EUSFLAT-LFA 2011

July 2011

Aix-les-Bains, France

Trapezoidal approximations of fuzzy numbers
with restrictions on the support and core

Przemystaw Grzegorzewski*!? Karolina Pasternak-Winiarska?

1Systems Research Institute, Polish Academy of Sciences,
Newelska 6, 01-447 Warsaw, Poland,
2Faculty of Mathematics and Information Science,
Warsaw University of Technology,
Plac Politechniki 1, 00-661 Warsaw, Poland

Abstract

Fuzzy number approximation by trapezoidal fuzzy
numbers which preserves the expected interval is
discussed. New operators that fulfill additional re-
quirements for the core and support of the fuzzy
number are suggested. These supplementary con-
ditions guarantee the proper interpretation of the
solution even for very skew original fuzzy numbers.
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1. Introduction

Trapezoidal approximation of fuzzy numbers was
considered by many authors (see, e.g. [1, 2, 3, 4, 5,
8, 15, 16, 17, 18, 22, 23, 25, 26, 27]. In [17] a list of
criteria which trapezoidal approximation operators
should possess was formulated. New approaches
and modifications of the approximation operators
still appear, e.g. trapezoidal approximation under
weighed distance were considered by [27, 23, 24];
bisymmetrical weighting was examined in [19, 20],
etc.

However, this contribution goes back to the orig-
inal problem of finding the trapezoidal approxima-
tion operator preserving the expected interval near-
est to the original fuzzy number. Although the so-
lution of that problem is known and practical algo-
rithms for choosing the optimal operator were given
(see [16]), for some peculiar fuzzy numbers even
these optimal operators may reveal un undesirable
behavior. namely, it may happen that even though
the solution is mathematically correct, it may loose
any natural interpretation or be counterintuitive.
Therefore, our goal now is to improve the existing
solution by adding two supplementary conditions
which protect it against such unwanted cases.

The paper is organized as follows: In Sec. 2 we in-
troduce basic notation. In Sec. 3 we recall the idea
of the trapezoidal approximation of fuzzy numbers,
discuss possible problems that can appear and indi-
cate the natural way out. Then in Sec. 4 we show
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how to find the improved trapezoidal approximation
operator.

2. Basic concepts

Let A denote a fuzzy number, i.e. such fuzzy subset
A of the real line R with membership function p 4 :
R — [0, 1] which is (see [11]):

e normal (i.e. there exist an element xy such that
pa(zo) = 1),

o fuzzy convex (i.e. pa(Azy + (1 — N)ag) >
:U’A('rl) A HA(I2)7 VIl,IQ S Ra VA e [07 1})7

® (14 is upper semicontinuous,

o supp(A) is bounded, where supp(A4) = cl({x €
R : pa(x) > 0}), and ¢l is the closure operator.

A space of all fuzzy numbers will be denoted by
F(R).
It is known that for any fuzzy number A there
exist four numbers ay, as,as3,as € R and two func-
tions l4,74 : R — [0,1], where 4 is nondecreasing
and 74 is nonincreasing, such that we can describe
a membership function g4 in a following manner

if r<ap
la(z) if a1 <z<a
palz) =14 1 if ax<z<ag (1)
ra(x) if az<z<ay

0 if a4 <.
Functions 14 and r4 are called the left side and the
right side of a fuzzy number A, respectively.

Moreover, let A, = {z € R : pa(z) > a}, a €
(0,1], denote an a-cut of a fuzzy number A. As it
is known, every a-cut of a fuzzy number is a closed
interval, i.e. A, = [AL(), Ay(a)], where Ap(a) =
inf{x € R: pa(x) > a} and Ay(a) = sup{z € R:
pa(x) > af.

The core of a fuzzy number A is the set of all
points that surely belong to A, i.e. core(A) ={z €
R:pa(z)=1} = Aps.

The expected interval EI(A) of a fuzzy number A
is given by (see [12], [21])

EI(A) = [EIL(A),EIy(

A)] (2)
[/01 AL(a)da,/Ol AU(a)da} .



The middle point of the expected interval given by

EV(4)= ( / ' Ap(a)da+ / 1 AU<a>da> (3)

is called the expected value of a fuzzy number and it
represents the typical value of the fuzzy number A
(see [12], [21]). Sometimes its generalization, called
weighted expected value, might be interesting. It is
defined as

1 1
BV,(4) = (1=0) [ Asfa)ia+q [ Av(a)do.
(4)

where ¢ € [0,1] (see [13]). Another parameter char-
acterizing the typical value of the magnitude that
the fuzzy number A represents is called the value of
fuzzy number A and is defined by (see [10])

Val(A) = /0 a(AL(a) + Au(@)da ()

To describe the nonspecifity of a fuzzy number we
usually use so-called width of a fuzzy number (see

[9]) defined by

1
_ /0 (Au(a) — Ap(a))da.

w(A) = pa(z)de (6)

The next index
fuzzy number A,
(see [10])

characterizing the vagueness of
called the ambiguity, is given by

Amb(A) = /0 a(Ay(a) — Ap(a))da.  (7)

3. Trapezoidal approximation

Suppose that for a certain reason or just for sim-
plicity we want to find a suitable approximation of a
fuzzy number under study. It seems that sufficiently
effective simplification of the fuzzy number shape
can be reached by the piecewise linear curves lead-
ing to triangle, trapezoidal or orthogonal member-
ship functions. Since these three mentioned shapes
are particular cases of the trapezoidal one, further
on we will consider just the trapezoidal approxima-
tion of fuzzy numbers. It means that we want to
substitute given fuzzy number A by the trapezoidal
fuzzy number T'(A), i.e. by a fuzzy number with a
following membership function

0 if < t1,
Ziill if th1<z< to,
Hre (@) = 1 if to<z<ts, (8)
_r .
tf—t3 if t3 <z <ty,
0 if ty <.

Since we can do this in many ways we need some
additional constraints which guarantee that our ap-
proximation would be reasonable. One of the most
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natural idea is to construct T(A) that is the clos-
est to the original fuzzy number A with respect to
given distance d. Sometimes we add additional re-
quirements which warrant that our approximation
would possess some desired properties, like preser-
vation fixed parameters or relations, continuity, etc.
This problem was considered by many authors (see,
e.g. [1,2,3,4,5,8,15,16, 17, 18, 22, 23, 25, 26, 27].
For example, it was suggested in [17] to consider
the nearest trapezoidal approximation operator pre-
serving the expected interval, i.e. the approximation
operator T which produces a trapezoidal fuzzy num-
ber T'(A) that is the closest with respect to distance
d(A,T(A)), where

(A, T(4)) = / [Ap(a) — T(A)(@)da (9)

1
+ / Ay (0) - T(A)y () da

to given original fuzzy number A among all trape-
zoidal fuzzy numbers having identical expected in-
terval as the original one, i.e. satisfying a following
condition

EI(T(A)) = EI(A). (10)
It is worth noting the invariance of the expected in-
terval assures many other properties (for more de-
tails we refer the reader to [17] where the broad list
of desired requirements that the approximation op-
erator should possess is also given). The research on
this operator was continued in [5], [18], [15], [16].

Whatever trapezoidal approximation is consid-
ered the goal reduces to finding such real num-
bers t; < ty < t3 < t4 that characterize T(A) =
T(t1,ta,t3,t4). It is so because any trapezoidal
fuzzy number is completely described by four real
numbers that are borders of its support and core.
Let us recall the algorithm for computing the near-
est trapezoidal approximation preserving the ex-
pected interval given in [16].

Algorithm 1

Step 1. If Amb(A) > zw(A) then apply operator
T1(A) = T (t1,t2,t3,t4) given by

1 1
t1 = 4/ AL(a)da—G/ aAr (o) do
0 0
1 1
ty = —2/ AL(a)da—l—G/ aAr (o) do
0 0
1 1
t3 = —2/ AU(a)da+6/ aAy (o) da
0 0

1 1
ty = 4/ Ay () da—6/ aAy (o) da
0 0

else



Step 2. if EV1(A) < Val(A) < EV;(A) then ap-
ply operator T5(A) = T (t1, o, ts, ts) given by

1 1
1 = 3/ AL(a)da+/ Ay (a)da
0 0
1 1
—3/ aAr (@) da—3/ aAy (a) do
0 0
1 1
ty = tng/ AL(a)daf/ Ay (a)da
0 0

1 1
—|—3/ aAyp (o) do + 3/ aAy (o) do
0 0
1 1
ty = / AL(a)da—H’)/ AU(a)da
0 0
1 1
—3/ aAr () da — 3/ aAy (o) da
0 0

else

Step 3. if Val(A) < EV1(A) then apply operator
T3(A) = T5(ty1,to, t3,t4) given by

1
tl = f2:t3:/ AL(Oé)d/Oz
0
1

ta =

1

2/ AU(Ot)dOéf/ Ap(a)da
0 0

else

Step 4. apply operator Ty(A) = Ty(t1,t2,t3,t4)

given by
1 1
1 = 2/ AL(a)da—/ Ay (a)da
0 0
1
tg = t3:t4:/ AU(Oé)dOé.
0

Although expressing conditions differently, the
equivalent operators are given in [5] and [23]. There-
fore, we conclude that we have received four dif-
ferent operators providing the nearest trapezoidal
fuzzy number that preserves the expected value of
the original fuzzy number, where T} leads to trape-
zoidal fuzzy number, T5 stands for the operator that
leads to triangular fuzzy number with two sides,
while T35 and Ty produce triangular fuzzy numbers
with the right side only or with the left side only,
respectively.

Unfortunately, for very skew membership func-
tions our optimal approximation operators reveal
quite unpleasant behavior. Namely, if Val(4) <
EVi/3(A) or Val(A) > EVy/3(A), then it may hap-
pen that the core of the corresponding operator’s
output T3(A) or Ty(A), respectively, is disjoint with
the core of the original fuzzy number A. To illus-
trate such situation let us consider Example 3 given
in [15].
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Example

Suppose a fuzzy number A has a membership func-
tion

(x+1)2 if —1<z<0,
() = 1 if 0<x<1,
HAWTZ Y (8s2)2 if 1< <40,
0 otherwise.

Hence we compute immediately its a-cuts A,

[V — 1,40 — 39y/a] and we get Amb(A) = 2

A

%u(A) = 2 and Val(4) = £ < EVi(A)

% » S0 the nearest trapezoidal approximation is T3
which produces the following triangular fuzzy num-
ber T3(A) = T5(—3,—%,—4,%). It is easily seen
that core(A) = [0,1], core(T(A)) = {—%} and
hence core(A) Ncore(T(A))=0. A

To avoid such undesired situations Abbasbandy
and Hajjari [4] considered trapezoidal approxima-
tion preserving the core of a fuzzy number. Al-
though this idea sometimes might be useful, some
objections also appear. Actually, pa(z) = 1 leads
to perfect information that x surely belongs to A. If
1 (x) is close to 1 we say that x rather belongs to A.
And conversely, pa(z) = 0 shows that x surely does
not belong to A (and belongs to —A) which is also a
perfect information. Similarly, = such that pa(z) is
close to 0 is interpreted as a point that rather does
not belong to A. However, if pa(x) is close to 0.5
we dot know how to classify x because it belong to
A and to it’s completion —A more or less with the
same degree. Thus, to sum up, degrees of member-
ship both high (close to 1) and low (close to 0) are
much more informative than those close to 0.5 and
hence there is no reason to favor the core only and
to discriminate against the support. Unfortunately,
if we fix both the core and support we obtain a
naive approximation T(A) = T'(ay, as, a3, a4) which
neglects completely the shape of the arms of the
original fuzzy number A.

Therefore, to evade this trap we have to weaken
slightly requirements for the core and support
preservation. However, we should do it without
loosing the main idea at the same time. It seems
that the right direction was suggested in [14] (see
Def. 2), i.e. instead of the core and support preser-
vation the appropriate inclusions would be desir-
able. Namely, it seems that the sufficiently strong
requirement to be satisfied are

core(A) C  core(T(A))
supp(T'(A)) €  supp(A)

or, using notation adopted above, we may demand
for

(11)
(12)

[t2, 3]

[a1, a].

(13)

lag,a3] C
C (14)

[t1,t4]

These conditions reflect our concern that each
point which surely belong to A would also belong



to T'(A) and that each point which surely does not
belong to A would not belong to T'(A).

4. Trapezoidal approximation with
restrictions on support and core

It is easily seen that the a-cut of T'(A) is equal
to [t1 + (t2 — t1) o, t4 — (t4 — t3)a]. Since a trape-
zoidal fuzzy number is completely described by four
real numbers that are borders of its support and
core, our goal reduces to finding such real num-
bers t; < ty < t3 < t4 that characterize T(A) =
T(t1,ta,t3,ts). Substituting it into (9) and (10) our
problem might be expressed as follows:
find tq,to, t3, t4 which minimize

d*(A, T(A)) = (15)

:/0 [AL(a) — (t1 + (t2 — 1) )2 da

1
+A Ay () — (ta — (ta — t3)o)]? da

with respect to condition that guaranties the ex-
pected interval invariance under approximation

[ 254] - [ . i
(16)

and the restriction (11)-(12) for the support and
core

a; <t; <ty <ax <az <it3 <ty <ay. (17)

We assume that a1 < as and ag < a4 because
otherwise lineralization of the left or right arm, re-
spectively, has no sense. It is easily seen that our
problem can be solved as two separate minimization
programs:

Program 1: find ¢; and ¢t5 which minimize

AATA) = [ [An(@) = (6 + ( — 1) ) d

such that
—= —FEI,(A) =0,

where
a1 <t <ty < as.

Program 2: find ¢3 and t4 which minimize

F2(A,T(A)) = /O [Au(a) — (ts — (ts — ta)a)] da

such that

— Ely(A) =0,

where
az <tz <ty < ag.

To get a solution of Program 1 we apply the
Karush-Kuhn-Tucker theorem for the local mini-
mizer of f1(t) subject to hy(t) = t1+ta—2E1;(A) =

0 and g1(t) = [a; — t1,¢1 — ta,t2 — ag] < 0. Then
there exist the Lagrange multiplier vector &£ and the
Karush-Kuhn-Tucker multiplier A such that

Dfi(t) + EDhi(t*) + A" Dgi(t) = 07,
)\Tgl (t) = 0,
A > 0.

In our case, after some calculations, we get

1
Dfl(t) = |:3t1 + 3t2 +2/0 aAL(a)da
1
-2 | Ap(a)do,
0
1
-2 A
3t1 + 3t2 /0 « L(oz)doz]
Dhy(t7) =[1,1],
-1 0
Dy (t) = L1
0 1
AT - [)\13)‘2) A3]

Therefore, we can rewrite the Karush-Kuhn-
Tucker conditions in a following way:

2y 2/1 aAL(a)da (18)
3 3 0
1
—2/ AL(Oz)dOé+€—)\1+)\2 = 0
0
1 2 !
—t1 + —to — 2/ aAr(a)do (19)
3173 o
+E—Xo+As = 0
t1+ta—2FI(A) = 0 (20)
(a1 - t1)>\1 = 0 (21)
(t1 —t2)A2 = 0 (22)
(tQ — ag))\g, =0 (23)
A= 0 (24)
A > 0 (25)
Az > 0. (26)

From (20) we get to = 2EIL(A) — t1 and since
by (2) EFIL(A) = fol Ap(a)da we may rewrite first
two equations of the aforementioned system in the
following way

b — ABIL(A) + 6 / A, (a)da (27)
-3 3 = 0

4 ABIL(A) — 6 / A, (a)da (28)
+3§0— e t+3\; = 0

Because of inequalities (24)-(26) we have to con-
sider 9 possible situations. Let us firstly assume



that A\; = Ag = A3 = 0. Then adding (27) and (28)
we get & = 0 and thus we obtain

1
t1 = 4EIL(A)—6/ aAr(a)da
0

1
ty = 6/ aArp(a)da —2EIL(A).
0

Now suppose that A\; > 0 while still Ay = A3 = 0.
Then by (21)

t =
ty =

ay
2EIL (A) — az.

However, when substituting this solution into (27)
and (28) we obtain

1
M= a1 SBIL(A) +4 / aAp(a)da.
0

Therefore, since A; > 0, the last solution holds pro-
vided

1
a; > 4EIL(A) — 6/ aAr(a)do.
0

Let us now consider Ao > 0 and A\; = A3 = 0.
Then by (22) and (20) we get t1 = to = EIp(A).
Substituting this value into (27) and (28) we obtain

1
Ao =FEIL(A) — 2/ aAr(a)da.
0

Since Ay > 0 hence our last solution will exist pro-
vided EI(A) > 2f01 aAr(a)da. However,

1
)\2 = EIL(A) — 2/ CYAL(OZ)dOt.
0

Since A > 0 hence our last solution will exist pro-
vided EIL(A) > 2f01 aAr(a)da. However,

EIL(A) - 2/1 aAr(a)da
0

_ /O1 AL(a)—2/01aAL(a)da
/1(1 — 2a)Ap()da

0

/01/2(1 —20)AL(a)da + /1;2

1/2
/ (1-2a)Ar(a)da
0

1/2
+ /0 (28— 1)AL(1 - B)d3

1/2
/ (1-20)[Ar(a) — A(1 — a)lda < 0
0

which contradicts the assumption that Ay > 0.

(29)

(30)

(1 -2a)Ar(a)da
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Next situation corresponds to Ag > 0 and \; =
A2 = 0. Then by (23) and (20) we get

tl = 2EIL(A) — az

t2 = Qa2.

Substituting, as usual, the suggested solution into
(27) and (28) we obtain
2

)\3 = ——=a2 —

1
%EIL(A)+4/ aAr(a)da.
39273 A

Therefore, since A3 > 0, the last solution exists pro-
vided

1
ag < 6/ aArp(a)da —2EIL(A).
0

Now let us consider what happenif Ay > 0, Ay =0
and Az > 0. By (21) and (23) we obtain

tl = ai

t2 = as.

As an immediate conclusion we get that the last
solution is possible provided

Bl (A) =2 ;‘LQ.
Moreover, equations (27) and (28) provide the fol-
lowing formulae
2 8 !
301~ gEIL(A) +4 | aAp(a)da= XA+ A3
0
which, by the assumptions A\; > 0 and A3 > 0 and
(31) gives us two requirements for the solution ex-
istence

(31)

1
ap > 4EIL(A)—6/ aAr(a)da
0

1
ay < 6/ aAr(a)doa —2EIL(A).
0

Next situation to be considered is Ay =0, Ay >0
and Az > 0 which, by (22) and (23) leads to t; =
to = ao. However, such solution is not possible,
because it means by (20) that a; = EIr(A) which
cannot be happen for a; # as.

Quite similar situation happens for \; > 0, Ay >
0 and A3 = 0 since then we get t; = to = a1 =
EI;,(A) which, of course, cannot hold for a; # as.

Finally, the last possible case, i.e. A1 > 0, Ao >0
and A3 > 0, does not also produce any new solution
since it implies ay = t1 = t9 = as which contradicts
our assumption that a; < as.

Therefore, after discussing all possible cases re-
lated to (18)-(26) we have actually proved the fol-
lowing proposition.

Proposition 1 Let A denote a fuzzy number with
the support [ay,a4] and core [az.az]. Then the
left arm of the trapezoidal fuzzy number T(A) =
T(t1,t2,t3,t4) nearest to fuzzy number A and pre-
serving its expected interval is defined by t1 and to
given as follows:



(a1) if a1 < 4EIL(A) — 6, aAr(a)da
6f01 aArp(a)da — 2EIL(A) < ay then

and

1
tl 4EIL(A) — 6/ CYAL(Oz)dOt
0

1
2 6/ aAr(a)da —2EIL(A)
0

(b1) if AFIL(A) — 6f01 aAp(a)da < a; and
6f01 aArp(a)da —2EIL(A) < ag then

tq
ta

ay

QEIL (A) — aq

(c1) if a1 < AEIL(A) — 6f01 aAr(a)da and ay <
6 fol aAr(a)da — 2EIL(A) then

tq
ta

2EIL(A) — ay

as.

(d1) if AEIL(A) — 6]01 aAp(a)da < a1 and ay <
6 fol aAr(a)da — 2EIL(A) then

ty
ta

ai,

= Qa2.

Looking on this proposition one immediately con-
clude that the particular solution depends on the
relationship between the lower bounds of the sup-
port and core of the fuzzy number under study
and two values 4FIL(A) — 6f01 aAr(a)da and

6f01 aAr(a)do — 2E11(A), respectively. Thus let
us try to find a suitable interpretation for these two
critical values. It seems that the notion of the left
spread LSP(A) of a fuzzy number A might be help-
ful there. We define LSP(A) by (see, e.g., 777?)

LSP(A) = 6 /0 (a— %)AL () da

6/0 aAr(a)da —3EIL(A).

By (29) LSP(A) > 0 for any fuzzy number A. It
is easily seen that using this notion we can express
Proposition 1 in the following equivalent way.

Proposition 2 Let A denote a fuzzy number with
the support [ay,a4] and core [ag,as]. Then the
left arm of the trapezoidal fuzzy number T(A)
T(t1,t2,t3,t4) nearest to fuzzy number A and pre-
serving its expected interval is defined by t1 and to
given as follows:

(al) if ax < EIL(A) — LSP(A) and EIL(A) +
LSP(A) < ay then

t1
to

EIL(A) — LSP(A)
EIL(A) + LSP(A)
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(b1) if EIL(A) — LSP(A) < a1 and EIL(A) +
LSP(A) < ay then

ty
to

ay,

QEIL (A) — a

(c1) ifay < EIL(A)— LSP(A) and as < EIL(A)+
LSP(A) then

tq
ta

2EIL(A) — as

as.

(d1) if EIL(A)— LSP(A) < a1 and ay < EIL(A)+
LSP(A) then

tq
to

a1

as.

In a similar way we can solve the second min-
imization program devoted to the right arm of a
fuzzy number. We apply again the Karush-Kuhn-
Tucker theorem for the local minimizer of fa(t)
subject to ha(t) ts + t4 — 2EIy(A) = 0 and
g2(t) = [az—t3,t3—1t4,t4—a4] < 0. Then there exist
the Lagrange multiplier vector 1 and the Karush-
Kuhn-Tucker multiplier 7 such that

D fa(t) +EDha(t*) + 7" Dga(t) o,
Tng(t) = 0,
o>

In our case, after some calculations, we get

D f(t)

= gt +lt —2/1aA (a)da
- 33 34 0 U )

1 2 !
—t3+ =ts +2 aAy(a)da
3 3 o

9 /O 1 ozAU(a)doz}

Dhy(t*) =[1,1],

-1 0
Dga(t) = | 1 -1
0 1

TT = [)\1,)\27>\3}.

After considering different situations and making
some calculations, similarly as for the left arm of a
fuzzy number, we obtain a final result. To express
it nicely we utilize the upper spread USP(A) of a
fuzzy number A defined by (see, e.g., 777)

USP(A) = 6 /O (% — )4y (a) da

3EIy(A) — 6/0 aAy(a)da.

It can be shown that USP(A) > 0 for any fuzzy
number A. Finally we obtain the following propo-
sition.



Proposition 3 Let A denote a fuzzy number with
the support [ay,a4] and core [ag.az]. Then the
right arm of the trapezoidal fuzzy number T(A) =
T(t1,t2,t3,t4) nearest to fuzzy number A and pre-
serving its expected interval is defined by t3 and ty
given as follows:

(a2) if a3 < EIy(A) — USP(A) and Ely(A) +
USP(A) < a4 then
ts = EIy(A)—USP(A)

t = EIy(A)+USP(A)

(b2) if EIy(A) — USP(A) < as and EIL(A) +
USP(A) < a4 then
t3 = as,
ty = 2EIU(A)7(13
(c2) ifas < EIy(A)—USP(A) and ay < EIp(A)+
USP(A) then
t3 = 2EIU(A) — Q4

t4 = Q4.

(d2) if EIy(A)—USP(A) < ag and ay < EIL(A)+
USP(A) then

t3 =
ty =

as

Qy.
5. Discussion

First of all let us go back to the example which
formed a starting point to our considerations.

Example (cont.)

One can easily compute basic characteristics of the
fuzzy number under study required for choosing
the proper trapezoidal approximation. Namely,
El(A) = —%, EIy(A) = 14, LSP(A) = % and
USP(A) = ?.

Since EI (A) — LSP(A) = =3 > a; = -1 and
EIL(A)+ LSP(A) = £ > ay = 0, hence, by Prop.
2 we get t1 = 2FEI(A) —ag = —% and ty = ay =
0. Moreover, since EIy(A) — USP(A) = -2 <
az = 1 and Ely(A) + USP(A) = 128 < a4 = 40,
then, by Prop. 3 we have t3 = a3 = 1 and t4, =
2FEIy(A) — az = 27. Therefore, finally we obtain
T(A) =(-2,0,1,27).

It is easily seen that core(A) = core(T(A)) and
supp(T(A)) C supp(A). B

Let us also notice that our previous operator
T coincides with the approximation operator ob-
tained when a1y < EIp(A) — LSP(A), EIL(A) +
LSP(A) < ag, ag < EIy(A) — USP(A) and
Ely(A)+USP(A) < ay.

Since all the operators given by Prop. 2 and
Prop. 3 preserve the expected interval they satisfy
many desired properties described and discussed
thoroughly in the literature (see, e.g. [17], [18]).
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6. Conclusion

In the present contribution we have considered the
problem of trapezoidal approximation of fuzzy num-
bers for that not only preserves the expected inter-
val but satisfy also some natural requirements for
the support and core. Due to these improvements
we avoid possible troubles with the interpretation of
the solution for any fuzzy numbers even those with
a very skew membership function.
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