Differential flatness [5]): The nonlinear
system (1) is (differentially) flat if and only if there exists a
collection of smooth nonlinear functions z = (z1,...,2m)
such that:

e z and its successive derivatives z, Z,..

tially independent,

o 2= (z,u,4,...,ul®) is called a flat output,

o Conversely, x and u can be expressed as

z =0, (2,%,...,2070),
{ u=W,(z%...,20), @)

where 8 = (031,..., () is a finite m-tuple of integers.
Thus, trajectories of the nonlinear flat system (1) are equiv-
alent to those of the trivial system z(%) = v.

., are differen-

B. Optimal control problem in the flat output space

It is assumed that all the path planning requirements,
defined either at mission or vehicle levels, may be integrated
into a general optimal control problem (OCP) defined by:

' Co ((to), u(t Y s (), u(t) dt
m({r)l,lun(t) o (z(t0), u(to)) +/t0 ¢ (2(t), u(t))

+ Cy (z(ty),ulty)) 3)
s.t.

(t) = f (z(t),u(?)), t € [to,ty],
lo < Aox(to) + Bou(to) < wuo,
L < Aw)+Beu(t) < ow,  tE [to,ty],
ly < Apx(ty) + Bru(ty) < uy,
Ly < co (z (to) ( 0)) < U,
Lt S Ct ( ) )) S Ui7 te [t07tf]7
Ly < cr (z(ty), ulty)) < Uy,

where Cy, C; and C; are appropriate cost functions, (lo, uo),
(It,us) and (I, us) represent respectively lower and upper
bounds on linear initial, trajectory and final constraints,
and (Lo, Uy), (L, Uy) and (Ly,Uy) are lower and upper
bounds on nonlinear initial, trajectory and final constraints.
The transcription of the optimal control problem (3) into
an nonlinear programming problem (NLP) in the flat output
space is carried out in two stages: 1) parametrization of
the flat output components {z; }7*; by piecewise polynomial
functions (B-splines) such that

N.—1

)= Z Bja(t)pj,t € [to, ts], (4)

J=0

27 (t.po, ...

yPN.—1

where B;?; (t) is the jth B-spline basis function of degree d,
built on a given knot sequence, and p; is the corresponding
7th control point [6], 2) balanced discretization in the time
parameter.

Inote that, by definition, the number of flat output components is equal
to the number of system inputs [5].

TuC4.1

This formulation is obtained by using flatness property which
make it possible to get an integration-free formulation by
removing the dynamic constraints. The equivalent optimal
control problem can be rewritten in the flat output space as

"G (2(0) di + Gy (3(1p) )

min G (Z(to)) +

zZ(t) to

S.t.
lo < AozZ(to) < o,
lt S Atf(t S U, te [to, tf],
lp < Apzlty) < uy,
Lo < ¢ (Z(to) < Uy,
Lt < Ct (E(t ) < Ut, te [to,tf],
Ly < ¢ (z(ty) < Uy,

where Z = (21,..., Zm, 21, -+, #m, - - -) in the infinite order

jets space [7]. In next section, a methodology is proposed
to get a convex optimal control problem. The technique is
based on the inner approximation, by superquadric shapes,
of the trajectory constraints and the cost functional included
in the OCP (5).

III. CONVEXIFICATION BY SUPERQUADRIC SHAPES

The optimal control problem (5) obtained in the previ-
ous section may be directly used to compute an optimal
trajectory. However, most of trajectory constraints, once
transformed in the flat output space, become highly nonlinear
and nonconvex [2]. In this section, a convexification method,
based on deformable superquadric shapes and genetic algo-
rithms, is proposed. This process results in a convex OCP,
with guaranteed convergence, which can be solved efficiently
with improved computational performances.

A. Generalized superquadric shapes

In order to perform a trade-off between complexity (i.e.,
number of attainable shapes), and numerical tractability
in high order flat output spaces, superquadric primitives
have been retained to inner-approximate the feasible set
associated to nonlinear trajectory constraints. Superquadrics
have been introduced in [8] as a generalization in n
dimensions of superellipses, and have been applied to
a number of problems. The main advantage is that few
parameters are needed to describe the overall shape, and
also that an explicit representation exists. Thus, this section
will focus on the extension in n dimensions of formulas
existing only for three-dimensional applications.

Basically, a n-dimensional superquadric shape may
be described by the implicit analytical function
Fn(x) = Ann(z) given by the following recursive
expression:

2 2
A o(x) = (%) s (%) b
en o 2 (6)
o -
An(@) = (Ao (@) 0+ (2) 7,
where x is the vector of n-dimensional Cartesian coordinates,
a € R™ the semi-major axes, and ¢ € R~ ! the round-

ness parameters. The expression F,,, so-called inside-outside
function, enjoys the following properties:
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e F,(x) < 1: the point x lies inside the superquadric,
e F,(x) = 1: the point z lies on the surface of the shape,
e F,(x) > 1: the point x lies outside the superquadric.

The values of the roundness parameters are used to adjust
the convexity of the superquadric shape. It has been proved
in [8] that the superquadrics are convex if, Vi, €; €]0,2]. In
order to fully characterize the shapes in n dimensions, some
definitions and notations must be introduced first. The n-
D extension of the so-called “angle-center representation
[9] provides a near-optimal sampling of the superquadric
surface.

Proposition 1 (n-D angle-centre parametrization): Let S
be a n-dimensional superellipsoid, defined by semi-major
axes a € R™, roundness parameters € € R~ 1 and param-
eterized by anomalies § € R"~!. Then, the corresponding
angle-center parametrization, with Cartesian coordinates x;,
i=1,...,n, is given by

n—1
r(0) Hcosﬁk, i=1,
k=1 )
T, = n— (7)
r(0)sinb;_1 H cosf, 1=2,...,n—1,
k=i
r(0)sinb,,_1, i=mn,
where the radius r(0) = is defined by the recursive
Xn,n

expression

€1
1 2 1 27 3
n— e1 . n— 1
[Tz, cosby 4+ (=0 01 [Tz, cos bk
?
ai az

P 22
_2 sin@;_1 HZ;; cosOp\ -1 |
(Xn,j—1) %=1 + ;

Xn,2

Xn,j
a;

with 6; € [-m,7[if i = 1 and §; € [-F, §] otherwise.
Another important aspect linked to the use of superquadrics
concerns the number of attainable shapes, which is limited
due to the intrinsically weak number of available degrees
of freedom. Therefore, some geometric transformations have
been introduced to encompass a wide number of nonconvex
nonlinear constraints, namely n-D rotation, translation, and
linear pinching along a single axis (not detailed here). Hence,
the set W, containing all the sizing parameters needed to
obtain a positioned, oriented and bended superquadric shape,
is defined by

U= {a17 sy Any €1y En—1, (I)lv cee (I)n(n+1)/27
semi-axes roundness rotation (8)
dl, N ,dn,Ul, N 7Un—1}-
——
translation pinching
n—1 c c
Vi, (¥) = 2a,, a;e:B (i,i—’ + 1)
. 22
i=1
i#p—1

n—1
ol +1 p—1
ap—1€p—1 Z v*B <| |2 Ep—1, ) Ep—1+ 1) ’
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The inside-outside function (6) has been modified in order

to account for the previous n-D transformations.

Proposition 2 (n-D inside-outside function): let S be a
superellipsoid of size n, described by the vector U defined
by (8). Then, the (implicit) n-D inside-outside function
Fn (U, z) = A, ,, (P, ) is defined by the following recur-
sive expression:

2 S
(o wm —
An2 (¥, 2) = (al (:;;Ip""l)) " (a2 (2$p+1)> 2 |

Ck— Ck—1
Apk (P, 2) = (An,kfl(‘ljvx))ﬁ + <xk) ,
NED
®
where v, = 0 in the pinching direction p.
Moreover, the volume of a superquadric shape S of order n
can be obtained from the explicit parametrization (1). The
superquadric volume will be used in the objective function
of the convexification process.
Proposition 3 (n-D superellipsoid volume): Let S be a
bended superellipsoid of size n, described by the vector ¥
defined by (8). The volume V,, (¥) of S is given by (10),

where the multi-index o = (a1,...,0p-1,0,0p41,. .., Q)
satisfies
n n
va:Hv?k, |a\:Zaj, a; € {0,1},i=1,...,n.
k=1 j=1

In addition, the Beta function B(x, y) is linked to the Gamma
function by

I'(2)T(y)

w/2
B($7y) = 2/0 sin%*l (bCOS2y_1 ¢d¢ = m,

the Gamma function being typically defined by

oo

I(z) = exp t "Lt

.. . 0, . . .
In addition, to avoid numerical issues during the convexifi-
cation process, a normalized volume V,, is computed such
that

V, (U) =V, ()7, (11)

where n is the order of the superquadric shape. Assume that
the initial nonconvex domain may be described by means of
one or more implicit analytical expressions given by

fmin S fnc(-r) S fmawa

where = is a n-dimensional set of variables. The convexifi-
cation problem can then be stated as follows.

Problem 1 (superellipsoidal annexion problem): Let S be
a superellipsoid of size n, described by the vector ¥ defined
by (8). The superellipsoidal annexion problem consists in
finding the optimal parameters W* associated to the largest

(10)
|a]=0
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ellipsoid S,,: contained inside the nonconvex domain de-
scribed by f;,c, such that

max Vi () (12)
Fn (¥,2) <1,

S.t. fmzn < fnc(-r < fma;va
xigxlgxf, 1=1,...,n,

where the superellipsoid volume Vi (P) is defined by (11),
and the i/o function F,, (¥, z) by (9).

The optimal set of tuning parameters ¥U* is then found by
using a genetic algorithm, which is a robust and global opti-
mization method (see [10] for a survey). As regards Problem
1, the initial population of the GA is generated such that
some elementary convex volumes matching the constraints
(12) are randomly drawn over the whole search space. Then,
near-uniform samplings of the superquadrics surfaces are
performed by using the angle-center parametrization given in
proposition 1. Each individual fitness consists of two parts:
a normalized volume term, which is computed by means of
eq. (11), and an inside-outside function constraint violation
term, computed by a modified tournament selection operator.

B. Convex optimal control problem

Let us assume that one or several superquadric shapes
have been found to be solutions of Problem 1 and let us
consider again the OCP (5), described in the flat output
space. By using the inside-outside function (2), the nonlinear
trajectory constraints and cost functional are replaced by their
approximating convex shapes. The goal is then to compute
optimal trajectories lying inside the deformable shapes. The
optimal control problem becomes:

Go (2(t0)) + / "G (5(0) dt + Gy (3(tp)) (13)

min

Z(t)

S.t.
lp < ApZ(to) < g,
I, < Ag(t < w, tE[toty],
ly < Agz(ty) < ouyg,
Ly < ¢ (Z(to)) < Uy,
0 < Fn (\I/*,Z(t)) < 1, te [toatf]a
Ly < &GE) < U

Remark 1: Tt should be noted that the trajectory endpoints
constraints F,, (¥, z(¢p)) < 1 and F,, (¥*, z(t)) < 1 must
also be met.

The last step consists in discretizing the convex optimal
control problem (13) in order to make it finite-dimensional.
For this purpose, consider the uniform time partition

to=Ag <Ay <Apn,_, = ty,

where Nx is a predefined number of collocation points. The
result of the previous discretization is a nonlinear program-
ming problem (NLP) where the unknowns are the active
control points of all B-spline curves. The corresponding
nonlinear programming problem can then be solved by using
a dedicated solver.
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IV. APPLICATION TO TERMINAL AREA ENERGY
MANAGEMENT PATH PLANNING

A. Description of the TAEM reentry phase

The terminal area management phase is principally aimed
at dissipating the total energy of the vehicle. The flight
segment begins at the TAEM entry point (TEP), at the end
of the hypersonic phase, and extends to the approach/landing
capture zone, at the nominal energy point (NEP), defined
when the vehicle is on glideslope, on airspeed, and on
extended runway centerline (see Fig. 1). The path planning
requirements during the TAEM flight segment are threefold.
First, protection against excessive mechanical constraints
(essentially the load factor and dynamic pressure) must be
ensured. Second, final path constraints dictated by kinematic
conditions at NEP must be met in order to ensure a safe
autolanding. Third, to avoid possible actuator saturations in
the flight control loop, guidance commands must remain
within prescribed ranges. The main objective of the guidance
software is then to generate the necessary commands to
enable the vehicle to achieve the proper A&L conditions,
while taking into account various energy conditions due to
dispersions at TEP. The reader can found more details about
TAEM guidance in [11], [12].

Dissipation
S-turns

HAC
acquisition

Heading
alignment

Fig. 1. Typical TAEM path

B. Flatness property of the guidance model

Under the assumption of a non-rotating Earth, which
is licit with respect to the trajectory sizing, the vehicle
can be located in a Lambert conformal conic projection
frame (flat Earth coordinates) linked to the runway cen-
ter (Xrwys Yrwy, Zrwy) [13]. Moreover, it is assumed that
symmetric flight condition exists in the baseline guidance
scheme, i.e., # = 0. Such a requirement is compliant with the
path planning objectives. Moreover, as time is not a relevant
parameter during atmospheric entry, a free trajectory duration
parameter X is considered, the latter being strictly monotonic
along the TAEM trajectory. Introducing the normalized time
7= L with 0 <7 <1, then d(.)/dr = A% = (.)/, and the
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point-mass equations become:

/

' = AV cosyxcosv, (14)
" = AVsinycosy, (15)
R = MAVsin~, (16)
/ D .
Vi = A —— —gsiny ), a7n
m
L
vo= A ( ;O;M — “(icos'y> , (18)
T s
Y = a=ERE (19)
mV cos~y

where (x,y,h,V,7,x) is the state (z is the downrange, y
the crossrange, h the altitude, V' the relative velocity, «y the
flight path angle and x the heading) and («, ) the guidance
commands (« is the angle-of-attack and p the aerodynamic
bank angle). The terms L and D denote respectively the lift
and drag forces, depending on the aerodynamic coefficients
in clean configuration such as

L(a, M) = %pSV2CL(a,M), (20)

D(a, M) = %pSVQCD(a,M). Q21

The aerodynamic coefficients must be approximated by
smooth continuous analytic functions so as to invert the non-
linear guidance equations properly. In clean configuration,
the coefficients are provided by 2-dimensional look-up tables
extracted from the open-source Shuttle Orbiter STS-1 aero-
dynamic design data book? A fitting technique is then used,
based on principal component analysis and neural networks
(not detailed here). Finally, a simple atmospheric model is
considered, with a constant gravitational acceleration and an
exponential atmospheric density model given by

p = poexp (=h/Hyey) (22)

where pg is the atmospheric density at sea level and H,. ¢
is a Earth-relative constant atmospheric scale height tuned
for low atmosphere layers.

By choosing z; = x , 2o = y and z3 = h as candidate flat
outputs, it can be easily proved that the nonlinear guidance
model is not flat, since it is not fully actuated [14]. However,
the state and the inputs of the nonlinear point-mass model
can be rewritten exclusively as functions of the independent
variable ), the flat outputs and a finite number of their time
derivatives. Namely, the states are given by:

L EIEAE .

A )

!
v = arctan S , (24)
/212+252
Z/
x = arctan (?>7 (25)
21
(26)

2freely available on NASA website at http://ntrs.nasa.gov.
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and the control inputs are obtained from (18)-(19) as

X’ cos

no= arctan /9700;}/7)\ s (27)
Y+ v

0 - 2m cosyx' _ao (28)

arfor(M)pSVAsiny  ap’

However, since the model (14)-(19) is not flat with § = 0,
the following equality constraint must also be satisfied along
the TAEM path:

\% 1 pSV2C M
4 gsiny + 1pSV2Cp(a, M)
A 2 m

C. Convexification of nonlinear trajectory constraints

—0. (29)

We consider the dynamic pressure constraint (), expressed
as a function of the flat outputs, which must be lower than
Qmaz = 16 kPa along the reference TAEM trajectory, i.e.,

1 23 NP+ AR+
0< - — S < Qmaz- (30
S P \ <@ (30)

From a geometrical point of view, this constraint can
be viewed as an exponentially contracting spherical
shape, the free trajectory duration parameter A acting
as a homothety factor. In order to inner-approximate
the dynamic pressure constraint by a convex shape, we
consider a 5th order superquadric and the associated 5-D
geometric transformations introduced in section III. The
superellipsoidal annexion problem 1 has been solved
by a genetic algorithm with simple tuning parameters.
A projection of the resulting superquadric shape in the
(241, 23, 25\) frame is depicted in Fig. 2 as well as the
corresponding angle-center parametrization. The same

z3_dot*lambda

z1_dot*lambda

altitude (km)

Fig. 2. Inner approximation of the dynamic pressure constraint.

convexification process has also been applied to other
nonlinear trajectory constraints such as bank angle, angle-
of-attack and load factor.
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In order to solve the convex OCP (13), the flat outputs
have been parameterized by 7th order B-splines with 5
intervals, and multiplicities of 3 to obtain continuous 1st
and 2nd order time derivatives. Then, the OCP (13) has
been transformed into a nonlinear programming problem
by means of the Nonlinear Trajectory Generation (NTG)
software [15]. Finally, the resulting NLP problem has
been solved with NPSOL in about 200 ms on a 2Go Intel
Core 2 Duo processor. The optimal TAEM trajectory is
depicted in Fig. 3, where the load factor constraint, which
must not exceed I',,4, = 2 g, is displayed in color. The
same trajectory has been projected inside the superquadric
shape associated to the dynamic pressure constraint (see
Fig. 2). The bank angle and angle-of-attack profiles are

altitude (km)

100 N §I5 <
N 0
de ki N
jownrange (km) o )\\ " crossrange (km)
S
10 20
Fig. 3. Reference TAEM trajectory.

depicted in Fig. 4. The guidance commands remain within
the prescribed ranges defined by the superquadric shapes.
Finally, the mechanical constraints undergone by the vehicle

bank angle (deg)
angle-of-attack (deg)

50 100 150 200 250 300 0 50 100 150 200 250 300
time () time (s)

(@ (b)

Fig. 4. (a) Bank angle profile (b) Angle-of-attack profile.

during the TAEM phase are depicted in Fig. 5.

V. CONCLUSION

The problem studied by this paper is that of designing an
efficient model-based onboard path planner for atmospheric
reentry vehicles. A convex optimal control problem is for-
mulated by using flatness approach and annexion techniques.

TuC4.1

oad factor (g)
dynamic pressure (kPa)

50 100 150 200 250 300 0 50 100 150 200 250 300
time (3) time ()

(a) (b)

Fig. 5. (a) Load factor constraint (I'y,qe = 2 g) (b) Dynamic pressure
constraint (Qmaez = 16 kPa).

The resulting nonlinear programming problem can be solved
quickly, with low computational burden. Simulation results
have shown the potential of the proposed approach for
the terminal area energy management phase of the Shuttle
orbiter STS-1 reentry mission. An appealing direction for
further work is to make the path planner tolerant to potential
single/multiple actuator faults occurring during the reentry
mission. This is a topic of our current research.
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