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Abstract

In this paper we discuss the multifaceted nature of
vagueness, the limits of (standard) set theory in dealing
with the foundational aspects that a really innovating
theory of vagueness should manifest, and the difficul-
ties in outlining the possible features that such a type of
new formalism should exhibit in order to be able to deal
with such innovative aspects. We shall highlight some
aspects of the role that Fuzzy Set Theory (FST) can
play in this process.
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1. Introduction

Vagueness, under its many names and forms (unsharp
predicates, uncertainty, approximate and/or incom-
plete/inexact reasoning, partial knowledge and incom-
plete information, approximation, and so on), pervades
many scientific theories. As soon as vagueness is intro-
duced in a theory, the need for control and for the de-
sign of efficient, quantitative methods to exert such
control arises. Oddly, such urge is even more present in
the very disciplines that could more easily displace it,
namely Computer and Information Sciences.

In this paper we will critically review and briefly dis-
cuss the following arguments:

remark 1.1 we are far from an adequate treatment
(let alone a theory) of vague predicates, and this not-
withstanding the important contributions provided by
many current and past approaches;

remark 1.2 an adequate foundation of vague predi-
cates should necessarily cross the boundaries of Zer-
melo-Fraenkel horizon, that is, until we remain inside
the traditional, ontological setting of standard set theo-
ry, no progress in this sense is possible.

Language and meaning, two of the pillars of the Spe-
cial Session this paper is presented to, play a topical
role in looking for a rationale to these remark. With
their help it is possible to verify how much twentieth
century’s scientific investigation, in general, and Com-
puter/Information science in particular, have widened
the spectrum of problems that can be tackled through
the tools offered by scientific methodology

Following a further elaboration of some ideas pre-
sented in [1, 2] and also in [3], we suggest that the di-
rection for a meta-critical approach leaving behind the
traditional, foundational ontology of present day math-
ematics is the one that considers strongly constructive
aspects, such as the one explored in different contests
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and for different purposes by Beeson [4] and Sambin
[5] (but again see also [2]). How these considerations
can be turned into application, however, remains prob-
lematic indeed, and to be seen. A suggestion on how to
translate these general remarks into feasible procedures
can come by the way FST has evolved in its history.
The direction of this evolution is clearly in tune with
the general approach of both authors mentioned before,
and the similarities does not end there. However, the
standard formalism of FST is reducible to the standard
language of mathematics (see, for instance, [2]). So,
when we speak about the role that FST can provide in
confronting these problems we refer to two things: the
new “visualization” it provides and the various exten-
sions that have been envisaged to go beyond the bound-
aries of “numerical accuracy” — linguistic variables,
computing with words etc. These, however, are far from
being completely understood, and only non foundation-
al settings for them is available at present.

2. Open questions

In this section we have summarized what we think are
the important question that has to be answered in order
to foundational theory of vagueness. A synopsis is pre-
sented in Fig. 1.
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why do we have
just now
a problem with
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the General Role

does vagueness play a

or incompleg,
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Fig. 1: the questions advanced in this paper.

question 2.1 (the Emergence) Why the problem of
vagueness presents to us just now? What changes in our
ontologies have forced us to consider something we
never considered before?



question 2.2 (the General Role) Does vagueness
plays a role in the present development of scientific in-
vestigation? s the role of vagueness central in scientific
development, or just a sort of intellectual, sophisticated
caprice?

question 2.3 (the Role in CS) Does vagueness play a
specific role in Computer/Information Science?

question 2.4 (the Foundation critics) Is there an ev-
idence of set theory inadequacy in treating vagueness?

question 2.5 (the Foundation building) Are there
evidences for a new foundational theory of vagueness?
In which direction should we look at?

And, finally, question 2.6 Are fuzziness and vague-
ness really two different disciplines? In which sense
they can be considered as such?

We will discuss these questions in the following sec-
tions.

3. The Emergence

The idea of vagueness, despite frequent hindering by
nomenclature, is ubiquitous in scientific theories. We
can call it vague predicates, uncertainty, approximate
and/or incomplete/inexact reasoning, partial knowledge
and incomplete information, approximation, but we are
always referring to concepts that are describing a dif-
ferent aspect or tentative solution for the problem of
vagueness. And as soon as vagueness creeps in the dis-
cussion, in any of its possible forms and with any of its
names, the problem of its control comes along as well
like a seemingly unavoidable consequence. The most
radical proposal for a practical solution of such problem
can be attributed to Frege: eradicating vagueness
through strategies of regimentation of the languages for
which vagueness itself stands as a problem. The reason
for such a radical approach is now a question for histo-
rians of mathematics, but as Jean van Heijenoort [6]
remarks, Frege “would not have been able to formulate
these [logical] laws without leaving vagueness out of
the picture.” In fact, “the only way to proceed at an ear-
ly stage in the development of a science is by bold sim-
plification and abstraction”. Van Heijenoort’s conclu-
sions give some hope for the future: “Frege’s disregard
of vagueness and other vagaries was, in a way, inevita-
ble. But his logical laws have been formulated more
than hundred years ago, and it is now perhaps time to
look at the vagaries.” (emphasis added)

How can vagueness be acknowledge by logic? Rohit
Parikh’s [7] analysis of vague predicates is an example
and a starting point. In his work Parikh observes that
words referring to observational predicates denote
vague predicates, and not predicates in Frege’s sense.
This is not limited to natural languages (where this
statement is obvious — as we have seen the reduction
operated by Frege is by necessity, not by sheer descrip-
tion) but “affects physics and, in fact, any science that
attempts to correlate observation with words or num-
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bers.” Parikh goes along in proving that vague predi-
cates are necessary, since in suitable structures — the so-
called observationally connected spaces — it is not pos-
sible to define non-trivial observational predicates.
From this follows the proposal of an intuitionistic bent
Theory of Vague Reals, that can be used only when
“measurements can, at least in theory, be arbitrary accu-
rate”, and is not applicable when there is “an inherent
limit to accuracy” — such as, for instance, in the case of
ordinary language. While not yet a Theory of Vague
Predicates, and lacking in implementation, Theory of
Vague Reals provides useful ideas on how to incorpo-
rate vagueness in a formal systems, and indicates a path
to follow. It is, then, time to look at the vagaries, and
not only in logic, as proposed by van Heijenoort and
hinted by Parikh, but in other disciplines as well. While
in logic it may seem like a luxury item, in many other
fields of enquiry, as formally defined as logic if not
more so, vagueness is intrinsic in the definition of the
problems, especially when real world limitations such
as computational limits or measure problems are in-
volved, and its presence makes things more complex
and intricate.

4. The General Role

The central role of what we could define as “a lack of
precision” (by using — as Middle Ages Theology — neg-
ative definitions) is witnessed, implicitly, in all experi-
mental sciences, and explicit acknowledgements not
only of its presence, but also of the central role that it
can play, can be found more frequently than expected.
For instance, the noted structuralist physicist Giinther
Ludwig [8] maintained that:

One of the most fundamental facts of experimental
physics a student has to learn at the beginning of his
studies is that no measurement is precise [...] A the-
oretical physicist will realize that there is another
field of imprecision. He will realize that every
mathematical theory used as a picture of reality can-
not be regarded as a precise picture. He will realize
that there is no difference in principle between a so-
called exact theory and an approximation picture of
reality. What is the meaning of approximation and
imprecision in this field?

As another physicist, Lyman G. Parratt [9] stressed,
there is a positive side of this feature:

Every fact in Science, every law of nature as de-
vised from observations is intrinsically open-
ended”, i.e. contains some uncertainty and is subject
to future improvement.

[...]

The features that distinguishes scientific knowledge
is not only that there is a clear recognition of uncer-
tainty but that the degree of uncertainty can usually
be rather well determined

We can see how all these aspects are just facets of the
same problem, and by agreeing on the fact that vague-



ness is the unifying notion, the centrality of the vague-
ness problem speaks for itself.

5. The Role in CS

The previous statement is even more actual and cogent
in Information systems, and more in general in Com-
puter Science. If we consider the role of scientists as
intelligent agents, computer science is the kind of dy-
namic, continuous environment for which any delibera-
tion, any choice has to be made in a frenetic world of
ever-changing behaviors and situations. In such context,
we cannot exorcize vagueness and must, somehow,
come to terms with its presence, and use it at our ad-
vantage.

To look at these problems in the context of Computer
and information Sciences, we have to consider the gen-
eral context in which such new sciences were conceived
and the way in which they developed. A very useful
tool is provided by the scholarly investigations provided
by Seising [10] and Montagnini [11] (but see also [12,
13]). Seising has also specifically studied how “the ab-
sence of strict boundaries” has influenced the develop-
ment of disciplines in the past Century [14].

These developments have restructured the traditional
boundaries, in our view, between disciplines, and
moreover between hard and soft sciences, indicating
analogies between art and technology, showing that the
similarities between artifacts, technological devices and
products of art can be, for some aspects, stronger than
the ones between hard science and technology.

We refer to a few recent papers for an overview of
these questions, stressing that this is the general context
in which questions related to the search of a true foun-
dation of vagueness and other innovative features of
information sciences should be looked for.

6. Foundation Critics

According to Pultr [15], Fuzzy Sets cannot model vague
predicates in a general sense:

Roughly speaking, we know that fuzzy sets en-
dowed with fuzzy-equivalences can be adequately
represented by means of fuzzy-equivalence alone. In
the representation the fuzzy sets appear as couples
(X,Y) of crisp subsets of universes with a kind of
distance (resulting from the fuzzy equivalencies)
and one operates with them crisply.

This result helps understanding whether the theory of
fuzzy sets provides a foundation for a notion of general-
ized membership — or belonging to a degree — which is
really innovative and captures some of the peculiar as-
pects of vagueness. Pultr shows that everything that is
done with Fuzzy Sets can be done without the notion of
generalized membership function. As such, the theory is
enriched with a non trivial representation, but its even-
tual role as a theory of vagueness is not to be. A parallel
between the two instances of generalized characteristic
function, the main feature of vague predicates and the
basic starting point of fuzzy sets can be of help. In
vague predicates, vagueness arises from the fact that
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there is no automatic, mechanical way to uniformly de-
cide whether a predicate holds or not of a certain indi-
vidual; in fuzzy sets, there are individuals with definite
values of partial belonging. The role of vagueness is
not exhausted by assigning degree of membership, be
they provided through statistical evaluations as in Max
Black’s theory of consistency [16] or by any of the
many methods published in fuzzy literature. Vagueness
reminds us that in order to decide membership addi-
tional contextual information must be provided in a
non-uniform way. In a way, the situation is similar to
the one of the original, simple and intuitive idea of veri-
similitude and the impact that the critical results of Da-
vid Miller [17, 18] had on it. Miller proved that the
choice of the meaningful parameters of a certain system
is crucial for having a certain ordering of theories which
approximate the truth — a result which is devastating for
a simple minded view of the way in which theories ap-
proach truth. The consequence is that we must look for
less elementary ways of facing the crucial problem of
verisimilitude, something that we maintain is strictly
related to the problem of defining and constructing a
general theory of vagueness.

That is not to undermine the notion of membership
grade: right visualizations are very important, as they
can trigger important and unusual developments of a
notion, and we cannot be grateful enough to Lotfi Za-
deh [12, 13] for having advanced this notion and de-
fended it. But a good visualization — however important
for posing a problem in a nonstandard way — is not
enough for constructing new innovative, durable theo-
ries, if we are not able to provide also a setting in which
they are naturally rooted. Notwithstanding the crucial
role that the visualization through generalized member-
ship functions played in the developments of the theory
of fuzzy sets, we must admit its appointed place is in-
side the traditional foundations of mathematics, which —
in turn — does not offer a proper space for the treatment
of the really innovative aspects of vague predicates.

7. Foundation Buildings

We are now left with the problem of the construction of
a satisfactory theory of vague predicates. We are confi-
dent that a general answer does not exists — and as a
comprehensive rationalization is out of the scope of this
paper, we will limit the reasoning to the following re-
marks.

remark 7.1 the initial effort should be directed to-
ward the conceptual problems. A general indication of
the direction to follow is given by the negative results
discussed above.

remark 7.2 the static foundational reference scheme
should be abandoned in favor of a strongly constructive
approach. The analysis of programming languages can
be usefully employed to this end; some theoretical re-
marks by Beeson [4] can also be reinterpreted in con-
nection with some of the connections between vague-
ness and mathematics put forward by Becvar [19]. The
general considerations outlining the dynamical founda-
tions of mathematics based on constructive ideas by
Sambin [20] can provide the general direction.



Before briefly discussing Beeson considerations, we
shall give a look to Alternative Set Theory, developed
by Vopenka, Hajek and the logical school of Prague
[21]. AST offers an option for vagueness which is ab-
sent from ZF foundation: the introduction of semisets,
which makes possible a sort of modeling for vague
predicates (see [22] and [23] for a detailed parallel be-
tween AST and more traditional set theory). While AST
is still very limited when it comes to quantitative ma-
nipulation of vague predicates, the way the notion of
semisets emerges in this theory is relevant to our effort.
The relevant point here is the fact that we can have sub-
classes of a set which are not subsets in a proper, tech-
nical, sense: not all the properties of a set are satisfied
by them.

Beeson’s polymorphic set theory (his own terms)
has, in some points, loose parallels with AST, and helps
in clarifying some of the mechanism of subclass for-
mation and definition, mechanisms that can be useful in
constructing the foundation of a robust, adequate theory
of vagueness. Beeson says about the limits of traditional
set theory and the NBG paradigm [4]:

In the history of set theory, proper classes go back
to Cantor, who recognized that certain “multiplici-
ties” cannot be collected into a “unity”. He referred
to such multiplicities as “inconsistent sets”. It seems
to have been von Neumann who first contemplated
the consistent use of proper classes. Later formula-
tions were given by Bernays and finally by Gddel.
All these theories regard classes as being just like
sets except that they are, in von Neumann’s pictur-
esque terminology, “too big”. That is, “too big” to
be a member of another class. In particular, they are
viewed as abstract objects like sets, obeying the law
of extensionality: two classes are equal if and only if
they have the same members.

After having acknowledged the formal correctness of
the received view on Set Theory, Beeson asks whether
this approach, notwithstanding its formal adequacy and
tractability, is also philosophically sounds, affirming:

The process of abstraction that leads to a set from a
symbolic representation breaks down on certain
symbolic representations. A class is given to us by a
symbolic representation, but it has no extension.

And the main reason for that is that “[a] class, then, is
a concrete object not an abstract one”. To paraphrase
what is told in the received view, “It is the extension of
a class which is “too big” to exist; or rather, would be
too big if it did exist.”

What Beeson is also questioning, in our opinion, is
the unicity of approach in traditional foundations. We
should defend the plurality of approaches, not for ideo-
logical reasons, but in order to build adequate founda-
tions for different purposes — different from the ones
that the founding fathers established one century ago.
What is questioned here is whether the conceptual as-
sumptions which stay behind the proposed traditional
view do not admit alternatives: conceptually different
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viewpoints which in different situations can appear to
be more sound than the received ones.

Beeson draws from these observations the following
deduction:

It follows that there is no justification for the princi-
ple of extensionality for classes in spite of its formal
consistency. Nor should we identify a class with a
set, if it exist, which has the same members; one is a
concrete object, the other is an abstraction.

But we can also look at the question from a different,
more interesting and rich point of view, which can also
provide indication for the problem of constructing ade-
quate theories of vague predicates:

In this view a proper class is simply a class whose
structure is too rich to permit it to be abstracted
away, leaving only an extensional shell. The ques-
tion of its being “too big” is not relevant; size is on-
ly one aspect of structure, and not always the most
important. Of course, it may be that certain classes
are “too big” to be sets; but the assumption that ex-
cessive size is the only reason why the abstraction
operation might be undefined appears to be com-
pletely unjustified.

Beeson’s conclusion is that

[c]lasses may have a more complex structure than
can be summed up by telling what sizes they are. If
we abstract away everything but the membership
structure, we get sets.

These abstractions have served mathematics well,
but they may not be the ideal for the foundations of
computer science, and they may have led to mis-
takes in the foundations of mathematics.

We must look for new, different ways of abstracting
away [24]; ways that allow the notion of vague predi-
cates to work as well as it informally works in natural
languages, and in everyday routine of scientists.

8. Fuzziness and vagueness

We shall briefly comment on the point for which fuzzi-
ness can be considered a good approximation of the
general notion of vagueness. following the analysis
done by Terricabras and Trillas in [25], we affirm that
fuzziness is really the best way of “approximating”
vagueness, as far as we look for “extensional” represen-
tations. But we can say also that the very ingenious
ways envisaged for escaping the strictures of “numeri-
cal accuracy” by taking into account concepts and as-
pects of natural language are a basic point to search for
innovative ways of formalizing “intensional” features
carried on by vagueness. This context in not suited for a
long and detailed survey of how cognitive sciences
have dealt and still are dealing with the problem of an
intensional representation of vagueness, but yet a pass-
ing remark can be made on how this is an effort that en-
compass such different cognitive horizon as philosophy
and linguistics. In [26], an intensional stance regarding



vagueness is taken by considering vague intensions as
yielding many extensions, and by supposing the exist-
ence of non functional relations that may model such
vague intensions. The problem of utility failure for
vague predicated is then addressed by maintaining that
such predicates provide sharp lookalikes of the vague,
as such resolving the problem of their full tolerance
(and their presumable lack of utility). This solution is
only sketched, and does not provide a substantiated log-
ic to support its claims — and as such no foundation on
which to build an intensional representation for approx-
imating vagueness. Nevertheless the intuition of putting
asides extensions and to consider vague intensions as a
proxy can be useful in the sought after formalization.

9. Conclusions

In this paper we have tried to look for new directions in
designing unconventional ways for capturing the inno-
vative features of vagueness not usually grasped by the
usual approaches [27]. We claim that any formalism
based on the same ontological basis of standard mathe-
matics is not powerful enough to support the develop-
ment of a convincing general theory of vagueness. Our
view is again supported by van Heijenoort’s analysis of
Frege [6]:

[WThat [Frege] does is to introduce an ontology that
would allow his new logical laws to function in a
way that should be unobstructed and, moreover, as
simple as possible He could not have tackled the
problem of vagueness at the moment he was intro-
ducing these logical laws without extremely compli-
cating his ontological view of the world.

All contemporary formalized systems are based on
ontological assumptions that, as Frege did, tend to sim-
plify the general picture of the world at hands as much
as possible. As such, the only way to tackle the formal
treatment of vagueness is to enrich the ontological ba-
ses of contemporary mathematics. Such requirement is
also emerging in the foundations of Computer Science
[4], Mathematics and Logic [11] as well as in a more
general view of Information management [15]. In this
tangled web of demanding conceptual questions and
complex technical problems fuzziness plays a specific
role by providing computationally affordable quantita-
tive models and conceptually enlarging the horizon of
the ingredients used [28, 29, 30].

In our view the problems of vagueness cannot fully
be dealt within the horizon of fuzzy set theory, but by
comparing their aptitude to be solved by fuzzy and tra-
ditional methodologies [31] we can make a step for-
ward to better understand the more general terms of the
question.
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