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Abstract

In order to avoid combinatorial rule explosion in
fuzzy reasoning, in this work we explore the dis-
tributive equations of implications. In details, by
means of the section of I, we give out the suffi-
cient and necessary conditions of solutions for the
distributive equation of implication I(x, T1(y, z)) =
T2(I(x, y), I(x, z)), when T1 is a continuous but not
Archimedean triangular norm, T2 is a continuous
Archimedean triangular norm and I is an unknown
function. Our methods of proof can be applied to
the three other functional equations related closely
to the distributive equation of implication.

Keywords: Combs methods, functional equations,
fuzzy implication, t-norm, continuous t-norm.

1. Introduction

The ability to build complex commercial and scien-
tific fuzzy logic applications has been hampered by
what is popularly known as the combinatorial rule
explosion problem, which is associated with the con-
ventional fuzzy rule configuration and its accompa-
nying rule matrix. Since all the rules of an inference
engine are exercised during every inference cycle,
the number of rules directly affects the computa-
tional duration of the overall application. To re-
duce complexity of fuzzy “IF-THEN” rules, Combs
and Andrews [7] required of the following classical
tautology

(p ∧ q)→ r ≡ (p→ r) ∨ (q → r).

They refer to the left-hand side of this equivalence
as an intersection rule configuration (IRC) and to
its right-hand side as a union rule configuration
(URC). Subsequently, there were many discussions
(see [10], [15], [8], [9]), most of them pointed out
the need for a theoretical investigation required for
employing such equations, as concluded by Dick
and Kandel [10], “Future work on this issue will
require an examination of the properties of vari-
ous combinations of fuzzy unions, intersections and
implications” or by Mendel and Liang [15], “We
think that what this all means is that we have to
∗Corresponding author

look past the mathematics of IRC⇔URC and in-
quire whether what we are doing when we replace
IRC by URC makes sense.” And then, Trillas and
Alsina [20], in the standard fuzzy theory, turned
the about requirement into the functional equation
I(T (x, y), z) = S(I(x, z), I(y, z)) and obtained all
solutions of T and S when I are special cases of R-
implications, S-implications and QL-implications,
respectively. Along the lines, Balasubramaniam and
Rao [6] investigated the other three functional equa-
tions interrelated with this equation. In order to
study it in more general case, Ruiz-Aguilera and
Torrens [18], [19] and Qin and Zhao [17], in their
own papers, generalized the above equation into
uninorms.

On the other hand, from fuzzy logical angle,
Türksen et al. [21] posed and discussed the equa-
tion

I(x, T (y, z)) = T (I(x, y), I(x, z)), (1)
where x, y, z ∈ [0, 1], and then, got the neces-
sary conditions for a fuzzy implication I to sat-
isfy Eq. (1) when T is the product t-norm. Later,
Baczyński [1] generalized some Türksen’s results
into strict t-norms and obtained the sufficient and
necessary conditions of functional equations consist-
ing of Eq. (1) and the following equation

I(x, I(y, z)) = I(T (x, y), z), x, y, z ∈ [0, 1].

Moreover, he (see [2]) also tried to give out the suf-
ficient and necessary conditions of the functional
equations composed of Eq. (1) and the following
equation

I(x, y) = I(N(y), N(x)), x, y, z ∈ [0, 1].

Unfortunately, his results only apply for a partic-
ular case. After this, Yang and Qin in [22] got
their full characterizations. Subsequently, many
people [2], [5], [16], including Baczyński and Qin,
investigate again the distributivity of fuzzy im-
plications over nilpotent (strict) triangular norms
(conorms). Rather recently, as for the functional
equation I(x, S1(y, z)) = S2(I(x, y), I(x, z)), which
is one of the three other functional equations re-
lated closely to the following Eq. (D), Baczyński
and Balasubramaniam in [5] pointed out “the situ-
ation when S1 and S2 are continuous t-conorms is
still unsolved.”
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In this paper, we explore only the following dis-
tributive equation of implication,

I(x, T1(y, z)) = T2(I(x, y), I(x, z)), (D)

where x, y, z ∈ [0, 1] and when T1 is a continu-
ous but not Archimedean triangular norm, T2 is a
continuous, Archimedean triangular norm and I is
an unknown function. But our methods can still
apply to the three other functional equations re-
lated closely to Eq. (D). It is in this sense that
we make progress in solving the functional equa-
tion I(x, S1(y, z)) = S2(I(x, y), I(x, z)) suggested
by Baczyński and Balasubramaniam in [5].

2. Preliminaries

In this section, we recall basic notations and facts
used in the sequel.

Definition 2.1 ([13], [12]). (i) A binary function
T : [0, 1]2 → [0, 1] is called a t-norm, if it is
increasing in both variables, commutative, as-
sociative and has 1 as the neutral element.

(ii) A t-norm T is said to be Archimedean if for
every x, y ∈ (0, 1) there exists n ∈ N such that
x

[n]
T < y, where

x
[n]
T :=

{
x, n = 1,
T (x, x[n−1]

T ), n > 1.

(iii) A t-norm T is said to be strict, if T is con-
tinuous and strictly monotone, i.e., T (x, y) <
T (x, z) whenever x ∈ (0, 1] and y < z.

(iv) A t-norm T is said to be nilpotent, if it is con-
tinuous and if each x ∈ (0, 1) is a nilpotent
element of T , i.e., if there exists n ∈ N such
that x[n]

T = 0.

Remark 2.2 (see [13], [12]). (i) A continuous
t-norm T is Archimedean if and only if it holds
T (x, x) < x for all x ∈ (0, 1).

(ii) If T is strict or nilpotent, then it must be
Archimedean. The converse is also true when
it is continuous.

We shall use the following characterizations of
continuous (Archimedean) t-norms.

Theorem 2.3 ([14], cf. [13, Theorem 5.1]). For a
function T : [0, 1]2 → [0, 1] the following statements
are equivalent:

(i) T is a continuous, Archimedean t-norm.
(ii) T has a continuous additive generator, i.e.,

there exists a continuous, strictly decreasing
function t : [0, 1]→ [0,∞] with t(1) = 0, which
is uniquely determined up to a positive multi-
plicative constant, such that

T (x, y) = t−1(min(t(x) + t(y), t(0))), (2)

for all x, y ∈ [0, 1]

Remark 2.4 ([13, Section 3.2]). (i) T is a strict
t-norm if and only if each continuous additive
generator t of T satisfies t(0) =∞.

(ii) T is a nilpotent t-norm if and only if each
continuous additive generator t of T satisfies
t(0) <∞.

Theorem 2.5 ([13, Theorem 5.11]). For a func-
tion T : [0, 1]2 → [0, 1] the following statements are
equivalent:

(i) T is a continuous t-norm.
(ii) T is uniquely representable as an ordinal sum

of continuous Archimedean t-norms, i.e., there
exists a uniquely determined (finite or count-
able infinite) index set A, a family of uniquely
determined pairwise non-overlapping, closed,
proper subintervals ([am, bm])m∈A of [0, 1] and
a family of uniquely determined continuous
Archimedean t-norm (Tm)m∈A such that

T (x, y) =


am + (bm − am)Tm( x−ambm−am

y−am
bm−am ),

(x, y) ∈ [am, bm]2,
min(x, y), otherwise.

(3)
We shall write T = (< am, bm, Tm >)m∈A.

Observe that if A = ∅, then T is the minimum
t-norm TM, while if cardA = 1 and a1 = 0 and
b1 = 1, then T is a continuous Archimedean t-norm,
i.e., it is strict or nilpotent.

Finally, let us recall the definition of a fuzzy impli-
cation. In the literature we can find several diverse
definitions of fuzzy implications. In this article we
will use the following one, which is equivalent to the
definition used by Fodor and Roubens [11, Defini-
tion 1.15] (see also Baczyński and Jayaram [4]).

Definition 2.6. A function I : [0, 1]2 → [0, 1] is
called a fuzzy implication if it satisfies the following
conditions:

I is decreasing in the first variable, (I1)
I is increasing in the second variable, (I2)

I(0, 0) = I(1, 1) = I(0, 1) = 1, I(1, 0) = 0. (I3)

3. First solutions to Eq. (D) when T1 is a
continuous t-norm

In this section, we present first characterizations of
function I satisfying Eq. (D) when T1 is a continu-
ous t-norm and T2 is a strict t-norm. Unless other-
wise stated, we always assume that T1 is only con-
tinuous but not Archimedean, which means that T1
must have at least one non-trivial idempotent el-
ement, because the case that T1 is continuous and
Archimedean has been studied by Baczyński [1], [2],
[5], Qin [16], [22], and so on.
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Lemma 3.1. Let T1 be a continuous t-norm, T2 be
a continuous Archimedean t-norm and I : [0, 1]2 →
[0, 1] be a binary function. If the triple of functions
T1, T2, I satisfies Eq. (D) for every x, y, z ∈ [0, 1],
then either I(x, y) = 0 or I(x, y) = 1 hold for every
x ∈ [0, 1] and every y 6∈ ∪m∈A(am, bm), i.e., y is an
idempotent element of T1.

Proof. Suppose that y 6∈ ∪m∈A(am, bm), i.e., y is
an idempotent element of T1. Then we know that
T1(y, y) = y and it follows from Eq. (D) that

I(x, y) = T2(I(x, y), I(x, y)), x ∈ [0, 1],

which means that the value of I(x, y) is also
an idempotent element of T2. Note that T2 is
Archimedean and thus has only two trivial idem-
potent elements 0 or 1. Hence either I(x, y) = 0 or
I(x, y) = 1 hold for all x ∈ [0, 1].

Lemma 3.2. Let T1 be a continuous t-norm, T2
be a continuous Archimedean t-norm, I : [0, 1]2 →
[0, 1] be a binary function and y0 be a fixed idempo-
tent element of T1. If the triple of functions T1, T2, I
satisfies Eq. (D) for all x, y, z ∈ [0, 1], then

(i) if it holds I(x, y0) = 0 for some x ∈ [0, 1], then
it follows I(x, z) = 0 for any z ≤ y0;

(ii) if it holds I(x, y0) = 1 for some x ∈ [0, 1], then
it follows I(x, z) = 1 for any z ≥ y0.

Proof. We only prove the case (i) because the case
(ii) is similar. Note that y0 is an idempotent element
of T1, then we obtain that T1(y0, z) = min(y0, z) for
any z ∈ [0, 1]. By virtue of our assumption z ≤ y0
it holds, from Eq. (D), that

I(x, z) = T2(I(x, y0), I(x, z)).

Further, applying the hypothesis I(x, y0) = 0, we
get that I(x, z) = 0 for any z ≤ y0.

According to the above analysis, we have the fol-
lowing result.

Lemma 3.3. Let T1 be a continuous t-norm, T2
be a continuous Archimedean t-norm, I : [0, 1]2 →
[0, 1] be a binary function and y1, y2 be two differ-
ent idempotent elements of T1. Assume that the
triple of functions T1, T2, I satisfies Eq. (D) for all
x, y, z ∈ [0, 1]. If both I(x, y1) = 0 and I(x, y2) = 1
are simultaneously true for some x ∈ [0, 1], then we
must have y1 < y2.

Proof. On the contrary, suppose y1 > y2 and then
take z ∈ (y2, y1). On one hand, applying case (i) in
Lemma 3.2, we can know that I(x, z) = 0. On the
other hand, applying case (ii) in Lemma 3.2, we can
know that I(x, z) = 1. This is a contradiction.

For a given binary function I and fixed x ∈ [0, 1],
we define

U(I,x) = {y ∈ [0, 1] | I(x, y) = 0 and
y is an idempotent element of T1},

u(I,x) = supU(I,x),

and

V(I,x) = {y ∈ [0, 1] | I(x, y) = 1 and
y is an idempotent element of T1},

v(I,x) = inf V(I,x).

We stipulate here that sup ∅ = 0 and inf ∅ = 1.
By Lemma 3.3, we have u(I,x) ≤ v(I,x). Since T1
is continuous and monotone, it follows that both
u(I,x) and v(I,x) are idempotent elements of T1, too.
Now, by the order between u(I,x) and v(I,x), we have
to consider two cases: u(I,x) = v(I,x) and u(I,x) <
v(I,x).

Using previous lemmas one can obtain the follow-
ing first main result.

Theorem 3.4. Let T1 be a continuous t-norm, T2
be a continuous Archimedean t-norm, I : [0, 1]2 →
[0, 1] be a binary function and assume that u(I,x) =
v(I,x) for some fixed x ∈ [0, 1]. Then the following
statements are equivalent:

(i) The triple of functions T1, T2, I(x, ·) satisfies
Eq. (D) for any y, z ∈ [0, 1].

(ii) The vertical section I(x, ·) has one of the fol-
lowing forms:
(a) If µ(I,x) ∈ U(I,x), then

I(x, y) =
{

0, y ≤ µ(I,x),

1, y > µ(I,x),
(4)

for all y ∈ [0, 1].
(b) If ν(I,x) ∈ V(I,x), then

I(x, y) =
{

0, y < ν(I,x),

1, y ≥ ν(I,x),
(5)

for all y ∈ [0, 1].

Example 3.5. Assume that T1 is a continuous
t-norm given by the ordinal sum

T = (〈0.1, 0.5, TP〉, 〈0.7, 0.9, TLK〉),

where TP(x, y) = xy is the product t-norm and
TLK(x, y) = max(x + y − 1, 0) is the Łukasiewicz
t-norm. Thus we have

T1(x, y) =



0.1 + 2.5(x− 0.1)(y − 0.1),
x, y ∈ [0.1, 0.5],

0.7 + max(x+ y − 1.6, 0),
x, y ∈ [0.7, 0.9],

min(x, y), otherwise.

The set of idempotent elements for T1 is the follow-
ing:

Idem(T1) = [0, 0.1] ∪ [0.5, 0.7] ∪ [0.9, 1].

One can easily check that the following functions I
satisfy Eq. (D) (for any x, y, z ∈ [0, 1]) with T1 and
any continuous Archimedean t-norm T2:
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• I = 0; in this case u(I,x) = v(I,x) = 1 for any
x ∈ [0, 1] and I has the form (4).
• I = 1; in this case u(I,x) = v(I,x) = 0 for any
x ∈ [0, 1] and I has the form (5).

• I(x, y) =
{

0, y ≤ 0.6,
1, y > 0.6,

; in this case u(I,x) =

v(I,x) = 0.6 for any x ∈ [0, 1] and I has the
form (4).

• I(x, y) =
{

0, y < 0.6,
1, y ≥ 0.6,

; in this case u(I,x) =

v(I,x) = 0.6 for any x ∈ [0, 1] and I has the
form (5).

Corollary 3.6. Let T1 = TM, T2 be a continuous
Archimedean t-norm and I : [0, 1]2 → [0, 1] be a bi-
nary function. Then the following statements are
equivalent:
(i) The triple of functions TM, T2, I satisfies

Eq. (D) for any x, y, z ∈ [0, 1].
(ii) For any x ∈ [0, 1] there exist a constant cx ∈

[0, 1] such that the vertical section I(x, ·) has
one of the following forms:

I(x, y) =
{

0, y ≤ cx,
1, y > cx,

y ∈ [0, 1],

I(x, y) =
{

0, y < cx,

1, y ≥ cx,
y ∈ [0, 1].

Now, let us consider the case u(I,x) < v(I,x).
Lemma 3.7. Let T1 be a continuous t-norm, T2
be a continuous Archimedean t-norm, I : [0, 1]2 →
[0, 1] be a binary function and fix x ∈ [0, 1].
If u(I,x) < v(I,x) and the triple of functions
T1, T2, I(x, ·) satisfies Eq. (D) for all y, z ∈
[0, 1], then there exists some m0 ∈ A such that
[u(I,x), v(I,x)] = [am0 , bm0 ], where A and [am0 , bm0 ]
are the index set and the subinterval in Theo-
rem 2.5, respectively.
Proof. Let us fix arbitrarily x ∈ [0, 1]. If there
exists an idempotent element c such that c ∈
(u(I,x), v(I,x)), then, according to Lemma 3.1, we get
that either I(x, c) = 0 or I(x, c) = 1. If I(x, c) = 0,
then this is a contradiction with the definition of
u(I,x). If I(x, c) = 1, then this is a contradic-
tion with the definition of v(I,x). This means that
there are no idempotent elements between u(I,x)
and v(I,x). Note that both u(I,x) and v(I,x) them-
selves are idempotent and different, hence it fol-
lows that there exists some m0 ∈ A such that
[u(I,x), v(I,x)] = [am0 , bm0 ].

So far, we have proven the fact that

I(x, y) =
{

0, y < u(I,x),

1, y > v(I,x),

for any fixed x ∈ [0, 1], when u(I,x) < v(I,x). But
we do say nothing about the values of I(x, y) for
any y ∈ [u(I,x), v(I,x)]. We will solve this problem
in next sections.

4. Solutions to Eq. (D) when T1 is a
continuous t-norm and T2 is a strict
t-norm

Using the solutions of the additive Cauchy func-
tional equation

f(x+ y) = f(x) + f(y),

when x, y ∈ [0,∞] and f : [0,∞] → [0,∞] (see [5,
Proposition 2]) we are able to prove the following
theorem.

Theorem 4.1. Let T1 be a continuous t-norm,
T2 be a strict t-norm, I : [0, 1]2 → [0, 1] be a bi-
nary function and fix arbitrarily x ∈ [0, 1]. If
u(I,x) < u(I,x) and the correspondingly generat-
ing t-norm Tm0 of T1 on the generating subinterval
[u(I,x), v(I,x)] = [am0 , bm0 ] is strict, then the follow-
ing statements are equivalent:

(i) The triple of functions T1, T2, I(x, ·) satisfies
Eq. (D) for all y, z ∈ [0, 1].

(ii) T1 admits the representation (3), and there
exist continuous, strictly decreasing functions
tm0 , t2 : [0, 1] → [0,∞] with tm0(1) = t2(1) =
0, tm0(0) = t2(0) = ∞, which are uniquely
determined up to positive multiplicative con-
stants, such that the correspondingly generat-
ing t-norm Tm0 of T1 on the generating subin-
terval [am0 , bm0 ] and T2 admit the representa-
tion (2) with tm0 , t2, respectively, and for the
fixed above x ∈ [0, 1], the vertical section I(x, ·)
has one of the following forms:

I(x, y) =
{

0, y ∈ [0, am0 ],
1, y ∈ (am0 , 1],

I(x, y) =
{

0, y ∈ [0, bm0),
1, y ∈ [bm0 , 1],

I(x, y) =


0, y ∈ [0, am0 ],
t−1
2 (cxtm0( y−am0

bm0−am0
)), y ∈ [am0 , bm0 ],

1, y ∈ [bm0 , 1],

with a certain cx ∈ (0,∞), uniquely determined
up to a positive multiplicative constant depend-
ing on constants for tm0 and t2.

Example 4.2. Let us consider the same continuous
t-norm as in Example 3.5:

T = (〈0.1, 0.5, TP〉, 〈0.7, 0.9, TLK〉).

Let us assume that for any x ∈ [0, 1] we have
u(I,x) = 0.1 and v(I,x) = 0.5. This means that
Tm0 = TP is a strict t-norm and tm0(x) = − ln x.
Let us assume that also T2(x, y) = xy i.e., t2(x) =
− ln x. One can easily check that the following func-
tions I satisfy Eq. (D) (for any x, y, z ∈ [0, 1]) with
T1 and T2:

• I(x, y) =
{

0, y ∈ [0, 0.1],
1, y ∈ (0.1, 1],
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• I(x, y) =
{

0, y ∈ [0, 0.5),
1, y ∈ [0.5, 1],

• I(x, y) =


0, y ∈ [0, 0.1],
y−0.1

0.4 , y ∈ [0.1, 0.5],
1, y ∈ [0.5, 1].

Observe also that idempotent elements are really
crucial in the above theorem. For example the fol-
lowing function

I(x, y) =
{

0, y ∈ [0, 0.3],
1, y ∈ (0.3, 1],

does not satisfy Eq. (D) with T1 and T2. Indeed,
for any x ∈ [0, 1] we have

I(x, T1(0.36, 0.36)) = I(x, 0.269) = 0,

while

T2(I(x, 0.36), I(x, 0.36)) = T2(1, 1) = 1.

Example 4.3. Assume that T1 is a continuous
t-norm given by the ordinal sum

T1 = (〈0.25, 0.75, TP〉, 〈0.75, 1, TLK〉),

thus

T1(x, y) =



0.25 + 2(x− 0.25)(y − 0.25),
x, y ∈ [0.25, 0.75],

0.75 + max(x+ y − 1.75, 0),
x, y ∈ [0.75, 1],

min(x, y), otherwise.

The set of idempotent elements for T1 is the follow-
ing:

Idem(T1) = [0, 0.25] ∪ {0.75, 1}.
Let us assume that for any x ∈ [0, 1] we have
u(I,x) = 0.25 and v(I,x) = 0.75. This means that
Tm0 = TP is a strict t-norm and tm0(x) = − ln x.
One can easily check that the following functions I
satisfy Eq. (D) with T1 and the product t-norm TP
(for any x, y, z ∈ [0, 1]):

I(x, y) =
{

0, y ∈ [0, 0.25],
1, y ∈ (0.25, 1],

I(x, y) =
{

0, y ∈ [0, 0.75),
1, y ∈ [0.75, 1],

I(x, y) =


0, y ∈ [0, 0.25],(
y−0.25

0.5
)2
, y ∈ [0.25, 0.75],

1, y ∈ [0.75, 1].

Similarly, using solutions of the following func-
tional equation (see [3, Proposition 3.6])

f(min(x+ y, a)) = f(x) + f(y),

where a > 0 is a fixed number, x, y ∈ [0, a] and
f : [0, a] → [0,∞], one can obtain the following re-
sult.

Theorem 4.4. Let T1 be a continuous t-norm,
T2 be a strict t-norm, I : [0, 1]2 → [0, 1] be a bi-
nary function and fix arbitrarily x ∈ [0, 1]. If
u(I,x) < v(I,x) and the correspondingly generating
t-norm Tm0 of T1 on the generating subinterval
[u(I,x), v(I,x)] = [am0 , bm0 ] is nilpotent, then the fol-
lowing statements are equivalent:

(i) The triple of functions T1, T2, I(x, ·) satisfies
Eq. (D) for all y, z ∈ [0, 1].

(ii) T1 admits the representation (3), and there
exist continuous, strictly decreasing functions
tm0 , t2 : [0, 1]→ [0,∞] with tm0(1) = t2(1) = 0,
tm0(0) < ∞, t2(0) = ∞, which are uniquely
determined up to positive multiplicative con-
stants, such that the correspondingly generat-
ing t-norm Tm0 of T1 on the generating subin-
terval [am0 , bm0 ] and T2 admit the representa-
tion (2) with tm0 , t2, respectively, and for the
fixed above x ∈ [0, 1], the vertical section I(x, ·)
has the following form:

I(x, y) =
{

0, y ∈ [0, bm0),
1, y ∈ [bm0 , 1].

Example 4.5. Assume that T1 is a continuous
t-norm given by the ordinal sum

T1 = (〈0.25, 0.75, TLK〉, 〈0.75, 1, TLK〉),

thus

T1(x, y) =



0.25 + max(x+ y − 1, 0),
x, y ∈ [0.25, 0.75],

0.75 + max(x+ y − 1.75, 0),
x, y ∈ [0.75, 1],

min(x, y), otherwise.

The set of idempotent elements for T1 is the follow-
ing:

Idem(T1) = [0, 0.25] ∪ {0.75, 1}.

Let us assume that for any x ∈ [0, 1] we have
u(I,x) = 0.25 and v(I,x) = 0.75. This means
that Tm0 = TLK is a nilpotent t-norm. One can
easily check that the following function I satisfies
Eq. (D) with T1 and any strict t-norm T2 (for any
x, y, z ∈ [0, 1]):

I(x, y) =
{

0, y ∈ [0, 0.75),
1, y ∈ (0.75, 1],

x, y ∈ [0, 1].

Next, we can show the continuous solutions I for
Eq. (D). From previous theorems we see that there
are only three such continuous solutions: I = 0 or
I = 1 or I has the form

I(x, y) =


0, y ∈ [0, a],
t−1
2 (c(x)ta(y−ab−a )), y ∈ [a, b],

1, y ∈ [b, 1],
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for all x, y ∈ [0, 1], where c : [0, 1]→ (0,∞) is a con-
tinuous function and the corresponding continuous
Archimedean t-norm of T1 on the subinterval [a, b]
is strict.

Example 4.6. Assume that T1 is a continuous
t-norm given by the ordinal sum

T1 = (〈0.25, 0.75, TP〉),

thus

T1(x, y) =


0.25 + 2(x− 0.25)(y − 0.25),

x, y ∈ [0.25, 0.75],
min(x, y), otherwise.

The set of idempotent elements for T1 is the follow-
ing:

Idem(T1) = [0, 0.25] ∪ [0.75, 1].

Let us assume that for any x ∈ [0, 1] we have
u(I,x) = 0.25 and v(I,x) = 0.75. This means that
Tm0 = TP is a strict t-norm and tm0(x) = 1 − x.
One can easily check that the following continuous
function I satisfies Eq. (D) with T1 and the nilpo-
tent t-norm TP (for any x, y, z ∈ [0, 1]):

I(x, y) =


0, y ∈ [0, 0.25],
(2(y − 0.25))x+2, y ∈ [0.25, 0.75],
1, y ∈ [0.75, 1].

Corollary 4.7. If T1 is a continuous t-norm and
T2 is a strict t-norm, then there are no continuous
solutions I of Eq. (D) which satisfy (I3).

From the above corollary it is obvious that we
need to look for the solutions of Eq. (D) which are
continuous except the point (0, 0). However, substi-
tuting x = 0 and z = 0 in Eq. (D), we can know that
it follows that I(0, T1(y, 0)) = T2(I(0, y), I(0, 0)) for
all y ∈ [0, 1]. That is, I(0, 0) = T (I(0, y), 1), which
implies I(0, 0) = I(0, y). So it holds I(0, y) = 1 for
all y ∈ [0, 1]. Thus we have proven the fact that it
holds I(0, y) = 1 for all y ∈ [0, 1] if the binary func-
tion I satisfying Eq. (I3) is a solution of Eq. (D). On
the other hand, applying the method of [16, Theo-
rem 3.3], we can further know that there exist only
solutions which are continuous except the vertical
section I(0, y) = 1 for y ∈ [0, a].

Theorem 4.8. Let T1 be a continuous t-norm, T2
be a strict t-norm and I be a fuzzy implication con-
tinuous except the vertical section I(0, y) = 1 for
y ∈ [0, a], where a ∈ [0, 1). Then the following
statements are equivalent:

(i) The triple of functions T1, T2, I satisfies
Eq. (D) for all x, y, z ∈ [0, 1].

(ii) T1 admits the representation (3), and there ex-
ist two constants a < b ∈ [0, 1] such that
u(I,x) = a, v(I,x) = b for all x ∈ [0, 1], and
there exist continuous, strictly decreasing func-
tion ta, t2 : [0, 1] → [0,∞] with ta(1) = t2(1) =

0, ta(0) = t2(0) = ∞, which are uniquely
determined up to positive multiplicative con-
stants, such that the correspondingly generat-
ing t-norm Ta of T1 on the generating subin-
terval [a, b] and T2 admit the representation (2)
with ta and t2, respectively, and there exists a
continuous and increasing function c : (0, 1] →
(0,∞), c(0) = 0, uniquely determined up to
a positive multiplicative constant depending on
constants for ta and t2, such that I has the form

I(x, y) =


1, x = 0, y ∈ [0, a],
0, x 6= 0, y ∈ [0, a],
t−1
2 (c(x)ta(y−ab−a )), y ∈ [a, b],

1, y ∈ [b, 1].

5. Solutions to Eq. (D) when T1 is a
continuous t-norm and T2 is a nilpotent
t-norm

In this section, we characterize the fuzzy implication
I satisfying Eq. (D) when T1 is a continuous t-norms
and T2 is a nilpotent t-norm. From Section 3 it is
enough to consider the case u(I,x) < v(I,x). Now,
using solutions of the following functional equation
(see [3, Proposition 3.4])

f(x+ y) = min(f(x) + f(y), b),
where b > 0, x, y ∈ [0,∞] and f : [0,∞] → [0, b],
one can obtain the following result.
Theorem 5.1. Let T1 be a continuous t-norm, T2
be a nilpotent t-norm, I : [0, 1]2 → [0, 1] be a binary
function and fix x ∈ [0, 1]. If u(I,x) < v(I,x) and the
correspondingly generating t-norm Tm0 of T1 on the
generating subinterval [u(I,x), v(I,x)] = [am0 , bm0 ] is
strict, then the following statements are equivalent:
(i) The triple of functions T1, T2, I(x, ·) satisfies

Eq. (D) for all y, z ∈ [0, 1].
(ii) T1 admits the representation (3), and there

exist continuous, strictly decreasing functions
tm0 , t2 : [0, 1]→ [0,∞] with tm0(1) = t2(1) = 0,
tm0(0) = ∞, t2(0) < ∞, which are uniquely
determined up to positive multiplicative con-
stants, such that the correspondingly generat-
ing t-norm Tm0 of T1 on the generating subin-
terval [am0 , bm0 ] and T2 admit the representa-
tion (2) with tm0 , t2, respectively, and for the
mentioned above x ∈ [0, 1], the vertical section
I(x, ·) has one of the following forms:

I(x, y) =
{

0, y ∈ [0, am0 ],
1, y ∈ (am0 , 1],

I(x, y) =
{

0, y ∈ [0, bm0),
1, y ∈ [bm0 , 1],

I(x, y) =


0, y ∈ [0, am0 ],
t−1
2 (min(cxtm0( y−am0

bm0−am0
), t2(0))),

y ∈ [am0 , bm0 ],
1, y ∈ [bm0 , 1],
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with a certain cx ∈ (0,∞), uniquely determined
up to a positive multiplicative constant depend-
ing on constants for tm0 and t2.

Example 5.2. Let us consider the same continuous
t-norm as in Example 3.5:

T = (〈0.1, 0.5, TP〉, 〈0.7, 0.9, TLK〉),

Let us assume that for any x ∈ [0, 1] we have
u(I,x) = 0.1 and v(I,x) = 0.5. This means that
Tm0 = TP is a strict t-norm and tm0(x) = − ln x.
Let us assume that T2(x, y) = TLK i.e., t2(x) =
1−x. One can easily check that the following func-
tions I satisfies Eq. (D) (for any x, y, z ∈ [0, 1]) with
T1 and T2:

• I(x, y) =
{

0, y ∈ [0, 0.1],
1, y ∈ (0.1, 1],

• I(x, y) =
{

0, y ∈ [0, 0.5),
1, y ∈ [0.5, 1],

• I(x, y) =


0, y ∈ [0, 0.1],
1−min(− ln(y−0.1

0.4 ), 1), y ∈ [0.1, 0.5],
1, y ∈ [0.5, 1].

Finally, using solutions of the following functional
equation (see [5, Proposition 3])

f(min(x+ y, a)) = min(f(x) + f(y), b),

where a, b > 0, x, y ∈ [0, a] and f : [0, a] → [0, b],
one can obtain the following result.

Theorem 5.3. Let T1 be a continuous t-norm, T2
be a nilpotent t-norm, I : [0, 1]2 → [0, 1] be a binary
function and fix x ∈ [0, 1]. If u(I,x) < v(I,x) and the
correspondingly generating t-norm Tm0 of T1 on the
generating subinterval [u(I,x), v(I,x)] = [am0 , bm0 ] is
nilpotent, then the following statements are equiva-
lent:

(i) The triple of functions T1, T2, I(x, ·) satisfies
Eq. (D) for all y, z ∈ [0, 1].

(ii) T1 admits the representation (3), and there
exist continuous, strictly decreasing functions
tm0 , t2 : [0, 1]→ [0,∞] with tm0(1) = t2(1) = 0,
tm0(0) < ∞, t2(0) < ∞, which are uniquely
determined up to positive multiplicative con-
stants, such that the correspondingly generat-
ing t-norm Tm0 of T1 on the generating subin-
terval [am0 , bm0 ] and T2 admit the representa-
tion (2) with tm0 , t2, respectively, and for the
mentioned above x ∈ [0, 1], the vertical section
I(x, ·) has one of the following forms:

I(x, y) =
{

0, y ∈ [0, bm0),
1, y ∈ [bm0 , 1],

I(x, y) =


0, y ∈ [0, am0 ],
t−1
2 (min(cxtm0( y−am0

bm0−am0
), t2(0))),

y ∈ [am0 , bm0 ],
1, y ∈ [bm0 , 1],

with a certain cx ∈ [ t2(0)
tα(0) ,∞), uniquely deter-

mined up to a positive multiplicative constant
depending on constants for tm0 and t2.

Example 5.4. Let us consider the same continuous
t-norm as earlier:

T = (〈0.1, 0.5, TP〉, 〈0.7, 0.9, TLK〉).

Let us assume that for any x ∈ [0, 1] we have
u(I,x) = 0.7 and v(I,x) = 0.9. This means that
Tm0 = TLK is a nilpotent t-norm and tm0(x) =
1− x. Let us assume that also T2(x, y) = TLK i.e.,
t2(x) = 1−x. One can easily check that the follow-
ing function satisfy Eq. (D) (for any x, y, z ∈ [0, 1])
with T1 and T2:

I(x, y) =


0, y ∈ [0, 0.1],
1−min(1− (y−0.7

0.2 ), 1), y ∈ [0.1, 0.5],
1, y ∈ [0.5, 1],

=


0, y ∈ [0, 0.1],
max(y−0.7

0.2 , 0), y ∈ [0.1, 0.5],
1, y ∈ [0.5, 1].

It should be noted that similarly as in Section 3,
it is possible to obtain continuous solutions I of (D),
when T2 is a nilpotent t-norm.

6. Conclusion

In this work, we continued to investigate the
distributive equations of implication. It is our
method that can still apply to the three other
functional equations related closely to Eq. (D).
It is in this sense that we make progress in
solving the functional equation I(x, S1(y, z)) =
S2(I(x, y), I(x, z)) suggested by Baczyński and Bal-
asubramaniam in [5]. Contrasted with the results
obtained by Baczyński in [1], [2], [5], we can find
many differences. For example, Eq. (D) has at most
five kinds of the vertical section for all x ∈ [0, 1]
when T1 is a continuous and Archimedean t-norm,
T2 is a strict t-norm. While it has at most seven
kinds of the vertical section for all x ∈ [0, 1] when
T1 is a continuous but not Archimedean t-norm,
T2 is a strict t-norm. In future works we will try
to concentrate on the other cases of Eq. (D) that
are not considered in this paper, for example, when
both T1 and T2 are continuous but not Archimedean
t-norms.
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