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Stability Analysis of a Proportional with Intermittent Integral Control
System

Jin Lu and Lyndon J. Brown

Abstract— The stability analysis of a proportional with in-
termittent integral (PII) control system is presented. This PII
control system utilizes a proportional controller to attenuate
unpredictable disturbances with an intermittently invoked in-
tegral controller to cancel constant disturbances. The integral
control action is replaced by a constant offset set to its final
value allowing perfect tracking and rejection of constant signals.
By this design, the proportional controller can be made more
aggressive while maintaining stability margins and control
actions at similar levels. Due to its control fashion, this PII
control system is modeled as a switched system composed of
both linear time invariant and linear time-varying subsystems.
The stability of this switched system is analyzed using a multiple
Lyapunov functions approach. Additional sufficient conditions
to ensure stability for the PII controller parameters are derived.

I. INTRODUCTION

Disturbance attenuation is an important issue in many
applications. If the disturbance has a predictable component,
it can be identified or estimated, and can be compensated
using open-loop control systems. However, it is undesirable
to use purely open-loop controller for compensation of
predictable disturbances, since slow changes, such as phase
drift could eliminate the compensatory effect. In order to
compensate these variations, conventional Internal Model
Principle controllers, such as integral control, are used. But
the conventional closed-loop controllers will limit the capa-
bilities for compensating unpredictable disturbances. Brown
et al [1][2] developed a control approach that combines open-
loop and closed-loop control to perfectly cancel predictable
while minimizing random disturbances which is referred to
as Intermittent Control.

The simplest implementation of the intermittent control
is the Proportional with Intermittent Integral (PII) control
[1]. Motivated by a model of mammalian blood pressure
regulation, this approach utilizes a proportional controller
that intermittently invokes an integral controller. When the
integral control loop is opened, the learned control action is
maintained. Thus, the proportional controller can be made
more aggressive while maintaining stability margins and/or
control actions at similar levels. Simulations in [1][2] showed
the performance improvement that can be achieved with this
control approach, but a stability proof was left as an open
issue. This paper provides the desired stability analysis.
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Due to its control fashion, a PII control system can be
modeled as a switched system, which is a hybrid dynamical
system that is composed of a family of continuous-time
systems and a rule orchestrating the switching between the
subsystems [3]. Therefore, stability analysis approaches for
switched systems apply to the PII control system.

A notable approach for the stability analysis of switched
systems is dwell time approach. This approach has been
studied in [4][5]. For the stability under arbitrary switching
problems, much of the work has been focused on the exis-
tence of a common Lyapunov function. It is well established
[6] that if a common Lyapunov function exists for the
subsystems of a switched linear system, then the system
is uniformly exponentially stable for arbitrary switching
signals. Moreover, the problem of determining the stability
of a switched system in the case where the switching
action is constrained in some manner arises in a number
of important applications [6][7]. Branicky [8] proposed a
multiple Lyapunov functions (MLF) approach to guarantee
the stability of switched systems with a constraint on the rate
of switching. His basic idea was to define a Lyapunov-like
function for each subsystem. One then uses these functions
to construct a stabilizing switching signal by only allowing
the system to switch into a subsystem if the value of the
corresponding Lyapunov-like function is less than it was
when this subsystem last switched in. However, the challenge
of this approach is to find the individual Lyapunov-like
functions for each subsystem. The search for Lyapunov-like
functions can be formulated as a Linear Matrix Inequality
(LMI) problem and discussed in [9][10].

The stability theorem using MLF approach in [8] requires
all subsystems to be stable, and only guarantees stability
in the sense of Lyapunov. By relaxing the restrictions on
the stabilities of all subsystems, we developed a less con-
servative theorem that guarantees both stability in the sense
of Lyapunov and asymptotic stability in [11]. This stability
theorem can be applied for the stability analysis of the PII
control system. This paper is organized as follows: First, the
PII control system is introduced in Section II. In Section III,
the stability of the PII control system is analyzed, followed
by the conclusion and future work in Section IV.

II. PROPORTIONAL WITH INTERMITTENT
INTEGRAL CONTROL SYSTEM

The overall PII control system is shown in Fig. 1. The PII
controller is indicated by the dash-line block. G, represents
the plant of interest. The controller has a time-varying
integral gain with K;(t) = —KyK;(t) with K; and the opening
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and closing of switch S; defined in Table I. (Note K;(t) =0
is equivalent to switch being open, and K;(¢) # 0 implies
switch is closed.) The switching mechanisms of this PII

r + i e | u

< :

- 1 x 1
i /s :
1 1
! O . . 1
1 Switching | 4
S . H
: 1 mechanisms : G:I
1 1
1 1
| |
1 1
! s | |
| |
_____________________________ ¥

Fig. 1. Block diagram of a PII control system

TABLE I
DEFINITION OF PARAMETERS FOR PII CONTROL

| If | Then |
Ki(t):Oand Ki(tJr):Ki*,
O] > x| %) =% (0) + i
KO =K | K =00 = 0=
e(t)] > ey K;=0
e(t)| < ey Ki = Kiecay

controller are as follows. Initially, the PII controller begins
as a proportional controller (S; open, i.e., K;(t) = 0), and
the integral controller is initialized with a nominal offset
Xo(to) = x,. The integrated error x is monitored. 7; is the time
instant when error e starts to be integrated. When x exceeds
a threshold x, at time ¢, the integral controller is turned on
by setting K;(t) = K/, and x, is simultaneously augmented
by x and scaled by the time spent reaching the threshold as
given by
Ki(r") =K} M
" K;x(t)
w1 =xle) + P s @
where K is a scaling factor. The integral controller remains
active as long as the error e is excessive. Once the error is
not significant, i.e., |e] < e,, the integral control action is
removed in a smooth manner. This is achieved by allowing
the value of the integral gain, K;(¢), to decay exponentially.
When the integral gain decreases to a lower bound K l-l , Ki(t)
is set to zero. Integral action is thus completely turned off
(S1 open). x is reset, #; is set to ¢, and e starts to be integrated.
Table 2 in [2] gives reasonable methods of choosing those
additional parameters listed in Table I when the design goals
are fast response and maximum disturbance attenuation.
This PII control strategy has been shown [2] to be more
effective than PI control on plants with infrequent step

changes in set-point or load. By observing its switching
mechanism, this PII control system can be modeled as a
switched system. Therefore, stability analysis approaches for
switched systems can be applied to this system.

ITI. STABILITY ANALYSIS OF THE PII CONTROL
SYSTEM

A. Multiple Lyapunov Functions Stability Theorem

The MLF result presented in [8] requires that all the
subsystems to be stale and have the same equilibrium point
at the origin. With all these conditions on the subsystems,
this result can not be applied to the PII control system.
As an extension of this result, an MLF approach developed
in [11] relaxes the constraints on the subsystems. It allows
some subsystems to be unstable or not to share the common
equilibrium point. In addition, the states of all subsystems
are not necessarily the same, which is required by other
approaches. A brief summary of the result in [11] is given
below.

For a switched system with M subsystems, let set {r;}
represent the switching times with ¢; <t;. Pairs of subsets
of {z;} are defined as follows,

{f4x} = {tj|when subsystem g is switched on};
{t,x} = {tjlwhen subsystem ¢ is switched off}

with g€ {1,2,--- , M}, and 7, <7yi41, Lok <lgiy1-LetSbe
a switching sequence associated with the switched system.
The interval completion .# (S|g) is defined as,

7 (81g) = U [Faotgu]
k
For a switched system that has different state vectors
for each of the individual subsystems, its dynamics can be
described as

g = fq(xq(1)), t€ J(Slg) (3)

where x, € R". Its initial condition is given by
xq(tj) = Hyp(x,(t))) @

where ¢, p€ {1,2,--- ,M},(q#p),and o(t;) =q, o(tj—1) =
p- Function H satisfies ||Hy,p(x,(t;))]| < K||xp(t;)], with K
being a constant. For switched system (3), (4), Theorem 1
in [11] states that
Suppose we have candidate Lyapunov-like func-
tions V; for each of the individual subsystems. Let
IT be the set of all switching sequences associated
with the system, and = be an arbitrary subset of
I1. If for each S € Z, the following conditions are
satisfied,
1) There exists at least one V;, i € {1,2,--- , M},
such that
a) Vi(xi(r)) <0, for all t € .7 (S]i);
b) Vi(xi(fixt1)) < Vilxi(fix)), Vk;
2) For all other V,’s, (q # i),
a) there exists a positive constant m, such
that [V (x,(2))| < m|Vi(xi(57))|, for ig; <
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t <t,;, where interval [iyj, 1,;] is a
subset of #(S|q) for any j, and 7} =
max{fillix <1gj}s

b) x, does not have finite escape time and
is guaranteed to enter subsystem i or
the switched system can be guaranteed
to enter subsystem i prior to entering
subsystem g,

the switched system (3), (4) is stable in the sense
of Lyapunov for all switchings in Z. Furthermore,
if Vi(xi(t)) < 0, and one of the following two
conditions is satisfied,

o the sequence {V;(x;(7;x))} converges to zero as
k — oo

o {fix} is a finite sequence and the switched
system stays in subsystem i after the last
switching,

the switched system is asymptotically stable.

Compared with existing MLF approaches in the literature,
this theorem allows some subsystems to be unstable as long
as their corresponding candidate Lyapunov-like functions
have converging upper bounds which are functions of stable
subsystems’ Lyapunov functions.

B. Switched System Model of the PII Control System and
Stability Theorem

The plant G, in Fig. 1 can be represented by state space
equations as

Xp=Apxp+Bpu
y=Cpxp &)
where x, € R". System control signal is
u=K, e+x, (6)
and the error signal is
e=r—y=r—=Cyx, @)
o)
xp = (A, —K,B,Cp)xp+ Bpxo + K,B,r (8)
From Fig. 1, we have
%o =Ki(t) e=—K;(t)Cpx, + Ki(t)r 9)
Let

_ | X n+1
[x }, zeR (10)

p

The state equation of the PII control system can be expressed

as
=[] =l o 0me ][] [GR)
= Ag(t)z+Bs(t)r

y=1[0 G [i:] =Cz

Y
12)

where Ag (1) € RUHDX0HD B (1) € RUHDX1 and z(19) =
20-

By observing the switching mechanisms, this PII control
system can be modeled as a switched linear system consisting
of two subsystems. The switching signal o(¢) € {1,2} and
matrices Ag(f), Bo(f) can be written as

ao=[p, RG]
As(t) = _1;),, A Ingpcp] = pr A(Zz] (14)
B(t) = _Ki*exp%%e;Kddr)] )
By(t) = :KpOBp:| (1o

For the switched linear system (11), (12), we have the
following theorem.
Theorem 1: If the following assumptions are satisfied,

1) K,, K, K; are chosen such that there exist finite
positive constants (11, U, and for all K; € [0, K], every
pointwise eigenvalue of A;(r) satisfies Re[A (A (?))] <
—Uu, and Re[/l(Azz)] < —Uy.

2) K; and K, are chosen such that the upper bound 3
on ||A;(t)| satisfies B < min{u}/(303), 2u?}, where
oy is an upper bound on ||A;(7)]|.

3) K, K4, and Kll are chosen such that the minimum
dwell time of the PI subsystem, 7y,,, given by 7y, =
In(K; /K!) /Ky, satisfies

In(a?a3)
A

where a;, az, and A; are parameters associated with
Ag (1) and will be defined later.

the PII control system (11), (12) is stable in the sense of Lya-
punov. |

As described in Section II, the switchings of the PII control
system only happen when certain conditions are satisfied.
Thus MLF results for analyzing stability of switched systems
with constrained switchings can be applied to prove this the-
orem. In order to apply Theorem 1 from [11], we will analyze
the stability of each subsystem so that candidate Lyapunov-
like functions for each subsystem can be constructed. In this
paper, the norm of a vector x is referring to the Euclidean
norm, ||x|| = vxx, and the norm of a matrix A is referring
to the induced norm, ||A[| = max|y_; [|Ax][.

Tim =

C. Stability analysis of the PI subsystem

It can be seen from (13) to (16) that subsystem 1 is
linear time-varying (LTV), while subsystem 2 is linear time
invariant (LTI). Both subsystems are forced systems with
reference signal r as their input. However, this input signal
does not affect the internal stability of the two subsystems.
Thus the stability theory for homogeneous systems can be
applied to both subsystems.

The stability analysis of subsystem 1 will be based on
Theorem 8.7 in [12]:
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Suppose for the linear state equation x =
A(t)x, x(tp) = xo with A(¢) continuously differen-
tiable there exist finite positive constants o, & such
that, for all 7, ||A(r)|] < o and every pointwise
eigenvalue of A(r) satisfies Re[A(A(r))] < —u.
Then there exists a positive constant 3 such that if
the time derivative of A(t) satisfies ||A(¢)|| < B for
all ¢, the state equation is uniformly exponentially
stable.

Since all entries in A;(¢) are bounded for all ¢ > 0, there

exists o > 0 such that

[Ar@)] < e (7

The upper bound 8 on ||A;(¢)|| can be derived as

; [0 KrK4e%iC,
=l K5

where C);’s are entries of matrix Cp,. An explicit bound on
B was derived by Desoer [13] as

i
307
This condition is satisfied by assumption 2 of theorem 1.
With assumption 1, it can be concluded that subsystem 1 of

the switched system (11) is uniformly exponentially stable,
i.e., the transition matrix of A;(¢) satisfies

] < Ki*Kdm%f(|Cpi| =B (18)
i=

B< 19)

@1 (2,7)|| <aje 19 (20)

where explicit expressions of constants ay, A; are derived as
follows.

For eacht, let (n+1) x (n+ 1) matrix Q(¢) be the solution
of equation

AT(Q1 (1) + Qi(1)A1 (1) = —1 1)
which is
0i(1) = /O HOLRHOERP (22)
thus
Il < [ [0 dg
< /O T mogg — 2%1 (23)

From the proof of Theorem 8.7 in [12], the lower bound on
[Q1(0)]] is
1

1210 = 75

(24)

The bound on ||Q;(¢)| is derived using the boundedness of
101(x)

bl

101 () <2l A1 @) 11 (1)

< ﬂz =1-v (25)
244

where the positive v =1— f? exists under assumption 2 of
1

theorem 1.

From the proof of Theorem 7.4 in [12], we have

o
ay=,/— (26)
! My
A= v = - 2 @
21
where o, 3 are given by (17) and (18).
D. Stability analysis of the proportional subsystem
The state-space equation of subsystem 2 is
Xo(1) 0 0] |x() 0
. = 28
L‘p(t)] |:BP An| [xp(1) " KyBy|" @9
or
%o =0 (29)
Xp =Axnx,+Bpx,+K,B,r 30)

Since x, remains constant when subsystem 2 is active,
subsystem 2 can be considered as a forced linear system
with reduced number of states. As expressed in (30), the
state x, in subsystem 1 can be seen as a constant input to
subsystem 2. The number of states for subsystem 2 is n,
while subsystem 1 has (n+ 1) states.

Since Re[A(Ax)] < —p from assumption 1, the state
transition matrix of A,, satisfies

||eA22(f—T)H < aye H2lt=7) 31
The explicit expression of a; is derived as follows.
The solution of Lyapunov equation
A O+ QoAy = —1 (32)
is given by
0, = / Ah0eAn0 s (33)
0

The upper and lower bounds on ||Q2]| can be derived as

1 1
— < < 34
3 <10l < 5 (34
where 05 is an upper bound on ||A;,]|. Then
[
a == (35)
10)
Since e422("=7) ig the transition matrix of Aoy,
x,(1) = 2Py (1) (36)
The complete solution of (30) when r =0 is
1
x,(t) =200y, (19) + [ *209)B x,do  (37)

1o
with initial time at 9. Therefore, by augmenting x, with x,,
we have

] = L eooimae emio)] (017
() [xo(f)]

38
xp(7) %%)
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Based on the structure of eA2( *’0), its induced norm can be
written as

420400 = max ¢4y

Let vector x be partitioned as [x;,x7]7,
and x, is an n x 1 vector. We have

(39)

where x; is a scalar,

ef2(ti0) y = { - (40)

ff 2B dox, + 4 eAn(tin)y

Thus

t
etz = \/ | [ it dor, + ol
fo

1
< \/x§—|—2|/ eA2(t0) B, do || 2x2 4 2||ef22(t0)x, |2
fo
(4D
Let x,,, be the vector that maximizes [|e?22()x,||, i.e.,

le®220) || = max [|et22(0)x, || =

[lxll=1
Clearly, vector x that maximizes (41) will be of the form

HCAZZ tho) Xom||

(42)

o
x= [\/1——052)@,"}’ 0<a<l) 43)
Since B), is known, and from (31), we have
I [ e mydo] < [ =0 jao s,
< / e 20=0)dg||B, |
fo
= Z(1—e B,
I2%)
a
< 2B, (44)
Inequality (41) can be derived as
A 2a?
200l < o (14 2218, 1) a2 +2(1 - a2)ad  45)
125

[|e42(t%0)x|| takes maximum value when ot =0 or 1. Thus

2 2
Je®200)| < max{y [14+ 2By, V2ar | i=as  (46)
K

E. Stability analysis of the overall PII control system

For switched system (11) with initial time 7y > 0 and initial
state zp, its switching signal o(¢) € {1,2}. {A1,42} in (13)-
(14) constitute a family of matrices describing the subsys-
tems. As stated in Section II, initially, the switched system
begins with the pure proportional subsystem, subsystem 2.
Assume there are N switchings over the interval (¢9,) with
set {t,f, -+ ,ty } representing the switching times. At time
t > ty, subsystem 1 is assumed to be active. The switching
on and off time sets for the two subsystems are

{fl,k}:{tlat3a"' ;tN}; {£17k}:{t2;t4;"' ;thl}; (47)

(it ={nta, ;tn1 1 {Lz,k} ={n,t5,--- ,tn}. (48)
The interval completions for the two subsystems are

(S = [, Ul 1] (49)

I(812) = [to, 1] lt2, 131 -+ - U ltw—1, 2] (50)

Note that the initial time #( and final time ¢ are not considered
as switching times, but they are included in the interval
completions.

In Subsections III-C and III-D, the solutions to the Lya-
punov equations (21), (32) are given by (22) and (33). Using
these two solutions, two candidate Lyapunov-like functions
can be constructed corresponding to the two subsystems,

Vl :ZTQI(I)Z:ZT/ CA{(t)GeAl(t)GdGZ (51)
0
V, = x;ngp = x;/o eAgZGeAZZGdep (52)
Verifying condition (1.a) of Theorem 1 in [11],
Vi=2"(ATQ1+ QA1+ 01)z < =z <0 (53)

with positive v defined in (25). Since there are only two
subsystems and the switching sequence is minimal, for any
four consecutive switching times, fx_1, f, fx+1, tx+2,

2ths) = eAz(sz-,lkH)Z(tkH)

= M2 ) D) (41, 10)2(tk) (54)

where it is assumed that subsystem 1 is switched on at 7;
and ;1 , and subsystem 2 is switched on at #;_; and #; .

From (20) and (46), we have

()| < fle 22| - Dy (11,80 - | 2(80) |

< azare” 1% z(n) | (55)

where T, =ty —f; is the activation time (or called dwell
time in many literature) of subsystem 1 between the two
consecutive switchings.

Since the PI subsystem (subsystem 1) switches to the
proportional subsystem (subsystem 2) when the time-varying
integral gain K;(¢) decays to the lower bound K/, the mini-
mum dwell time for the PI subsystem can be obtained as,

1 ,
Tim = —In—% (56)
Considering assumption 3 of Theorem 1, which can also be
written as
aaze T < |

(57)

where aj, as, A are derived in previous sections, inequality

(55) is equivalent to
ar||z(ter2)l| < afaze M z(w)|| < llz(e)| (58)

or

1
2.1 2
g letten) P < 5ozt (59)

From the upper and lower bounds on Q; derived in (23)
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and (24), the bounds for the Lyapunov function V(z(r)) =
2 (t)Q1z(t) are

LR <vi(z) < Zimuznz (60)

2061

The last two inequalities yield

1 1
Vi (2ts2)) < Z—MHZ(tm)H2 < 71||Z(fk)|\2 =V (Z(tk)i
(61)

which means that at #;,, V| is no greater than its value last
time when subsystem 2 is switched on at #;. Thus condition
(1.b) of Theorem 1 in [11] is verified.

At fiyq,

2 2 2 2
z(t)I1™ = 1% e D™+ e (B D I7 = e ()17 (62)
During interval [fg1,%2], subsystem 2 is active, so for all
t € [tiy1,tiy2)
%0 ()] = [I%0 (ties 1) |
[ep (1) < ane 2k | (141 |

and
Va(xp (1)) < (12l (1)1
a%e_z‘uz(t_tk-%—l)

2
Xp (Tt

(Xz 2
< 2—N22||xp(fk+1)|| (63)
From (62) and (63), we have

1 2

>

Vi(z(txr1)) > 2o llz(tks1) ]

1

> 2—m||xp(tk+1)”2
13

> sz(xp (t)) (64)

Since during [ty,%11], Vi < 0, we have Vi(z(t)) >
Vi(z(tx+1)), which gives

Vi 2(t)) = Va(xy(1))
125

(65)

for all ¢ € [tey1,t542]-

All conditions of Theorem 1 in [11] are thus satisfied.
Therefore, the switched system (11) is stable in the sense of
Lyapunov, which proves Theorem 1.

IV. CONCLUSIONS

A proportional with intermittent integral (PII) controller is
briefly introduced. Since the integral action is intermittently
engaged with certain rules, a feedback system with the PII
controller can be modeled as a switched system with two
constituent subsystems. An LTI subsystem and a slowly time-
vary subsystem’s stabilities are both analyzed to construct
corresponding candidate Lyapunov-like functions. Using the
multiple Lyapunov functions approach, the overall PII con-
trol system is proved to be stable in the sense of Lyapunov.

This PII control approach is capable of canceling constant
disturbances and attenuating unpredictable disturbances. But
for systems subject to narrow-band disturbances and unpre-
dictable disturbances, this approach has its limitations. In [2],
the concept of integral control in PII control was extended to
deal with any predictable disturbances using Internal Model
Principle (IMP) controller. This control strategy is known
as Intermittent Cancellation Control (ICC). However, ICC
is restricted to plants that have infrequent changes in set
point or disturbance characteristics, and the period of the
predictable disturbance is required a priori. As of our future
work, we will extend the IMP controller in the ICC approach
to an adaptive IMP control algorithm, developed by Brown
and Zhang [14]. The adaptive IMP feedback loop is invoked
to identify and cancel the predictable disturbances. Once the
predictable disturbances are canceled, the feedback loop is
opened creating an open-loop controller. The main challenge
will be finding a switching sequence to stabilize the switched
system.
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