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Stabilization of uncertain discrete-time switching systems

Ouahiba Benmessaouda and Abdellah Benzaouia

Abstract— This paper presents sufficient conditions for the The main challenge in these two approaches is to obtain large
stabilization of constrained switched discrete- time linear sys- domains of initial states which ensures asymptotic stgbili
tems with polytopic uncertainties. A strategy of conception for the system despite the presence of saturations.
of switched laws from the solution of Lyapunov-Metzler in- This work extends the results obtained [16], [17] and [18] fo
equalities is developed. The state variables are supposed to be """’ . e ' i
not accessible so that the feedback strategy depend on given SWitched systems without uncertainties nor state comsgai

output variables. A numerical example is used to illustrate the This paper is organized as follows: Section Il deals with the

proposed techniques. ~ problem presentation and presents some preliminary sesult
keywords: ~ Switched systems, Lyapunov functions,The main results of this paper are given in Section Il
Lyapunov-Metzler inequalities, uncertain parameters. together with illustrative examples.

|. INTRODUCTION Il. STATE FEEDBACK

Switched systems are a class of hybrid systems encoug- Preliminary results
tered in many practical situations which involve switching i _ o . _ .
between several subsystems depending on various factors'.-et us cons_lder the uncertain switching discrete-timedine
Generally, a switching system consists of a family ofystem described by:
cor_1tinL_Jous-time subsystems_ and a rule that supervises the Thi1 = Aa(qa(k))zs (1)
switching between them. This class of systems has numer-
ous applications in the control of mechanical systems, theherex; € R", is the state, functiom(k) : N — T is
automotive industry, aircraft and air traffic control, sshiing  a switching rule taking its values(k) = ¢ in the finite set
power converters and many other fields. Two main problenis = {1,..., N} and ¢,(k) € T, C R are the bounded
are widely studied in the literature according to the classincertainties that affect the system parameters in suclya wa
fication given in [6]: The first one, which is the one solvedhat
in this paper, looks for testable conditions that guarattiee &
asymptotic stability of a switching system under arbitrary Aa(ga(k)) = Aa + ZAathh(k) ©)
switching rules, while the second is to determine a switghin h=1
sequence that renders the switched system asymptoticalnere matrixA, represent the nominal matrix ang (k)
stable (see [8], [14] and references therein). the hth component of vectog,, (k) :

A main problem which is always inherent to all dynamical

systems is the presence of actuator saturations. Even for Ga(k) = (201 (k) qo2(K) - dan(k) - doa. (R))"-
linear systems, this problem has been an active area ofLet convex setd’; haveyu; verticesv;,,,k = 1,...,u; SO
research for many years. Besides approaches using arthiat for everyg; € T';, one can writeg; = > " B;.vi
windup techniques [15] and model predictive controls [9]with Y% | ;. = 1,0 < ;. < 1. The consequence of this,
two main approaches have been developed in the literatuis:that each matrix4;(¢;(k)) can be expressed as a convex
The first is the so-called positive invariance approach thiccombination of the corresponding vertices of the compact se
is based on the design of controllers which work inside &; as follows:

d

region of linear behavior where saturations do not occu (se i i
[5] and the references therein). This approach has already 4;(4,): = A, + Zﬁir@Ai(Vm) - Zﬁmz‘lm,
being applied to a class of hybrid systems involving jumping o ot

parameters [7]. It has also been used to design controbiers f d;

switching systems with constrained control under complete  A;(v;,,) = ZAMVWL,

modelling taking into account reset functions at each gwitc h=1

and different system’s dimension [4]. The second approach, A = Ai+ Ai(Vik),

however allows saturations to take effect while guarantgei M

asymptotic stability (see [3], [12] and references thérein Zﬂm = 1,0< B < 1. (3)
k=1
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this representation by letting the verticeg = 0, Vi, V. Theorem 2.2: [18] let Q; > 0 be given,assume that there

Consider the system exist P; and a scalab < v < 1 satisfying the Lyapunov
Metzler inequalities
Tpi1 = Ag (k) (k)zy, 4
with AL (YPi4+ (1 =y)P)Ai — Pi+Q: <0,  (13)
o(k)e{1,..,N} 5) j#Fi=1,..N;k=1,...p;
the state switching control with
and .
w(xg) =arg min x; P;xg 14
Ai(k) = Ai(q(k)) € Q= Co{Ai1, Aiz... Aip}  (6) (zx) i TR ()
Matrices A;(k) are not necessarily stable. Matrices; QZE:ZS the equilibrium solution of (4) globally asymptoliga

represent the vertices of the uncertainty polytope,=
Tooons p; for the modei. The goal is to determine the function g Reformulation of Lyapunov function

) :R™ = {1,..., N}, such that _ . . .
ul.) { } In the previous section, we are interested in the Lyapunov

o(k) = u(xy) (7) function:
makes the equilibrium point = 0 of (4) asymptotically V(z)= min T P = rAneiRleP(y)x (15)
stable. e
In this section, some preliminary results are recalledteirt N
use in this work. define the simplex P(A) =) NP
N =1
A={AeRY: Y N =1,12>0} (8) We now consider the matriceg; = P;"'. It was explained
i=1 in [19] that:
with the set of positive definite matricegP..., Py },we Q) :==P71(X) (16)
define the following non quadratic Lyapunov function andQ()), P(\) > 0 for all A € A. We can then redefine the
N Lyapunov function as:
v(z) = min 2T Pz = min(z Nix? Pyx) 9
=l AeA V(z) = mina’ P(y)z (17)
€

Wherez! stands for the transpose of

The Metzler matrices denoted By are matrices in which all N
the off-diagonal components are nonnegative. In this paper — minzT Z \jQ; T
we use a particular class of Metzler matrices constituted by AEA =1

all matricesIl € RY*Y with elementr;; such that

-1

N
mi; € [0,1] ij =1V (10 Thgorem 23: If there existIl € M apd a set of positive
P definite matrices{Xy,..., Xx} satisfying the Lyapunov-

. Metzler inequalities
Theorem 2.1: Assume that there exisfl ¢ M and a q

set of positive definite matricegP, ..., Py} satisfying the X X; AL >0 (18)
Lyapunov-Metzler inequalities * 7 Xi+ (1 —7)X; ’
N y ] — — .
j#i=1,..N, k=1,
Asz(Z m5iPj) A — P <0 (11) o _
=1 then the state switching control with

1=1 N;

k=1,..,p; s(xk) = arg Z_ZrlnianfPia:k (29)

.....

PIEEEY)

the state switching control with with P, = X\

_ ; Tp, L
u(wy) = arg z’:rlI,l.l.r.l,ka Pizy (12) makes the equilibrium solution of (4) globally asymptoliga
_ . . stable.
makes the equilibrium solution of (4) asymptotically stabl ] . . B
The Lyapunov-Metzler inequalities (11) are non linear. The PI’O(i 1 Assgmelthat]\?t aln arbitrary time, o(k) =
following result gives a simpler stability condition thaare (%) = @ pouri € {1,..., N'} alors
be expressed by means of LMls. V(xy) = x1 Pixy,

ThAB.1 191



and

V(zgs1) = rlnln zi AT P Ay,

.....

N -1
= 1/\1161}3 Thir 21 Aj X Th+1
J:
-1
N
= Imnac,C (Z )\7XJ) Az,

<zl AT (Z i X ) Az (k)

The difference in the Lyapunov function then checks:

(20)

-1
N
AV S {E{[A;T (Z Wjin> Ai — PZ]LEk

j=1

The main result is to determine a switching law of the form:
o(k) =s(y(.)) (25)

such that the system (4) is asymptotically stable) is a
fonction of y(.) in the sense thag(k) is an input of a filter
that manages change in the index switching. We introduce
the following full rank switching filter:

ik +1) = Aygya(k) + Bo(k)y(k), #(0) =320 (26)
with (4;, B;), i = 1,2,...,N are the matrices to be deter-

mined. Put (4), (24) and (26) together, we get:

ik +1) = A, )3 (k), (27)
with 27 = [z7 2] and
- A, 0
A = [ B.C A } (28)

The §olution to this problem is to determine the matrides
and B; and a switching law such as the expanded system is
globally asymptotically stable. To do this, only the switah

We suppose now that the condition (18) is verified, multiplyaws depending ori:(.) are allowed. The structure of the

by 8;.(k) and sum, a$_""
X; X; AT -0
x X+ (1—-7)X; ’

We multiply this inequality byr;;, we sum for allj # i =

1,...,N and we multiply finally by(1 — ~)~!, since (1 —
—1 N .

Y)Y j ki1 T = 1, we obtain:

Xi
k
It is equivalent by Schur complement to

-1
N
X; — XzA;T (Z 7Tjin> A;TXL >0 (22)
j=1

By pre and post-multiplying the latter b, , it follows:

—1
N
j=1

£ Bix(k) =1, one gets:

(21)

X; AT ] { X;
N =
7Xi+2j;é7l:1 ’/Tjin *
>0

X, AT }
N
> =1 T5iX;

The difference of Lyapunov function (20) is then negative
along the trajectory of the system controlled by the switghi

law (19).

I1l. OUTPUT FEEDBACK

Since the access to the state is not always possible, looking
for an output feedback is important. In this section, we

present, first time, important results from [17].
Given the measure

. = Co(ryh (24)
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Lyapunov function is designated so that the switching law
depends only ori(.). We then consider:

~ X v
P, = [ g ] . detV £0 (29)
Note then that:
argmin #(k)T Piz(k) = argmin (k)T X;2(k)  (30)

Therefore, the solution is to find a stabilizing switchingvla
of the form:
s(y(.)) = arg min 2(k)T X2 (k)

i=1,...,N

(1)

The following theorem is proposed by [17] to solve this
problem.

Theorem 3.1: Suppose there is a Metzler matriX, a
positive definite matrixX, L; matrices and positive matrices
Z; such as the following matrix inequalities are satisfied for
alli=1,2,...,N:

N
Z; > A,;F Zﬂjizj A; (32)
j=1
and
X - ATXA; - ATL,C; —CTL;A; CTLT ]
K3 3 3 K3 (] > O
* X
(33)
then, the stabilizing law
s(y() = arg _min (k)" Zia(k) (34)
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stabilizes asymptotically the system with a observer foom f and
the filter as follows:

. V(zg) = min af, PNk
B _X—lL (35) i=1,...,.N
A; = A; — BiC; (36)
Remark 3.1: -1
N
. T =
= minzx AiQj x
« There is no difficulty to get the versions of this Aen kL (; JQJ) ki
theorem, associated to the modified Lyapunov-Metzler .
inequalities appearing in theorem (2.2), the results ) - N . -
follow the same pattern. = o A7 AjQj Aixy,
j=1
« The blocV of matrix N -1
. X Vv < af AT Z%‘i@j Ay,
P = |: vT X—Z ] (37) :
is taken equal-X, the solution is so conservatif. The difference in the Lyapunov function then checks:
—1
As in the previous section, to relax the results, we use the 7| s N - - .
Lyapunov function AV(zk) < @y | A Zﬂinj Ai = P | xy,
j=1

-1
V(z) = min &7 P(v)z mnx Z)\ Q, Z# (38) We now assume that condition (39) holds, we multiply by
AEA II;;, and sum for allj # i = 1,..., N and finally, multiply

by (1 —~)~1, since(1 —~)~! 2. II;; = 1 we obtain:
We obtain the following result: y(1=7) (=) 2jima L

Theorem 3.2: If there exist positive definite matrices,
X, et Q;, matricesV and B;, a scalaired < v < 1 solution
of following LMI’s:

P AT ] _ [P AT

. . .
* Qi+ Zj;éi:l ;i Q; * N

>0

whereA;; = Z?’:l 7;:Q;. We can write this inequality, by

2 Schur complement, such as:
< ~ ~ > 0, 39 '
% aea-m0, ] (%9 o
* Qs =
V(i,j) € 7%, such that trace(P,Q;) =n, with, This can be used to bound the rate of increase of the
. X Vv Lyapunov function candidate. The inequalitiésQ; = I,
P = [ VT X, } (41) are forcedpby ?inimizingrace(PiQi) with additional con-
B . straints| ** -~ | >0.
i = [ Ao 0 ] (42) { . QJ—
BiC;  Ai = BiG; Example 3.1: We consider the example of discrete
then the switching switched system with two modes:
s(y()) = arg min &k T Xk (43) _ [ 10076 0.0662 ] , _ [ 09893 0.1103
W) i=1,....N (k) (&) A 0.1323 04122 |7 42 —0.2207 1.2100
stabilizes asymptotically the system with a form of observe
for the filter as follows: o=[11]; Co=[11];
A; = A; — BiC;

We apply the theorem (3.1), the trajectory of the system

Proof 2: Assume that at an arbitrary tirvie obtained in this case is shown in figure (1). The built

o(k) =s(zy) =i, i€{l,..,N} switching signals(xz(k)) is shown in figure (2). The results
of theorem (3.2) are presented in the following figure. The
then corresponding built switching signal(z(k)) is shown in
V(xy) = i Pixy, figure (4).
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