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Abstract 1: In this paper, fault detection problem for un-first approach, [10] investigate the problem of designing
certain discrete-time switching systems with delay isigttdd a switching compensator for a plant switching amongst a
Sufficient conditions of building an observer are obtainegfinite) family of given configuration$A;, B;, C;).
by using multiple Lyapunov function. These condition are
worked out in a new way, using cone complementarity
technique, to obtain new LMIs with slack variables and A main problem which is always inherent to all dynamical
multiple weighted residual matrices. The obtained resarks systems is the possibility of the presence of actuator gault
applied on a numerical example with all the entries of ther sensor faults saturations. Even for linear systems, this
same sizes. problem has been an active area of research for many years

Key-words: Switching systems, delay, uncertain systemq,16], [1], [24]. The study of this problem was extended to
arbitrary switching sequence, fault detection, obsemer-  switching systems (see [23], [19], [2] and the references
tiple Lyapunov function, LMI, cone complementarity. therein). In [23], a switching discrete-time uncertainteys

| INTRODUCTION with state delays. is considgred. The design m.etho'd is ba§ed
. ) on the construction of a filter and a fault estimation. This
Switched systems are a class of hybrid systems encouflnroach leads to a big number of matrices to be determined.

tered in many practical situations which involve switchingy, [8], an observer is built to detect the fault when it occurs
between several subsystems depending on various factQf$this work, the main condition is worked out by introducing
Generally, a switching system consists of a family 0§jack variables in the main inequality. In the present work,
coptingous-time subsystems and a rule that supervisgs e treat the same class of systems as in [23] but with a
switching between them. For example, many process in thenherger observer as in [8]. The obtained condition of
chemical and pharmaceutical industries operate f0”0WinSsymptotic stability in presence of fault based on fiig
batches, composed of different operations that are Ca”i?&chnique is then worked out in a simple way to obtain new
out in sequence. This changes discontinuously the dynamicgys. The proposed LMIs are different from the ones ob-
of the operation [21]. In manufacturing, hybrid switchedgined in [19] and [8]. The idea is the use of the well known
systems are found in steel rolling mills [17], used forcone complementarity technique. However, an optimization
producing thin metal sheets, following several steps based proplem is necessary to find the required solutions. In order
pressing the metal strip with rolling cylinders: the dynesi 14 avoid this way, a new and simple technique is proposed.
are known to change at each pass due to the variation {ie keystone of this technique is to look for matrk
thickness [12]. Many other examples can be found in thgatisfying—P~! < —S by introducing slack variables only
automotive industry, in aircraft and air traffic control,dan iy this inequality. Besides the introduction of slack vhtés
many other fields. _ o _ X;, the residual signal is designed with multiple matrices
Two main problems are widely studied in the litera-y; The applicability of the obtained results on a numerical
ture according to the classification given in [11], [9]: Thegyample shows the usefulness of the observer which can
first one, which is the one solved in this work, l0oks foryqri with success even in presence of input entry, bounded
testable conditions that guarantee the asymptotic stabili ,nknown input and fault of the same sizes while filter based
a switching system under arbitrary switching rules [13], [3 gpproaches may not success in this case. This new technigue

[4], [8], [7], while the second is to determine a switchingjs |ess conservative than the one presented in [8]
sequence that renders the switched system asymptotically

stable (see [20] and the reference therein). Following the
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Ouladssine and Ananou are with LSIS-UMR 6168, University d | d in Section 4 h ith il .
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Il. PROBLEM FORMULATION In this structure, only matricek; are to be designed.

system: switching rule is not knowr priori but a(k) is available at
z(k+1) = Aax(k)+ Agaz(k —7) + Bau(k) + Ead(k) + each sampling timé. This means that one can synchronize
Fof(k) (1) the switch of the observer with the switch of the system. In
y(k) = Cax(k)+ Caax(k — 1)+ Dau(k) + Nad(k) + this case, the problem to have the system and the observer
Mo f(k) evolving in different modes can not occur as it arises in the

wherez € R” is the stateu € R™ is the controly ¢ Rp  continuous case studied in [2].

is the output;r is the delayd € RY is an external unknown  The residual of this observer is defined as:

input, f € R? is the fault anda a switching rule which

takes its values in the finite sgt:= {1,...,N}, k € Z,.

Each subsysten is_ called a mode. Matricesl;, Ay;, B; r(k) = Zgi(/g)vi(y(k) — (k) (6)
has the same following structurd; = A; + AA;(k), Ag =

Agi + AAgi(k),B; = B; + AB;(k), with the uncertainty

terms are norm-bounded according to: Matrices V; are to be computed. It is worth noting that

[AA;(k) AAg; AB;(k)) = LW (k)[Hy; He; Hs]. (2) the proposed structure of the residual is different from the

) classical one used in [2] where only one mafvixs looked
Matrlces Az; Adl) Bl) Ezy E7 077 Cdl) Du N?) Ml) Lu lea

for. Defining the observer error by, = x;, — 2 leads to:
H,;, Hs; are of appropriate size constant known matrices.

It is assumed that:

« Each time only one subsystem is active.

« The switching rule is not knowm priori but «(k) is

available at each sampling tine erir = > &G(k)[(A — KiCi)ex + (Aa — KiCui)en—r

o« W(k)TW(k)<I /
The second assumption corresponds to practical implementa
tions where the switched system is supervised by a discrete- +AAui(k)rp—r + AB;(k)ug].
event system or operator allowing fa(k) to be known in
real time. Upon introducing the indicator function:

+(B; — K;N;)dy + (F; — K M) fr. + AA; (k)

Define an augmented state vector &g:= [z &1 el]T
Ek) = [61(k), ..., En(R)]T (3) and an augmented input vectoras = [ul di fl]7. The

. L . ) corresponding dynamical system is then derived.
where¢; (k) = 1 if the switching system is in modéand

& (k) = 0 if it is in a different mode, one can write the

switching system (1) as follows: N . _ -
T = Y G Ak + Awdr—r + Bawy]  (7)

o(k +1) Zgz k) + Agiz(k — 7) + Biu(k)

N
+E7d(k) + sz(k’)] Tk = Zfl(k)[cz*%k + CaiZp—r + Diw(k)]a (8)

Zfz k) + Cyix(k — 1) + Diu(k) - . B - - _ -
vyhere.Alv = A, + AA7(]C), Agi = Agi + AAdz(k‘) andB; =
+N;d(k) + M;f(k)] (4) B;+ AB;(k), with the following matrices:

In this work, we are interested by the synthesis of an observe

of this class of systems in order to detect a default when A, O 0
it occurs in the switching system. For this, consider the A, = 0 A K;C; ,
following switching observer: 0 0 A —-KC;
) [ Az O 0
Ay = 0 Ay K;Cq; ;
(k+1) Z@ k) + Agiz(k — ) 0 0 Ag-KiCa
. [ B; E; F;
Biu(k) + K;(y(k) — 9(k))]. ~ g ¢ ¢
“Bau(h) + Ki{y(0) — 5(6)] B — | B kN —kM |
Zfl k) + Cauid(k —7) + Diu(k)]  (5) L 0 BimKali B = Kl

9)
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- AAi(k) 0 0 evaluation function can be compared to a threshgjdto
AAi(k) = 0 0 0 J conclude if a fault occurs or not, as follows:
i 0 0 AA;k)
~ r AAgi(k) 0 0 Jr. > Jy = Faults= Alarm
AAgi(k) = 0 0 0 , Jr < Jop= No Faults
AAg; . __— .
- 0 0 ai () The threshold criterion can be chosen as indicated in [23]
. AB;(k) 0 0 as:
ABi(k) = 0 0 01|,
AB;i(k) 0 0 Jo = sup Jk (13)
~ - o delz,u€la, f=0,k
C; = [0 0 ViC; |,Csi=[0 0 ViCy |, N hel h luation function based
- evertheless, another evaluation function based on a past
Dy = [0 ViNi ViM; |, (10) receding window can be defined as:
The uncertain terms for the augmented system can be L 1/2
again developed as followsfAA;(k) AAg(k)] = J. = Z rTr; k>T, (14)
LlW[HM Hgi], ABl(k) = Lgl‘WHgi, where i—k—T
) ) where T is the fixed window size and: is the current
) L; 0 0 sampled time.
L, = o o0 0 |, Now, a useful lemmas is recalled.
| 0 0 L; | Lemma 3.1:[22] Given symmetric matrixS and matrices
i [ Hs; 0 L,W (k) and H of appropriate size, then
Hsi = ; 8 , S+ LTW(k)H + HTW (k)L < 0,
L BZ -

holds forW (k)TW (k) < Tif and only if there exists a scalar
0 , e > 0 such that

s
3

SO O O oo
(e}

L S+e'LTL+eHTH <0,

W(k) = diag{W(k),W(k),W(k)},s=1,2. (11) The technique off.. problem for the augmented switch-
) ) ) ing system (7) consists in ensuring the asymptotic stgbilit
In this structure, the new inpub, also includes the fault of the system forw, — 0 and #, # 0 while realizing the
vector. As a consequence, the effect of the fault on thﬁ)llowing condition forwy # 0 and#, = 0:

residual will be also reduced. This fact can have a positive

impact on the stability of the system. [rTry,
The objective of this work is to develop a synthesis method sup : <7,y >0. (15)
based on theH., tool to compute the unknown matrices wi#0,wi€l2[0,00) 4 fapT

representing the switching observer galtisand the residual , L ) )
gainsV;. One can note that the way followed in this paper NS condition is realized if

is different from the one used in [23] where, a filter and T —1

a dynamic of the fault are completely characterized. With J(v) = Z [ri i — 7 wj wy] < 0. (16)

the use of a Luenberger switching observer, the number of k=0

unknown matrices is lower in our case. To realize condition (16), one has to use a Lyapunov function

V(z) and look for the condition realizing

IIl. PRELIMINARY RESULTS _—
o —

As used in the literature of fault detection [23], [2], [24], J(7) = Z [rEr, — 2wl + AV (2)] — V(2(Tr)),
the identification of the faultf;, is not necessary. One can k=0
use the following residual criterion: Tp—1
< Z [rFr, — y?wlw, + AV (2)] <0 a7)
k=0
ko-+k 1/2 L . .
I — Z T (12) for any wy, € 1[0, 00) and withZ, = 0. It is obvious that
F = ! ’ condition (17) is satisfied iV (Z)] < 0, that is the system
1=Fr0

is asymptotically stable fow, = 0 andzy # 0.

whereky andk define the interval of the evaluation window, The first result we recall is a sufficient condition of
k being the current sampled time. The size of this window{,, fault detection for the augmented switching system (7)
is increasing till is equal to the global horizon. Then, thigpresented by [23].
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Lemma 3.2:[23] For a given scalary > 0, system Proof: The proof is obvious by letting; = P[l andR; =
(7) under arbitrary switching is asymptotically stable whe @, 1 O
wr = 0 and under zero-initial conditions, guarantees th&he following result we present is an equivalent lemma of
performance index (15) for ally, € 12[0, 00) , if there exists Lemma 4.1 which takes account of the uncertainties by using
positive definite symmetric matricdg and Q;, i € Z, such the separation Lemma 3.1.
that: Lemma 4.2:For a given scalaty > 0, system (7) under
q arbitrary switching is asymptotically stable when, = 0

[ —Pfl A Ay B 0 0 L2 L
. _p 0 0 T I and under zero-initial conditions, guarantees the perdmice
. . ! 0 0 C‘lT 0 index (15) for allwy € 13]0,00) , if there exists positive
Y = . i} , 5 e D% 0 < 0, definite symmetric matrice®;, Q;, S; and R; i € Z and
. . . Z _Zﬁ 0 positive scalarg;, such that:
| x * * * x  —Q7' ] [ =S, A; Ag; B; 0 0 f/;f ]
~T
V(i, j,s) € T, @g| * T Tw  Ts G 10
. . * * —Pgis Pgl‘ Cg; 0 0
wherex stands for the symmetrical term of the corresponding « « D DiT 0 0 <0,
off-diagonal term. o o " % % % B 0
. Remark 3.1:Even system (7) is given with similar nota-
tions as |n#23]_to have the possibility to use Lemma 3.2, the  * * * * *  —Ri 0
changes of variables (10) are completely different fronsého | * * * * x  —gl |
taken in [23]. Further, the proof of this result is based a th
use of a multiple Lyapunov-Krasovskii functional given by: o 5
. R V(i jis) € T°, (23)
V(zx) = & (Zfi(k’JF 1)Pi> Ep+ Y, &b (Z&(k)@-) s P;S; =1,
=1 s=k—T1 =1 X R
19) Q:R; =1
With these preliminary results, we are now able to solvevhere
the problem of fault detection for switching discrete-time
systems by using a switching observer. U
Y y g g Iy = P—eHHy,
IV. MAIN RESULTS Tois = Qs— e HELH;
The objectjve of this section is to work out Inequality Ty = 20— eiﬁ£ﬁ3¢
(18) to obtain an LMI enabling one to synthesize the L — eHdTH.
switching observer together with its corresponding residu 4 = G }Ti S
making possible fault detection of the delayed discretesti Isi = eHyHs
switching system. Dei = eHLHs; (24)

The cone complementarity technique introduced by [15Proof: Using the change of variables of the uncertain terms
and used in many works as [18] is now used to derive apf the augmented system (11), one can rewrite mafrias
equivalent lemma. follows:

Lemma 4.1:For a given scalaty > 0, system (7) under . _ . _
arbitrary switching is asymptotically stable when, = 0 B = Yo+ Ly W(k)Hi + Hi W(k)L; (25)
and under zero-initial conditions, guarantees the perdmice with
index (15) for allwy, € [3]0,00), if there exists positive
definite symmetric matrice®; andQ;, S;, R; i € Z, such

that: -P A Aa B ~0T 0
-S; A Aw B 00 -n 22 8 gT f)
J 1 l1 7 h . * * —Qs E
* —F; 0 0 @; I Yo = * * * —nyI[ l~)7T 0 ’
5 * x —Qs 0 Cy 0 <0 * * * —I 0
* * * —21 DIT 0 ’ % % % % —Q;l
* * * * —I 0 _ -
* * * * x —R; L, = [ L; 00 0 00 ],
Hy = [0 Hy Hey Hiy 0 0]. (26)
v(i,j,s) € I°, (20) Applying Lemma 3.1 for each subsystem and Schur comple-
ment, the Inequality 23 follows readily. In addition, it was
PSi = 1, (21)  shown in [6] that using the separation Lemma 3.1 with
Q:R, = L (22) instead ofe leads to less conservative conditions. O
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The following result is obtained by working out Inequality X;, Z; and positive scalars;, i € Z, such that:
(23) to become an LMI by using a cone complementarity

technique introduced by [15] and used in many works a§ —S; A4 Auw B 0o o LT
18 * Iy Ty rs; CT I 0
[ ] . * * —I'9; Te; cr 0 0
Theorem 4.1:For a given scalay > 0, system (7) under . . L 71; Dvgz 0 0 <0, (30)
arbitrary switching is asymptotically stable when, = 0 ) ) ) PR S 0 '
and under zero-initial conditions, guarantees the peréoica N N N . « —R 0
index (15) for allwy € 13]0,00) , if there exists positive ¥ X X X X v —gl
definite symmetric matrice®;, and @Q;, S; and R; and T
positive scalars;, i € Z, such that: { X _fi b 7;( )?f J:’g } <0 (31
~ - ~ - 7, — 72T ; — ]
-S, A Aw B0 o0 IF [ ZioZi4Qe A Zis] } <0, (32
T * — 4Ly T i +Rz
* =TIy T s, C; I 0 V(i 5 5) € T°
* * _FQis F67L Cg; 0 0 %, 7,8 )
_ HT <0,
* * * Psi D I 8 8 where matriced".. are given by (24).
* * * * - Proof: The idea is to realize inequaliies P! < —S; and —Q;*
* * * * *  —R; 0 —R;. The first inequality is equivalent by Schur complement to:
* * * * * * —el
N
K 51| < 0 (33)
v(i,j,s) € T, (27)
By pre multiplying this inequality byliag{XT, X'} and post multiply-
ing by diag{X;, X;}, where X; is any non singular matrix, it follows
S I equivalently:
{ TP ] >0 (28)
-XT'P'x; -xTX;
g *Z —X.Té._lX- < 0. (34)
R; I .
Q|20 (29)  The following development
XF —-P)P N X —P) = XIP7'X; — X; — XF + P, >0, (35)
Y(i,j,s) € I°, leads to
where matriced". are given by (24)Proof: The result follows -XI'P7'Xi < —X; =X+ P, (36)
readily by using Schur complement to rewrite equivalentiygual- “XTX; < -X; - XI +1L (37)
ities (21)-(22) as followsS; P; > T is equivalent taS; — P, >0
which can be equivalently written as (28). U Replacing (36)-(37) one obtains (31). A similar developminused to

This result presents the advantage of computing directly ttebtain (32). Inequalities- P! < —S; and—Q; ' < —R; are then used
matricesk; and V;. Nevertheless, an optimization problem!© Maorate Inequality (18) to obtain LMIs (30)-(32). =
must be solved to achieve S; ~ T by minimizing iteratively Example 4.1:Consider the following numerical example
the trace of matrix?;S; using an algorithm presented in [15]. similar to the one studied in [23] with modified default
This heuristic is based on a linear approximatiofef ,5;) ~ matrices. The used matrices are dividedliyto be closed
by T'r(PyS;+So P;) where P, andS, are particular solutions 0 the perturbation matrices. Besides, the perturbatjors

of the LMI constraints (27), (28) and (29). taken100 times the one of [23].
Mode 1:
min(s.ivPi7Qi7Ri) 0 r
(Pb.1):{ st (27),(28), (29) 4, = |02 01y, _ |01 0
! 0 04 |20 0.1 03 |’
ij,s=1,...,N I : -+ U
B - [01] p _[o02
where 6 is a function with multiple objectived = L | 03 |’ =101 |
BTrace(P;S;) + (1 — B)Trace(Q; R;),0 < 8 < 1. [ 0.13
In order to avoid this optimization, another technique canfl = 0.16 ] ,Cr = [ 0.1 0 ] O = [ 0 0.1 ] ’
be presented by the following result. r 0.01
Corollary 4.1: For a given scalaty > 0, system (7) under Ly = X ] JHi = [ 0.1 0.01 } ,
ar%ltraré/ switching |? as;amptotlcally stable V\r/]henc = | 0.1
and under zero-initial conditions, guarantees the perzkrmm _ _ _ _
index (15) for allwy, € I5[0,00) , if there exists positive Hy = [001 001 ], Dy=1N=11M =14,
definite symmetric matrice®;, and@;, S; and R;, matrices Hs; = 0.01.
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Fig. 1. The evolution of the switching rule .

Fig. 3. The evolution of the residual, .

o 50 100 150 200 250

Fig. 2. The evolution of the observer erreg.

Fig. 4. The evolution of the evaluation functiof), with free fault and

Mode 2: fault case.
[ 04 0.1 01 O
A= 101 03 ] Aaz = { 02 0.1 } ’ _ o
- 03 1 0.2 presents the evaluation functiolp with fault and free fault
By, = 0'2 LBy = { 0'3 ] , together with the threshold functiofy in dashed line. Figure
L ) 5 plots the second evaluation functign with 7' = 10. One
P = 0.15 ] Co=[0 01],Ca=[01 0] can notice that the index functiai. with fault case begin
| 0.12 |7 ’ " its "take-off" at the same time that the fault occurs, that is
[ 0.1 ] = 40.
Ly = | % Hn=[01 017, atk =40
0.1
H 0.1 0.1],Ds=1.1,Ny = 1.2, Mo = 1.5 V- CONCLUSION
» = [01 01], ; oo T e In this paper, sufficient conditions for building an observe
Hi, = 0.1,W(k)= T for discrete-time uncertain switching systems with deles a

presented. The obtained condition is worked out in a new
Using Scilab 5, the LMI (30)-(32) are feasible for=1.  way, based on the cone complementarity technique, to obtain

It is worth noting that each time LMIs (30)-(32) are feasjblenew LMIs. Besides the introduction of slack variablés Z;

the corresponding ones with common matri¢¢s= P and  to realize—P; ' < —S; and —Q;' < —R;, the residual

Qi = @ are also feasible for this example. The obtainedignal is designed with multiple matricd$. The observer

observer and residual gains are given by: is then used in fault detection. A numerical example is
Ky — 0.1352565 Ky — 0.1109542
Y71 0.1361103 |72 T | 0.0908712 |’

1.4

V1 =0.1170218, Vo, = 0.2774309.

The input is a unit step while the fault is generated between
k = 40 and k = 60 with a unit magnitude. The bounded
unknown input isd,, = exp(—0.04k).cos(0.037k). Note that -
here we take the same unknown input, which is a decaying
sinusoid, as in [23], however, a random signal would have
been a better choice.

Figure 1 presents the switching sequenegs), while
Figure 2 plots the evolution of the observer ereqr The
evolution of the residuaty, is given in Figure 3. Figure 4 Fig. 5. The evolution of the second evaluation functifn
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