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Abstract

This paper addresses the problem of He, control for a class of
linear discrete-time periodic system. The obtained results are
then extended for the periodic system with Linear Fractional
Representation (LFR) uncertainty. Furthermore, linear ma-
trix inequality (LMI)-based sufficient conditions for Hs, con-
trol are established. Numerical examples are introduced to
illustrate the contribution of this paper.
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1. Introduction

The Hs, norm as a measure of system performances has been
thoroughly embedded in control theory during the last few
years [1]. During the last decade, the H., control theory has
attracted a lot of attention and made significant progress [2].
Recently, a great number of research papers focused on the
problem of robust H, control for linear systems with parame-
ter uncertainty. The objective is to design a control law to sta-
bilize an uncertain system while satisfying in the same time
a He,—norm bound constraint with the aim to insure distur-
bance attenuation in the presence for all admissible uncer-
tainties. The robust H,, control design for linear uncertain
systems has been investigated in [3] with time-varying norm-
bounded uncertainty using the notion of quadratic stabiliza-
tion with an He-norm bound. In terms of modified algebraic
Riccati equations, necessary and sufficient conditions for Hy,
control of uncertain linear systems have been estabilshed, for
instance, in [2] . In [4], it has been shown that the robust H,
analysis and synthesis problem of linear discrete-time system
with norm-bounded and time-varying uncertainty is actually a
scaled Ho, analysis and synthesis problem of an auxiliary sys-
tem, which is independent of uncertainties. In [5], the authors
have extended the obtained results on the robust H,, control
for delayed systems. Then, robust H state feedback con-
trol in which both robust stability and a prescribed H, perfor-
mance are required to be achieved irrespective of the uncer-
tainty and unknown time-delay is investigated.
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The present paper investigates the robust H,, control problem
for uncertain discrete-time periodic system. The main atten-
tion has been focused on a class of linear periodic systems
with Linear Fractional Representation (LFR) of the uncer-
tainty in both the state and input matrices. The formalism of
Linear Matrix Inequalities (LMI) approach is used throughout
the paper. The problem of robust stabilization and robust Hu,
control, where the control law is required to guarantee both ro-
bust stability and a prescribed robust H., peroformance. The
approach adopted here lies on the notion of quadratic stabi-
lization with a H.-norm bound which is introduced in [3] and
[6].

Notation: We denote by X the transpose of matrix X, by the
Hermitian expression Sym{-}: Sym{X} =X+ X".

Matrix inequalities are considered in the sense of Lowner
i.e. “<0” (“<0”) means negative (semi—)definite and > 0”
(“> 0”) positive (semi-)definite. I and O are, respectively, the
identity the null matrix of suitable dimension. [|x||, denotes

norm 2 of the signal x which is defined by ||x]|, = /Z;":O x;xk.

2. Preliminaries

Consider the following linear uncertain p-periodic system:

Xer1 = (A +AAR) xi 2

with
AAy = ExA (I - MAy) ™ Ny A3)

where Ay, Ey, Mj and Ny are real p-periodic matrices with
appropriate dimensions and Ay is an unknown matrix that sat-
isfies

A;Ak <Il,ke N 4)
Furthermore, we assume that
|1 - M,
Mk_[_Ml;r I ]>O (®)]

In this part, we will study the problem of asymptotic stabil-
ity of uncertain periodic system such that in equations (2)-(4).
Then, can we consider that the uncertainty matrix Ay is peri-
odic?, to answer this question, let us consider that each matrix
Ag, fork=0, ..., p—1is affected by a simple additive uncer-
tainty, denoted AAg. It comes then that from a periodic point
of view, these uncertainties can be considered as periodic as is
the case for matrix Ay = Agyp, k=0, ..., p—1.

363



Definition 2.1 [7] The linear p-periodic system (2) is ro-
bustly stable 1f and only if,

YA, € Vi, A Xi(Ar) = X, (A) > 0,

]T [—XkH(AkH) 0

1
0 kak)] [A,Z(Aw] <0 ©

[ I
AT(AY)
forallk=0,...,p—1.

Definition 2.2 /8] The linear p-periodic system (2) is
quadratically stable 1f and only 1if,

3Xk=X];r>0, YA; € Vi
I 1"[-Xe1 O !
<0 7
[A[(Aw] [ 0 X|ATa0 2
forallk=0,...,p—1.

Definition 2.3 The linear p-periodic system (2) is asymptoti-
cally stable 1if,

A X=X >0, YAeV;
T
o] 787 wllagtool <0 @
forallk=0,...,p—1.
In the three definitions Ay(Ag) is defined by:
Ap(Ap) = Ap + AAy
AAy is described by (3) ©))

Lemma 2.1 Suppose that there exits a symmetric positive def-
inite p-periodic matrix Py such that the following matrix in-
equality holds, forallk=0,1,...,p—1:

A;Pk+1Ak—Pk<0 (10)

Then, the p-periodic system (2) is asymptotically stable when
AAr =0, keN.

3. H control of periodic system

Consider the discrete-time p-periodic system

X1 = (Ag +AAR) X + (B + ABy) ug + By wie

2k = Crxi + Dy, (11)
with AAy is descibed by (3) and
ABy = ExA (I = M) ™ Ly (12)

where x; € R” is the state, wy € R? is the disturbance input,
zx € R? is the controlled output and Ay, Ex, Dy, Ck, By , Mg,
Ny and L, are real p-periodic matrices with appropriate dimen-
sions and Ay is an unknown matrix that satisfies (4).
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In our paper, we are concerned with the problem of robust
p-periodic state feedback control for the uncertain p-periodic
system (11)-(4) for all admissible uncertainties. Our aim is to
design a p-periodic state feedback controller

up = Kyxp; Kevp = Ky forall p, k € N (13)

such that for a given scalar y > 0, for all nonzero wy €
1>[0,+c0) and for all parameter uncertainties satisfying (3),
(12) and (4),

lIzll2 < v lwll2 (14)

In this situation, the p-periodic system (11) with the controller
(13) is said to achieve a robust H,, performance (14).

Definition 3.1 Let the constant y be given. The uncertain p-
periodic system (11)-(4) is said to be stabilizable with an Hs,
norm bound vy if there exists a p-periodic state feedback law
(13), such that for any admissible parameter uncertainty AAy
and ABy, the following conditions are satisfied.

1. The closed-loop p-periodic system is asymptotically
stable when wy, =0

2. Subject to the assumption of the zero initial condition, the
controlled output zi satisfies (14).

In the remainder of this part, we will establish the stabilization
results associated with the nominal system of (11).

Theorem 3.1 consider the p-periodic system (11) with AA; =
0 and ABy = 0. If there exists a p-periodic symmetric matrix
Xk > 0 and a p-periodic matrix Yy, such that for a given scalar
v > 0 the following matrix inequality holds

X, 0 TLK) TLK
0 I 0 B,
T 0 -y 0o |<9 (15)
Tia(k) By 0 —Xk+1
Fi3tk) = (CiXi+DiYy)
Tak) = (AXk+BiYy)

then, the p-periodic system is asymptotically stabilizable with
an Hs norm bound vy via a static p-periodic state feedback
controller (13).

Furthermore, if the matrix inequality (15) has a feasible solu-
tion Xy, then the p-periodic state feedback control law is given
by:

Uy = YkX,;lxk (16)

Proof:

Based on definitions 2.3 and 3.1 with AA; =0 and AB; =0,
the asymptotic stabilizability of the p-periodic nominal sys-
tem (11)-(13) with an H, norm bound 7y follows by consider-
ing the Lyapunov fonction Vi = x| Pyx; and the performance
criterion
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J= i (Z;Zk _YZW;Wk)
k=0

a7

Now to establish the upper bound y||wkl|l, for the /;[0,00)
norm of z;, assume that xy = 0.

Since xg = 0, we have that for any nonzero wy € /5[0, 00), J
satisfies

(o)
J = —xL Prxco + Z (z,jzk - yzw,:wk + AVk)
=0
[e]
—xLPixeo+ D x] [AT Prst Af = P+ CJ Cit
k=0

-1
AL Prs1 By (Y21 = By, Prsi Bk BkakHA]i]xk (18)
S —1pT c 17 —1 5T ¢
—Z[wk—R Bl P ASxe| R|we—R™' Bl P Afx]
k=0

with R = (y2I = B, Pic1 Bug).
Hence, if

| AT Prs1 AS = P+ C<] C + AT Py BigR ™' B, Pri AS| < 0
and
(¥?1 =B} Pes1Buy) > 0
(19)
then, J <0, i.e., ||z]l, < y|wll, for any nonzero wy € I [0, c0).

Using Schur complement technique, condition (19) can be
written as follow:

A Pyt AS = P+ CEL C¢ AL Pri1 By <0 (20)
B;Ekpk‘*'lAi B;I;kpk-#lek _721

with
Az = Ay + By Ky and C, = Cy + Dy Ky, @n

Multiplying (20) on the left and on the right by

'y%P;l 0

0 'y_%l

and replacing y~! P, by Py, we get:

-1 —1c —1 Ac
[_Pk 0}4_[1)/(6‘; Pkfljx
0 —yI 0 B,
- — - — -T1T
Y0 |[Pleer PRAY]
0 Py 0 B}k

Using the Schur complement, we get:
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-1 —1eT —1 AcT
-P' 0 PICST PIAC

0 —yI 0 B
4 » <0 22)
gl 0 0.
AP, By 0 =P,

Let X, = P,:l, for all k=0,1,...,p—1 and using expressions
of Ay and C}, given by (21), we get (15).

4. Robust controller design

In this part, we will introduce the notion of quadratic stabi-
lization with an H,, norm bound which was introduced in [3]
and [6].

Definition 4.1 Let the constant y be given. The uncertain
p-periodic system (11)-(4) is said to be quadratically stabi-
lizable with an Hs norm bound vy if there exists a linear p-
periodic state feedback law (13) and a real symmetric positive
definite p-periodic matrix Py such that the inequality

Ity Tk
<0 23
[Flz(k) I (k) 23)
with
Tik) = A (ADPr1AS(Ay) — Py + CSL CE
Tia(k) = By Prr1AL(AY)
Ink) = B PiciBu—v1

holds for any admissible uncertainty AAy and AB.
where AZ(Ak) = Ar(Ap) + Br(Ap) Ky and C/i = Cr+ Dy Ky

Initially, we will show that quadratic stabilization with an H,
norm bound y > 0 implies stabilization with the same Hs
norm bound y.

Lemma 4.1 If the uncertain p-periodic system (11)-(4) is
quadratically stabilizable with an H., norm bound y > 0, then
it is also stabilizable with the same Ho, norm bound .

Proof:
By following similar arguments as in the proof of theorem 3.1,
we obtain, for any admissible uncertainty AA; and ABy:

) -1 )
AL (A)Prs1 Bug (721— BlkPkHBwk) B, Prr1 AL(Ao)+
AL (AP AL (M) — Py +CLCL <0 (24)

which implies that J < 0, i.e., ||zll, < y|lwll, for any nonzero
Wi € 12 [0, OO)

Theorem 4.1 The uncertain p-periodic system (11)-(4) is
said to be asymptotically stabilizable by the p-periodic state
feedback controller (13) with an He norm bound vy if there
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exist a p-periodic symmetric matrix Xy > 0, a p-periodic ma-
trix Yy and a p-periodic scalar €, > 0 such that the following
matrix inequality:

Vi) Yiak)
Y(k) = <0 25
® [qu(k) Wy (k) (23)
holds with
—Xi 0  (CrXk+DiYp)']
Wik) = 0 -yl 0 ,
|CkXk+DiYe 0 —yI
[(ArXi+BiYi)T  (NiXi+ LyY)' 0]
Yia(k) = B 0 0f,
0 0 0
— Xt 1 0 ekEy
Yoo (k) = 0 -l eM].
EkEI;r kol;r —e 1

Furthermore, if the matrix inequality (25) is feasible for some
€ and Xy, then the p-periodic state feedback control law is
given by:

U = Yka_lxk (26)

Proof:
Using the same approach as in the proof of theorem 3.1, the
uncertain p-periodic system is asymptotically stabilizable with

an H, norm bound v if there exist a symmetric p-periodic
matrix Py > 0 such that

-1 —1 T —1 gcT
_IS" 01 P, Oc,g Py fllg,iT (Ap)
cep! g I of |<0 @D
k" k
ASADPY By 0 -Pl

which is in fact condition (22) rewritten for the uncertain sys-
tem, i.e., Ay is replaced by
A+ E A (T— MkAk)_l N+

(Bk + Exf (1= MpA)™ Lk) K
(Ak + BiKi) +Ex A (I = MiA) ™ (Ni + LK)
———— ————

A Ni

A%A) =

= AS+ExA (- MpA) ™" NE. (28)
Therefore, condition (27) can be displayed as follows
-1 -1 -1
i 0 P C,fT P, AZT
0 -yl 0 B N
cel 0 -yl 0
-1 -1
AP Bk 0 P
0 PINETYT
0 - 0
Sym 0 A (I —MiAy) 0 <0. (29
E; 0
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Using Lemma 2.6 in [9], the condition (29) above is equivalent
for all admissible uncertainties Ay to

-1 —1eT  p=14cT
-P; 0 P C. PlA;
0 —yI 0 B N
cpt 0 -yl 0
-1 -1
AP Buk 0 P
b it Ay o |
— C — C
€ PN, 8 € Plé Ny 8
-1
0 0 M; 0 0 <0.(30)
1 1
0 Ek2 Er 0 sz Ey
with My given by (5).

At this step, we notice that performing a Schur complement
operation shows that condition (30) is in fact equivalent to

-Pt 0 PICT PAST O PIINGT 0
0 —I 0 Bl 0 0
cpl 00—yl 0 0 01
AP By 0 -Pl 0 &Ex
NePh 0 0 0 —&l M
0 0 0 GkE];r EkM; —el

where, in addition, we have multiplied both sides of the ob-

tained condition by the diagonal matrix diag{/,1,1,1, ek% 1, Ek% I}.
Taking X = P;l and Y = KkP];] forallk=0,1,...,p—1, con-
dition (25) is then recovered easily from above.

Example 1:

Consider the problem of H., control of the discrete-time 2-
periodic system (11) with AA; =0 and AB; =0 and

Ag Co Bo| _

Ay Ci Bi|
0.1 -0.2 02 0.1] 05
041 0.2 0.12 02( 0.2 )
1.9 035| 03 02| 04 |’
022 03| 0.1 03] 0.3

[BWO Bwl DO Dl]:
02 03 03 035| 015 0.12 |
0.15 0.1 022 03 0.3 04 |’
Lety=04.

we’ll take the disturbance signal wy as an exponential signal.
Using theorem 3.1, we obtain the following matrices:

[Xo Xl}_
YOT YlT
19.3349 -5.8292 | 0.8816 —2.6212
—5.8292 29338 | —-2.6212 22.6799
—7.4438 | 0.9923
2.2559 | -16.6127
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Then, the state feedback gain matrices are given by:

-0.3307
0.1799

b}

K5 k|- [ ~0.9178

—1.6031 ]

Hence, we noticed that the statements of definition 3.1 are ver-
ified for AA; =0 and AB; = 0.

091 ™

0.8

07 o
ovs—|; AL b
05f

041 HL

0.3J o0 *7A7,7
0.2

time k

Figure 1. State trajectory x; from random initial value

I I I I I
0 5 10 15 20 25 30 35 40 45 50
time k

Figure 2. Disturbance input trajectory w;

1
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Figure 3. Control signal

—

Figure 4 shows that the 2-periodic system (11) with the con-
troller (13) achieves a H, norm bound less than y = 0.4 com-
plying with the performance index (14).

Example 2:

Consider the problem of robust H,, control of the discrete-
time 2-periodic system (11)-(4) with:

Ao BO CO|

Ay B Ci|
1 -041( 01 0202 03
03 0.1 04 0.12] 0.1 02
1.2 05| 02 021] 03 0.1 [
02 -03( 02 02] 02 03

Dy Ey My| _

D, E; M|~
0.15 03] 01 01 ] 0.6 0.2
0.1 021] 02 0.15| 03 0.2 )
0.12 04| 03 0.12] 0.1 02 [
03 05] 0.1 022] 022 03

No Lo Bwo|_

N1 Li By
0.2 0.2 0.2 05] 03 02
0.1 021 012 0.2] 0.15 0.1 )
03 02| 03 02| 02 03|
022 03] 0.1 03] 022 0.3

Lety =0.8.

we’ll take the disturbance signal wy as an exponential signal.
Using theorem 4.1, we obtain the following matrices:
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Xo Yol _
X, Y|

2.1338 2.6545 | —4.0881 -3.0149
2.6545 4.3619 | —-0.7266 -2.2446
1.1535 -1.5153| -0.7814 -0.2389
-1.5153 2.7508 | 0.2821 —0.3925

and the scalars gy = 0.4997 and € = 1.2468.
Then, the state feedback gain matrices are given by:

-4.3469
1.2334

—2.8645
0.2068

~1.6649 |

-0.0288 |’

1.9541
Ko Ki] =[ —1.2652‘

Hence, we noticed that the statements of definition 3.1 are ver-
ified for any admissible parameter uncertainty AA; and ABy.

I I I I I I I I I
0 5 10 15 20 25 30 35 40 45 50

time k

k
Z Z z

i=0

Figure 5. The variation of for some values

of A; satisfying (4)

Figure 5 shows the evolution of for some val-

ues of Ay satisfying (4). The figure shows explicitly that the
closed-loop uncertain 2-periodic system exhibits a Hs, norm
bound less than y = 0.8.

5. Conclusion

In this paper, a sufficient condition for Hs, control problem of
discrete-time periodic system has been presented in terms of
Linear Matrix Inequality (LMI). The obtained results are then
extended for the uncertain periodic system. The uncertainties
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are of the form of Linear Fractional Representation type which
includes the case of norm bounded uncertainties as a special
case. numerical examples are given to illustrate the proposed

results.
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