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Abstract

In this paper firstly we extend from [0, 1] to an
arbitrary compact interval [a, b], the definition of
the nonlinear Bernstein operators of max-product
kind, B

(M)
n (f), n ∈ N, by proving that their order

of uniform approximation to f is ω1(f, 1/
√

n) and
that they preserve the quasi-concavity of f . Since
B

(M)
n (f) generates in a simple way a fuzzy num-

ber of the same support [a, b] with f , it turns out
that these results are very suitable in the approxi-
mation of the fuzzy numbers. Thus, besides the ap-
proximation properties, for sufficiently large n, we
prove that these nonlinear operators preserve the
non-degenerate segment core of the fuzzy number
f and, in addition, the segment cores of B

(M)
n (f),

n ∈ N, approximate the segment core of f with the
order 1/n.

Keywords: fuzzy numbers, nonlinear Bernstein op-
erator of max-product kind

1. Introduction

Recently, many papers made investigations on the
approximation of fuzzy numbers by trapezoidal or
triangular fuzzy members (see [1]-[3], [5]-[6], [12],
[16]-[19], [24]-[27], [29]) and by non-linear side func-
tions (see [4], [7], [20], [23], [28]). The main aim
of this note is to use the so-called Bernstein oper-
ator of max-product kind, firstly introduced (and
formally studied) in the book [14], p. 325-326 and
completely studied in the papers [9], [8], [13], for ap-
proximating fuzzy numbers with continuous mem-
bership functions.

The study of max-product type operators started
with the papers [10]-[11], where the authors intro-
duced and studied the Shepard nonlinear operator
of max-product kind. For a positive continuous
function f : [0, 1] → R, the max-product Bernstein
operator was defined in [14], by

B(M)
n (f)(x) =

∨n
k=0 pn,k(x)f(k/n)∨n

k=0 pn,k(x)
, x ∈ [0, 1] (1)

where pn,k(x) =
(
n
k

)
xk(1 − x)n−k. Here

∨
means

maximum.

Notice that the max-product Bernstein operator
is obtained from the linear Bernstein polynomial
written in the form

Bn(f)(x) =
∑n

k=0 pn,k(x)f(k/n)∑n
k=0 pn,k(x)

,

replacing the ”sum” operator by the ”maximum”
operator.

As it was proved in [8], [9], B
(M)
n (f) is a con-

tinuous nonlinear (more exactly sublinear on the
space of positive functions) operator, well-defined
for all x ∈ R, and a piecewise rational function on
R. In addition we have B

(M)
n (f)(0) = f(0) and

B
(M)
n (f)(1) = f(1). Also, in [8] it was proved that

B
(M)
n (f) preserves the monotonicity and the quasi-

convexity of f on [0, 1] and that the order of uniform
approximation by B

(M)
n (f) is 12ω1(f, 1/

√
n + 1),

where for g : [0, 1] → R and δ > 0, we take

ω1(f, δ) = sup{|g(x) − g(y)| : x, y ∈ [0, 1],

|x − y| ≤ δ}.
Then, in the paper [13] it was proved that the or-
der of uniform approximation in the whole class
C+([0, 1]) of positive continuous functions on [0, 1],
cannot be improved, in the sense that there exists
a function f in C+([0, 1]), for which the approxima-
tion order by the max-product Bernstein operator
is exactly ω1(f, 1/

√
n). However, for the class of

strictly positive Lipschitz functions, a Jackson type
estimate, ω1(f, 1/n), was obtained. Finally, in the
same paper it was proved that B

(M)
n preserves the

quasi-concavity too.
Now, since the restriction of a continuous fuzzy

number to its compact support is a quasi-concave
function, naturally it is suggested that B

(M)
n could

be used to approximate a fuzzy number (more cor-
rectly the restriction of a fuzzy number to its sup-
port). On the other hand, since B

(M)
n preserves the

monotonicity, we can use the operator B
(M)
n to ap-

proximate fuzzy numbers given in the parametric
LU -form too.

The plan of the paper goes as follows. In Section
2 we define the Bernstein max-product operator on
a compact interval [a, b] and prove that the approxi-
mation and shape preserving properties one transfer
from the case of the [0, 1] interval.
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In Section 3, we discuss all the aspects connected
to the approximation of fuzzy numbers by these
nonlinear operators.

Finally, we present on concrete examples, two
graphs which illustrate how the max-product Bern-
stein operators approximate a fuzzy number and
what advantages present with respect to the approx-
imation of fuzzy numbers by the associated linear
Bernstein polynomials.

2. Bernstein max-product operators defined
on compact intervals

From now one, through out this paper, we denote
by C(I) and C+(I) respectively, the space of con-
tinuous functions defined on an interval I and the
space of positive continuous functions defined on I
respectively.

For a function f ∈ C+([a, b]), we define the cor-
responding max-product Bernstein operator by

B(M)
n (f)(x) =

∨n
k=0 pn,k(x)f(a + k · b−a

n )∨n
k=0 pn,k(x)

, x ∈ [a, b]

where pn,k(x) =
(
n
k

)(
x−a
b−a

)k

·
(

b−x
b−a

)n−k

. Since∑n
k=0 pn,k(x) = 1 for all x ∈ [a, b], it is immediate

that
∨n

k=0 pn,k(x) > 0 for all x ∈ [a, b] which means
that B

(M)
n (f) is well defined. Also, by simple calcu-

lations we get B
(M)
n (f)(a) = f(a) and B

(M)
n (f)(b) =

f(b). Then, since the maximum of a finite number
of continuous functions is a continuous function, we
get that for any f ∈ C+([a, b]), B

(M)
n (f) ∈ C+([a, b])

too. Actually, if f : [a, b] → R+ is bounded (not nec-
essarily continuous) then one can easily prove that
B

(M)
n (f) ∈ C+([a, b]).
In this section we will prove that B

(M)
n :

C+([a, b]) → C+([a, b]) has the same order of uni-
form approximation as the linear Bernstein operator
and that it preserves the quasi-concavity too. First
we need the following results and definitions.

Theorem 1 ([8], Theorem 4.1.) If f : [0, 1] → R+

is continuous then we have the estimate

|B(M)
n (f)(x) − f(x)| ≤ 12ω1

(
f ;

1√
n + 1

)
,

for all n ∈ N, x ∈ [0, 1].

Theorem 2 ([13], Theorem 5.1.) Let us consider
the function f : [0, 1] → R+ and let us fix n ∈ N,
n ≥ 1. Suppose, in addition, that there exists
c ∈ [0, 1] such that f is nondecreasing on [0, c]
and nonincreasing on [c, 1]. Then, there exists c′ ∈
[0, 1] such that B

(M)
n (f) is nondecreasing on [0, c′]

and nonincreasing on [c′, 1]. In addition we have
|c − c′| ≤ 1

n+1 and

∣∣∣B(M)
n (f)(c) − f(c)

∣∣∣ ≤ ω1

(
f,

1
n + 1

)
.

Definition 3 Let f : [a, b] → R be continuous on
[a, b]. The function f is called:

(i) quasi-convex if

f(λx + (1 − λ)y) ≤ max{f(x)), f(y},

for all x, y ∈ [a, b], λ ∈ [0, 1], (see, e.g. [14], page 4,
(iv));

(ii) quasi-concave, if −f is quasi-convex.

Remark 4 By [22], the continuous function f is
quasi-convex on [a, b] equivalently means that there
exists a point c ∈ [a, b] such that f is nonincreasing
on [a, c] and nondecreasing on [c, b]. From the above
definition, we easily get that the continuous func-
tion f is quasi-concave on [a, b], equivalently means
that there exists a point c ∈ [a, b] such that f is
nondecreasing on [a, c] and nonincreasing on [c, b].

We can now present the main results of this sec-
tion.

Theorem 5 If a, b ∈ R, a < b and f : [a, b] → R+

is continuous, then we have the estimate

|B(M)
n (f)(x)−f(x)| ≤ 12([b−a]+1)ω1

(
f ;

1√
n + 1

)
,

for all n ∈ N, x ∈ [a, b]. Here ω1 denotes the modu-
lus of continuity of f on [a, b].

Proof. Let us consider the function g : [0, 1] →
R, g(y) = f(a + (b − a)y). It is easy to check that
g(k/n) = f(a+k · b−a

n ) for all k ∈ {0, 1, ..., n}. Now,
let us choose arbitrary x ∈ [a, b] and let y ∈ [0, 1]
be such that x = a + (b − a)y. This implies y =
(x−a)/(b−a) and 1−y = (b−x)/(b−a). From these
equalities and noting the expressions for g(k/n) we
obtain B

(M)
n (f)(x) = B

(M)
n (g)(y). By Theorem 1 we

get∣∣∣B(M)
n (f)(x) − f(x)

∣∣∣ =
∣∣∣B(M)

n (g)(y) − g(y)
∣∣∣

≤ 12ω1

(
g;

1√
n + 1

)
.

Since ω1

(
g; 1√

n+1

)
≤ ω1

(
f ; b−a√

n+1

)
and from the

property ω1 (f ; λδ) ≤ ([λ] + 1)ω1 (f ; δ) we obtain
ω1

(
g; 1√

n+1

)
≤ ([b − a] + 1)ω1

(
f ; 1√

n+1

)
and the

theorem is proved.

Theorem 6 Let us consider the function f :
[a, b] → R+ and let us fix n ∈ N, n ≥ 1. Sup-
pose in addition that there exists c ∈ [a, b] such
that f is nondecreasing on [a, c] and nonincreas-
ing on [c, b]. Then, there exists c′ ∈ [a, b] such that
B

(M)
n (f) is nondecreasing on [a, c′] and nonincreas-

ing on [c′, b]. In addition we have |c − c′| ≤ b−a
n+1 and∣∣∣B(M)

n (f)(c) − f(c)
∣∣∣ ≤ ([b − a] + 1)ω1(f, 1

n+1 ).
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Proof. We construct the function g as in the
previous theorem. Let c1 ∈ [0, 1] be such that
g(c1) = c. Since g is the composition between f and
the linear nondecreasing function t → a + (b − a)t,
we get that g is nondecreasing on [0, c1] and non-
increasing on [c1, 1]. By Theorem 2 it results that
there exists c′1 ∈ [0, 1] such that B

(M)
n (g) is nonde-

creasing on [0, c′1], nonincreasing on [c′1, 1] and in ad-
dition we have

∣∣∣B(M)
n (g)(c1) − g(c1)

∣∣∣ ≤ ω1(g, 1
n+1 )

and |c1 − c′1| ≤ 1
n+1 . Let c′ = a + (b − a)c′1. If

x1, x2 ∈ [a, c′] with x1 ≤ x2 then let y1, y2 ∈ [0, c′1]
be such that x1 = a+(b−a)y1 and x2 = a+(b−a)y2.

Then, it follows that B
(M)
n (f)(x1) = B

(M)
n (g)(y1)

and B
(M)
n (f)(x2) = B

(M)
n (g)(y2). The monotonic-

ity of B
(M)
n (g) implies B

(M)
n (g)(y1) ≤ B

(M)
n (g)(y2),

that is B
(M)
n (f)(x1) ≤ B

(M)
n (f)(x2). We thus ob-

tain that B
(M)
n (f) is nondecreasing on [a, c′]. Using

the same type of reasoning we obtain that B
(M)
n (f)

is nonincreasing on [c′, b]. For the rest of the proof,
noting that |c1 − c′1| ≤ 1

n+1 we get |c − c′| =
|(b − a)(c1 − c′1)| ≤ b−a

n+1 . Finally, noting that∣∣∣B(M)
n (g)(c1) − g(c1)

∣∣∣ ≤ ω1(g, 1
n+1 ) and taking into

account that ω1(g, 1
n+1 ) ≤ ([b − a] + 1)ω1(f, 1

n+1 ),
we obtain∣∣∣B(M)

n (f)(c) − f(c)
∣∣∣ =

∣∣∣B(M)
n (g)(c1) − g(c1)

∣∣∣
≤ ω1(g,

1
n + 1

)

≤ ([b − a] + 1)ω1(f,
1

n + 1
)

and the proof is complete.

Remark 7 From the above theorem and by Remark
4, it results that if f : [a, b] → R+ is continuous and
quasi-concave then B

(M)
n (f) is quasi-concave too.

Remark 8 As we have mentioned in the Introduc-
tion, for functions in the space C+([0, 1]), B

(M)
n

preserves the monotonicity and the quasi-convexity.
Reasoning similar as in the proof of Theorem 6, it
can be proved that these preservation properties hold
in the general case of the space C+([a, b]).

3. Applications in the approximation of
fuzzy numbers

Definition 9 A fuzzy number u is characterized by
an upper semicontinuous function µu : R →[0, 1]
with the following properties:

(i) There exists a, b ∈ R, a ≤ b such that µu(x) =
0 outside [a, b].

(ii) There exists c, d ∈ R, c ≤ d such that:
(ii1) µu is nondecreasing on [a, c];
(ii2) µu(x) = 1 for all x ∈ [c, d];
(ii2) µu is nonincreasing on [d, b].

The set {x ∈ R : µu(x) = 1} is called the core of u
and it is denoted by core(u). The closure of the set

{x ∈ R : µu(x) > 0} is called the support of u and
it is denoted by supp(u). From the above definition
it is immediate that supp(u) is a bounded interval.
If µu is continuous and supp(u) = [a, b], core(u) =
[c, d], then we necessarily have a < c ≤ d < b.
For simplicity, from now one we will use the same
notation for a fuzzy number and for its membership
function.

We need the following auxiliary results.

Lemma 10 Let a, b ∈ R, a < b. For n ∈ N, k,
j ∈ {0, 1, ..., n} and x ∈ (a+j · b−a

n+1 , a+(j+1)· b−a
n+1 ),

let

mk,n,j(x) =
pn,k(x)
pn,j(x)

.

Then mk,n,j(x) < 1 for all j ∈ {0, 1, ..., n} and k ∈
{0, 1, ..., n}\{j}.

Proof. Without any loss of generality we may
suppose that a = 0 and b = 1, because using the
same reasoning as in the proof of Theorems 5-6 we
easily obtain the conclusion of the lemma in the
general case. So, let us fix x ∈ (j/(n + 1), (j +
1)/(n + 1)). According to Lemma 3.2. in [8] we
have

m0,n,j(x) ≤ m1,n,j(x) ≤ ... ≤ mj,n,j(x)

mj,n,j(x) ≥ mj+1,n,j(x) ≥ ... ≥ mn,n,j(x)

Since mj,n,j(x) = 1, it suffices to prove that
mj+1,n,j(x) < 1 and mj−1,n,j(x) < 1. By direct
calculations we get

mj,n,j(x)
mj+1,n,j(x)

=
j + 1
n − j

· 1 − x

x
.

Since the function g(y) = (1 − y)/y is strictly de-
creasing on the interval [j/(n + 1), (j + 1)/(n + 1)],
it results that

1 − x

x
>

1 − (j + 1)/(n + 1)
(j + 1)/(n + 1)

=
n − j

j + 1
.

Clearly, this implies mj,n,j(x)/mj+1,n,j(x) > 1,
that is mj+1,n,j(x) < 1. By similar reasonings we
get that mj−1,n,j(x) < 1 and the proof is complete.

Lemma 11 If a, b ∈ R, a < b and f : [a, b] → R+

is bounded then, for all j ∈ {0, 1, ..., n}, we have
B

(M)
n (f)(a + j(b − a)/n) ≥ f(a + j(b − a)/n).

Proof. From Lemma 10, since a + j(b − a)/n ∈
(a + j(b − a)/(n + 1), a + (j + 1)(b − a)/(n + 1))
and since mk,n,j(a + j(b − a)/n) = pn,k(a+j(b−a)/n)

pn,j(a+j(b−a)/n)

for all k ∈ {0, 1, ..., n}, it follows that∨n
k=0 pn,k(a + j(b − a)/n) = pn,j(a + j(b − a)/n).

Then, we have
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B
(M)
n (f)(a + j(b − a)/n)

=
∨n

k=0 pn,k(a + j(b − a)/n)f(a + k(b − a)/n)
pn,j(a + j(b − a)/n)

≥ pn,j(a + j(b − a)/n)f(a + j(b − a)/n)
pn,j(a + j(b − a)/n)

= f(a + j(b − a)/n)

and the lemma is proved.
Now, suppose that u is a fuzzy number such

that supp(u) = [a, b] and core(u) = [c, d]. For
n ∈ N we introduce the function B̃

(M)
n (u) :

R → [0, 1], B̃
(M)
n (u)(x) = 0 for all x outside [a, b]

and B̃
(M)
n (u)(x) = B

(M)
n (u)(x) for all x ∈ [a, b].

From Theorem 5, it results that the order of uniform
approximation of the fuzzy number u by B̃

(M)
n (u)

is ω1(u, 1/
√

n). Then, since the restriction of u on
the interval [a, b] is a function like those considered
in Theorem 6, it results that B̃

(M)
n (u) is a quasi-

concave function on [a, b]. Moreover, we have the
following.

Theorem 12 Let u be a fuzzy number with
supp(u) = [a, b] and core(u) = [c, d] such that
a ≤ c < d ≤ b. Then for sufficiently large n, it
results that B̃

(M)
n (u) is a fuzzy number such that :

(i) supp(u) = supp
(
B̃

(M)
n (u)

)
;

(ii) If core(B̃(M)
n (u)) = [cn, dn], then |c − cn| ≤

b−a
n and |d − dn| ≤ b−a

n ;
(iii) If, in addition, u is continuous on [a, b], then

∣∣∣B̃(M)
n (u)(x) − u(x)

∣∣∣ ≤ 12([b−a]+1)ω1

(
u;

1√
n + 1

)
,

for all x ∈ R.

Proof. Let n ∈ N, such that b−a
n < d − c. By

Theorem 6 it follows that there exists c′ ∈ [a, b] such
that B̃

(M)
n (u) is nondecreasing on [a, c′] and nonin-

creasing on [c′, b]. On the other hand, from the defi-
nition of B̃

(M)
n (u), it results that

∥∥∥B̃
(M)
n (u)

∥∥∥ ≤ ‖u‖
and since ‖u‖ = 1, it follows that

∥∥∥B̃
(M)
n (u)

∥∥∥ ≤ 1.

(Here ‖ · ‖ denotes the uniform norm on B([a, b])-
the space of bounded functions on [a, b].) There-
fore, to prove that B̃

(M)
n (u) is a fuzzy number, it

suffices to prove the existence of α ∈ [a, b] such that
B̃

(M)
n (u) = 1. Let α = a + j(b − a)/n where j is

chosen such that c < α < d. Such j exists since
b−a
n < d − c. Since α ∈ core(u), it results u(α) = 1.

On the other hand, by Lemma 11 it follows that
B̃

(M)
n (u)(α) ≥ u(α) and clearly this implies that

B̃
(M)
n (u) is a fuzzy number. In what follows we

prove punctually the rest of the theorem.
(i) As we have mentioned at the beginning of Sec-

tion 2, B
(M)
n (u)(a) = u(a) and B

(M)
n (u)(b) = u(b).

Noting the definitions of u and B̃
(M)
n (u), it fol-

lows that B̃
(M)
n (u)(x) = 0 outside [a, b]. Now, since

u(x) > 0 and B̃
(M)
n (u)(x) = B

(M)
n (u)(x) for all

x ∈ (a, b), we easily get that B̃
(M)
n (u)(x) > 0 for

all x ∈ (a, b), which proves (i).
(ii) Since u is nondecreasing on the interval [a, c]

and nonincreasing on the interval [c, b], by Theorem
6 it follows that there exists c′(n) ∈ [a, b] such that
B̃

(M)
n (u) is nondecreasing on the interval [a, c′(n)]

and nondecreasing on the interval [c′(n), b] and, in
addition, we have |c − c′(n)| ≤ (b − a)/(n + 1). On
the other hand, u is nondecreasing on the interval
[a, d] and nonincreasing on the interval [d, b]. It
follows that there exists d′(n) ∈ [a, b] such that
B̃

(M)
n (u) is nonincreasing on the interval [a, d′(n)]

and nondecreasing on the interval [d′(n), b] and,
in addition, we have |d − d′(n)| ≤ (b − a)/(n + 1).
For n ∈ N satisfying (b − a)/n < (d − c)/2, it
results that c′(n) < d′(n) and this implies that
B̃

(M)
n (u) is constant on the interval [c′(n), d′(n)],

that is B̃
(M)
n (u)(x) = 1 for all x ∈ [c′(n), d′(n)].

This implies that [c′(n), d′(n)] ⊆ core(B̃(M)
n (u)),

that is c(n) ≤ c′(n) and d′(n) ≤ d(n). But we
necessarily have c(n) > a + j1(b − a)/n and
d(n) < a + j2(b − a)/n where j1 and j2 are chosen
such that a+ j1(b−a)/n < c ≤ a+(j1 +1)(b−a)/n
and a + (j2 − 1)(b − a)/n ≤ d < a + j2(b − a)/n.
To prove the first statement, let us ob-
serve that (see the proof of Lemma 11)∨n

k=0 pn,k(a + j1(b− a)/n) = pn,j1(a + j1(b− a)/n),
which implies that

B̃
(M)
n (u)(a + j1(b − a)/n)

=
∨n

k=0 pn,k(a + j1(b − a)/n)u(a + k(b − a)/n)
pn,j1(a + j1(b − a)/n)

.

Let k1 ∈ {0, 1, ..., n} be such that
∨n

k=0 pn,k(a +
j1(b − a)/n)u(a + k(b − a)/n) = pn,k1(a + j1(b −
a)/n)u(a + k1(b − a)/n). If k1 = j1 then we get
B̃

(M)
n (u)(a + j1(b − a)/n) = u(a + j1(b − a)/n) and

since a + j1(b − a)/n /∈ core(u), we obtain that
B̃

(M)
n (u)(a + j1(b − a)/n) < 1. If k1 �= j1 then By

Lemma 10, it results mk1,n,j1(a + j1(b − a)/n) < 1
and since B̃

(M)
n (u)(a + j1(b − a)/n) = mk1,n,j1(a +

j1(b−a)/n)·u(a+k1(b−a)/n) we reach to the same
conclusion, that is B̃

(M)
n (u)(a + j1(b − a)/n) < 1.

Now, since a + j1(b − a)/n, c(n) ∈ [a, d′(n)] (this is
immediate since for (b − a)n < (d − c)/2 we have
c < d′(n)) and since B̃

(M)
n (u) is nondecreasing on

[a, d′(n)] and noting that B̃
(M)
n (u)(a+j1(b−a)/n) <

B̃
(M)
n (u)(cn), it follows that we necessarily have

c(n) > a + j1(b − a)/n. The proof of the state-
ment d(n) < a + j2(b − a)/n is similar and there-
fore we omit the details. Having in mind the above
inequalities, we obtain c − (b − a)/n < c(n) ≤
c′(n) ≤ c + (b − a)/(n + 1). This clearly implies
that |c(n) − c| ≤ (b − a)/n. By similar reasonings
we obtain that |d(n) − d| ≤ (b− a)/n and the proof
of statement (ii) is complete.

(iii) The proof is immediate by Theorem 5, taking
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into account the continuity of u.
Remarks (i) If the fuzzy number u is unimodal,

that is c = d, then B̃
(M)
n (u) is not necessarily a

fuzzy number. But if we normalize B̃
(M)
n (u), then

we obtain the fuzzy number 1∥∥∥B̃
(M)
n (u)

∥∥∥ B̃
(M)
n (u). (Re-

call that ‖ · ‖ denotes the uniform norm). Since
B̃

(M)
n (u) → u uniformly, we easily get that

1∥∥∥B̃
(M)
n (u)

∥∥∥ B̃(M)
n (u) → u,

uniformly. Or, for n ∈ N we introduce the fuzzy
number un as follows. First, we choose k(c, n) such
that

a + (b− a) · k(c, n)
(n + 1)

≤ c ≤ a + (b− a) · (k(c, n) + 1
(n + 1)

.

For x outside the interval (a + (b − a) · (k(c, n) −
1)/(n + 1), a + (b − a) · (k(c, n) + 2)/(n + 1)), we
take un(x) = u(x). For x ∈ [a+(b−a) ·k(c, n)/(n+
1), a+(b−a) · (k(c, n)+1)/(n+1)] we take un(x) =
1. Finally, in the missing intervals we take linear
functions so that the continuity of un is ensured.

In addition, it follows that there exists a constant
C independent of n, such that

ω1

(
un;

1√
n + 1

)
≤ Cω1

(
u;

1√
n + 1

)
.

Indeed, it is clear that it suffices to compare the two
moduli only on one of the two subintervals (each of
them of length (b − a)/(n + 1)) where un(x) is a
linear function. If ω1(un; 1/

√
n + 1) is attained on

the left-hand side interval, it easily follows that it is
less than

|u(c) − u[c − 2(b − a)/(n + 1)]|

≤ [2(b − a) + 1]ω1(u; 1/(n + 1))

≤ [2(b − a) + 1]ω1(u; 1/
√

n + 1).

If ω1(un; 1/
√

n + 1) is attained in an interval where
un(x) is not entirely linear, by decomposing that in-
terval into two consecutive subintervals, such that
on one un(x) is linear and on the other one coin-
cides with u(x) (by construction), by the triangle
inequality it easily follows that

ω1(un; 1/
√

n + 1) ≤ ω1(u; 1/
√

n + 1)

+[2(b − a) + 1]ω1(u; 1/
√

n + 1).

Now, since a + (b − a) · k(c, n)/n ∈ core(un), it
follows that un(a+(b−a) ·k(c, n)/n) = 1, which by
Lemma 11 implies

B̃(M)
n (un)(a + (b − a) · k(c, n)/n) = 1.

Consequently, we get that B̃
(M)
n (un) is

a proper fuzzy number. Moreover, since

lim
n→∞ core(un) = c, by Theorem 12, (ii), it re-

sults that lim
n→∞(coreB̃(M)

n (un)) = c. We prove now

that B̃
(M)
n (un) → u, uniformly on [a, b]. We have∣∣∣B̃(M)

n (un)(x) − u(x)
∣∣∣

≤
∣∣∣B̃(M)

n (un)(x) − un(x)
∣∣∣ + |un(x) − u(x)|

≤ 12([b − a] + 1)ω1

(
un;

1√
n + 1

)
+ |un(x) − u(x)|
≤ 12C([b − a] + 1)ω1

(
u;

1√
n + 1

)
+ |un(x) − u(x)|

Since |un(x) − u(x)| ≤ 2([b − a] + 1)ω1

(
u; 1

n+1

)
,

we obtain∣∣∣B̃(M)
n (un)(x) − u(x)

∣∣∣
≤ 12C([b − a] + 1)ω1

(
u;

1√
n + 1

)

+ 2([b − a] + 1)ω1

(
u;

1
n + 1

)

and this proves that B̃
(M)
n (un) → u, uniformly on

[a, b].
(ii) From Theorem 12 it follows that the max-

product Bernstein operator, B
(M)
n , is more conve-

nient for approximating fuzzy numbers than the
classical linear Bernstein operator, Bn. While the
order of uniform approximation is the same, the
max-product Bernstein operator preserves better
the shape of the approximated fuzzy number. In
fact, it is easy to prove that if the fuzzy number u
has a continuous membership function, then as n
increases to ∞ we have ‖Bn(u)‖ < 1. Of course, if
we normalize Bn(u) then we obtain a fuzzy num-
ber (it is known that the linear Bernstein operator
preserves the quasi-concavity, see e.g. [21]), but the
core of the normalized linear Bernstein operator one
reduces to a point which is inconvenient in the case
when the core of u is a proper interval.

(iii) For practical considerations it is useful to
study the problem of approximating fuzzy numbers
that are of Lipschitz-type. For example let us sup-
pose that the fuzzy number u is α-Lipschitz on [a, b],
of order α ∈ (0, 1], i.e.,

|u(x) − u(y)| ≤ M |x − y|α, ∀x, y ∈ [a, b]

with some absolute constant M . By Theorem 12,
(iii), we have∣∣∣B̃(M)

n (u)(x) − u(x)
∣∣∣ ≤ 12([b−a]+1)M(n+1)−α/2,

Now let ε > 0 be arbitrary. Then we have

(12(b − a) + 1)M(n + 1)−α/2 < ε,
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Figure 1: Approximation of a fuzzy number (solid
line) by classical (dotted line) and nonlinear Bern-
stein operators (dashed line) of degree n = 30.

for any n ≥ n0 = [(C
ε )(2/α)] + 1, with C = (12(b −

a) + 1)M, where [·] stands for the integer part of x.

Example 13 We approximate the fuzzy number

u(x) =

⎧⎪⎪⎨
⎪⎪⎩

4x2 if 0 ≤ x < 1/2
1 1/2 ≤ x ≤ 3/4

4 − 4x 3/4 < x ≤ 1
0 otherwise

.

using both the classical and the nonlinear max-
product Bernstein operators. In Figures 1 and 2
we can compare the classical and nonlinear max-
product operators in approximating the above fuzzy
number. We can easily see that the classical linear
operator marked with dotted line is outperformed by
the max-product operator marked with dashed line,
this being almost coincident with the target fuzzy
number at its core. The theoretical conclusions of
the paper are well illustrated by this particular ex-
ample.

So far, in this section we studied fuzzy numbers
given explicitly. It is known that a fuzzy number
can be represented in parametric form too. In this
case the fuzzy number u is given by a pair of func-
tions (u−, u+) where u−, u+ : [0, 1] → R satisfy the
following requirements:

(i) u− is nondecreasing;
(ii) u+ is nonincreasing;
(iii) u−(1) ≤ u+(1).
It is known that for u = (u−, u+), we

have core(u) = [u−(1), u+(1)] and supp(u) =
[u−(0), u+(0)].

If u = (u−, u+) and v = (v−, v+) then (see [15])

d2(u, v) =
∫ 1

0

(
u−(α) − v−(α)

)2
dα

+
∫ 1

0

(
u+(α) − v+(α)

)2
dα
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Figure 2: Approximation of a fuzzy number (solid
line) by classical (dotted line) and nonlinear Bern-
stein operators (dashed line) of degree n = 80.

denotes the Euclidean distance between u and v.
For a fuzzy number u = (u−, u+) we attache

the Bernstein max-product operators B
(M)
n (u−) and

B
(M)
n (u+). Since B

(M)
n preserves the monotonic-

ity, it is immediate that B
(M)
n (u−) is nondecreas-

ing and B
(M)
n (u+) is nonincreasing. In addition

we have B
(M)
n (u−)(0) = u−(0), B

(M)
n (u−)(1) =

u−(1), B
(M)
n (v−)(0) = v−(0) and B

(M)
n (v−)(1) =

v−(1). In conclusion we obtain that B
(M)

n (u) =
(B(M)

n (u−), B(M)
n (u+)) is a proper fuzzy number

which in addition preserves the core and the sup-
port of u.

We have the following.

Theorem 14 If u = (u−, u+) is a fuzzy number
such that u− and u+ are continuous then

d(u, B
(M)

n (u)) ≤ 12
√

2 max
{

ω1

(
u−;

1√
n + 1

)

, ω1

(
u+;

1√
n + 1

)}
.

Proof. The proof follows from Theorem 1 by
applying the mean value theorem for both integrals
in the expression of d(u, B

(M)

n (u)).

Remark 15 Since the linear Bernstein operator
preserves the monotonicity, coincides at the end
points with the approximated function and has the
same order of uniform approximation, it follows
that we obtain a similar estimation as in the above
theorem if instead of the Bernstein max-product op-
erator we use the linear Bernstein operator.

4. Conclusions

In this paper we proved that the Bernstein max-
product operators might be very useful tools in ap-
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proximating fuzzy numbers. They preserve the sup-
port and almost entirely the core of the approxi-
mated fuzzy number in the case when the core of the
fuzzy number is a proper interval. If the fuzzy num-
ber u has a continuous membership function, then
the sequence B̃

(M)
n (u) converges to u with respect

to the uniform norm and moreover for sufficiently
large n, B̃

(M)
n (u) is a proper fuzzy number. For uni-

modal fuzzy numbers, we presented two methods of
approximation by the Bernstein max-product oper-
ator. The approximation properties together with
the shape preserving properties, indicate that when
we approximate a fuzzy number by the Bernstein
max-product operator, most of the information as-
sociated to a fuzzy number is maintained, which
is very important in practice. The complexity of
the calculus is at the same level as, for example,
in the case of the linear Bernstein operator. For
fuzzy numbers given in parametric form with con-
tinuous sides, again we obtain the convergence prop-
erty with respect to the Euclidean distance.
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