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with Time Varying Delay
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Abstract— This paper investigates the problem of robust is mainly due to the bounding of the cross product terms
control design for a class of uncertain nonlinear systems wh  which appear in the derivative of the Lyapunov-Krasovskii
time varying delay. By evaluating the derivative of a new fugy  fnctional. To reduce the number of such terms and employ

weighting-dependent Lyapunov-Krasovskii functional (FLKF), . .
less conservative convex conditions derived in terms of Lear tighter bounds on them would certainly lead to better result

Matrix Inequalities (LMIs),are established.Two new resuts are ~ The free-weighting matrix methods, which are based on
presented. The first one is based on FLKF and the so-called Leibniz-Newton formula, have been proposed to efficiently

the free weighting matrices and the second uses the bounding improve the delay-dependent results based on the bounding

technigues. Finally, to compare the effectiveness of the pposed techniqgues on some cross product terms are no longer
methods in term of the conservatism reduction, the simulatin involved

example is presented. " . . .
Keywords: Takagi-Sugeno(TS), Stability, Stabilization,Linear ~ In this paper, new less-conservative conditions for stabi-
Matrix Inequalities (LMIs), Fuzzy Lyapunov-Krasovskii fu nc-  lization of TS fuzzy systems subject to uncertainties and

tions(LKF). time delay using (FLKF) and the so-called free weighting
I. INTRODUCTION matrix method, will be proposed. This paper is organized as

In the last two decades, the stability analysis and contrgl)llows' a system description and preliminaries are p N

design of nonlinear systems described by Takagi-Sugeno @ Section 2. Section 3 contains the main results where

S) fuzzy model with time delay have been extensively studied e new delay dependent stabilization conditions fornedlat

(L T 19 1 0 111 201 o ma e re 4L (1 a5 st i Secton 4 & nometcl
contributed to this fact : 1) Ability of T-S fuzzy models pie1s g

[19] to approximate large class of nonlinear systems; %‘enefits of the proposed method. A conclusion is drawn in
c

The existence of delays in many industrial processes su ection 5.
4 Y P _NotationsW + W7 is denoted assym(W).

as transpor'Fation systems, cpmmunication systems, Chenﬂie symbol (*) within a matrix represents the symmetric
cal processing systems, environmental systems and power.

. . ntries.

systems ... ) and its consequences on the stability and the

performance degradation [18]. Il. SYSTEM DESCRIPTION AND PRELIMINARIES

Stability analysis and control design for T-S systems have cqnsider a nonlinear system with state-delay which could

been widely and systematically handled in the literaturgg represented by a time-delay TS fuzzy model described
via Linear Matrix Inequalities (LMIs) approach (see [4],p\ plant Rulei(i=1,2,....1):

[15]). In this framework, several strategies have been usg 01(t) is Niy and...0,(t) is Ny, THEN

to overcome mathematical and numerical difficulties, pro-

moting less-conservative conditions. The standard qtiadra |

Lyapunov approach is the most popular combing with the () = (Ai + Ady)a(t) + (Au + Adiy)a(t - o(t)) L
use of slack matrix variables into the LMI formulation [15], + (Bi + AB;)u(t)

[16]. As an interesting alternative type of Lyapunov fuoati Whered;(t) and Nij(i = 1,....,r,j = 1, ..., p) are, respec-
the fuzzy weighting-dependent Lyapunov function (FWLF}ively, thje premise jvariables and the fuzzy seigt) € R"
has been addressed for continuous-time fuzzy systems,in [g] ihe state u(t) € R™ is the control input 7 is the number
[9], [20], [17], and for discrete-time fuzzy system in [13], 5¢ |F.THEN rules; the time-delays () |, is a time-varying

[14]. e continuous function that satisfies,
In the context of stabilization problem of delayed systems,
some advanced techniques, aiming at reducing the conser- 0<o(t) <a, o(t) < B (2)

vatism, have been proposed. One approach is to take e parametric uncertaintieshA;, AAy, AB; are

appropriate and equivalent model transformation for tlg-or fime-varying matrices that are defined as follows:

inal systems. Under such transformations, the consenwatlsAAi L U DuF()Ea, AAuy =  DaFi(t)Ba,
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ThAC.4 238



with Lebesgue measured elements bounded by

F,(t)TFi(t) < I. By using the commonly used center-U, X,,, 1 < q¢<p <3 ,Q, W,

average defuzzifier, product inference and singleton figrzi
the T-S fuzzy systems can be inferred as

Zh { (t) + Aya(t — o(t)) —|—Biu(t)}

®3)

where 6(t) = [0i(f),...., 6p(t)] and v;(0(t) =

]_[f:l N;;(6,(t)) are the membership functions of the system

with respect to ith plan rule. Denote

hi(6(t)) = vi(6(t)/ Y vi(8(1)) (4)
=1

h;(0(t)) is the averaging weight for each rule, representing

the normalized membership degrees, and satisfies

hi(0(t)) >0, and Y hi(0(t) = ) (5)
In order to obtain the main results in this paper, the foltoyvi
lemma are needed:

Lemma 2.1: (Wang et al.[3]) Given matrice®, E, F(t)
with compatible dimensions and F(t) satisfyifgt)” F(t) <
1. Then,the following inequalities hold for ary > 0 :
DF()E+ETFt)TDT <eiDDT + ¢, 'ETE

In this paper, for simplicity, we set, = z(t — o(t)),
vy = x(t — o), and((t) = [«7(t) 2T 2T]"

o o

IIl. MAIN RESULTS

H > 0,andS > 0, any matriceso;, YZ, i=1,---,r

», p=1,---,3 satisfying
the following set of LMIs:
P+0©;,>0 (i,1=1,2,...,7) (9)
Aij+ A <0 (i<ji=1,2.,r) (12)
(X1 = * *
- _ X21 ng * *
T X X2 X3z 20 (12)
Q7 @F QF Hj
[ X1, * * *
- Xo1 Xoo  * %
T X X Xagoox 20 (13)
Wit wi wi Hj
where
Flij * * *
A" _ FQZ'J' ng * k
| Ty Isij Ly
F7ij (AlZU) — ,LL1UT O Fg
where

We consider the problem of delay-dependent st<';1b|I|2<';1t|01‘=|1 = Sym(A;U + B;Y;) + Py + S+ Sym(Q1) + 5 X1

of system (3).
Compensation (PDC),

state feedback.
Controller Rulei:
IF 91(15) is N;1 and...9p(t) is Nip THEN

u(t) = s eeeees T (6)

Hence, the overall fuzzy control law is represented by

KZZC(t), ) —

()

) = > hilb(t) Kia(t

whereK;(i = 1,2, ...,
In the sequel, for brevity we usk; to denoteh;(0(t)) .

Consider system (3) associated with the control law (7)) the
the resulting closed-loop system can be expressed as ®llow

Zzhh{AUx )+ Ay (t—a(t))} 8)

=1 j=1

Where Aij = /L + BZKJ
uncertaintiesAA; , AB; and AA;; are zeros.

Theorem 3.1: System (8) is asymptotically stable, if therewhere P(t) =

exist some symmetric positive-definite matricgs > 0,
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Based on the Parallel Dlstrlbuted[‘
the following fuzzy control law
is employed to deal with the problem of stabilization via

r) are the local control gain matrices.

In this part we consider that

= (AU + BY;) + UTAY, + 6 X01 + Qo — QF
+ Wl
D3 = 1 (AU + UTAT) — (1
— Sym(Q2) + Sym(W2)
Tyj = Wi +Q3+5Xa
Dsij = —Wy — Qs+ W3+ X
Leij = —Sym(Ws3) + 5 X33
I7ij = pe (AU + BY;) — T+ piT
I's = —u2Sym(U) + 6 H

=> (P +6;)
=1
Proof: Choose Lyapunov function as follows:

V(x(t)) = Vi(z(t)) + Va(x(t) + Va(z())
Vi(a(t)) = 2" () P(t)x(t)

Va(a(t)) = / REACECLE

=[]

S hiP;, i = 1,2,---,r, is a fuzzy
weighting-dependent Lyapunov function. Taking the time-

219 —

- 5)§ +5Xa

(14)

z(s)dsda
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derivative of V(z(t)) along the trajectories of (8) yields
Vi(z(t) = 227 () P(t)a(t) + a7 () P(t)a(t) (15)
Va(z(t)) = 27 (t)Sz(t) — (1 — &(t))xL Sz, (16)
' (t)Sx(t) — (1 — Bzl Sz,

Va(z(t)) = a2t (t) Hi(t) — /t,— il (a)Hi(a)da (17)

t—o(t)
=git (t)Hi(t) — / it
t

—0

- / 7 (a)Hi(o) da
t—o(t)

(0)Hz(a) da

(18)

The derivative of P(t) provides information about time
derivative of membership functions. Then, we assume that

(6(t))] < @
where®; > 0(l = 1,2...r).

(19)

From the properties of the membership functions in (5) =1
vo(t) and thus the

it follows that °;_, hi(0(t)) = 0,
following equation holds:

i i hiﬁle (t)@

X1 X2 Xi3
Moreover, for any matrixX = x  Xoo Xog| >0,
* * X33
one has
t—ol(t)
=o' X~ [ T0xda @)
t—o

t
- [ ox¢a
t—o(t)
Adding (23)-(26) to the sum o¥;(x(¢)), I = 1;2;3, yields

<ZZhh T (1)U (t) —

=1 j=1

t
/ C;[(tv a)Z1¢ (¢, o) da —
t—o(t)

(27)

t—o(t)
/ L (t, )Za(i(t, ) da
t

—0

£)7 @0 (t) +2ZZhh (¢

i=1 j>1i

ClT (t, )21 (¢ @) da

_Zh2

t
D)W (E) — /
t—o(t)

t—o(t)
z(t) =0 (20) - / Tt )22 (t @) da
=1 l=1 t—o
where®; are slack matrices with appropriate dimensions and
0, =0T, where
Assuming that the assumption (9) and (19) hold, it is easy 01 *
to have O — 0o B 03
T T W Qs+ 0 X 84
i= 1 =1 * *
< hi(t)® (P, + ©; ¥ ¥
;; l l ) —Sym(Wg) +5’X33 *
0 —Sym(Ms) +cH

Finally, we get

x(t)) < ihi{Qx )+ ZCI)l:E

(22)

From (8) we may construct for any appropriately dmensmn% _

matricesM;,i = 1,2, 3 the following equation:

2{:0 ()M + 27 My + i(t) M;;H—j:(t)

- 23
+Z hihj(Aija(t) + Ayszg)| =0 23)

=1 j=1
Let us definec” (¢) = [27(¢) =L &T(t) «I]. Then, the
following equations hold for any matrice@ and W with

appropriate dimensions:

0= 2" ()Q[at) ~ 20 /t ;(t) (0 dal
t—o(t)

0= 2<T(t)W{:1:g —T5 — / i

—0

(24)
#(a) da} (25)
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61 = Sym(MiAij) + Po ;i + S + Sym(Q1) + 5 X1

)P, + ©;)x ()}62—M2AU+A MT 4+ Qo — QT + W + 65X

5 = Sym(MgAlz) —
0X2o

~Wi — Q3+ W3 + 5 X3

{(ta)=[CT(t) iT(w)]

\IJT(t) = [:ET(t) 2l gl iT(t)]

From (11) we havey < 0, this implies0 < ¢H <
u2Sym(U), this indicates that U is non singular whep >
0. DefineG = U~ and Y = diag(G,G,G,G) . Let S =
UTSU, pq>7i = UTP@)iU, H= UTHU, pl = UTPlU and
Y; = K;U . Pre and post multiplying (11) b¥” and Y,
respectively, and then, we changé = G, M, = 11 G”
M; = poGT, we obtain®;; + ®;; < 0. By following the
similar way it is easy to obtain from (10) that; < 0 with
the consideration of (12) and (13), we haVéz(t)) < 0
when h; > 0, therefore, the system (8) is asymptotically
stable. ]

S(1—B) = Sym(Q2) + Sym(W2)+
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Remark 3.1: In the proof of Theorem 3.1, we intro- _/t jT(a)Hj:(a)da<G(t)€T(t)WH71WT§(t)
duce the equality (26) to estimate the upper bound of the Ji—o(1) N

time derivative ofV/(t). However, the inequality-2a”b < - ¢ _

alSa + TS~ 1b, |s sometimes used to bound the terms +26° (W i(a) da
—2T(1)Q [ i(a)da and —2¢T(B)W [ i(a) da i

in (24). This treatment may give conservauve results The < GETOWHTWTE®) + 26T ()W i(a) da
following Theorem summarizes this case. t—o(t)

Theorem 3.2: System (8) is asymptotically stable, if there (30)
exists some matrice®; > 0, H >0, S >0andT >0, ,we can prove thaV (z(t)) < 0 if conditions (9), (10), and
any matrice®;, V;, U , Q, andWW satisfying the followmg (11) are satisfied. [ |
set of LMIs : (9), (10), and (11). Where Remark 3.2: As in [8], if we consider that

t t
—/ i’ (a)Hi(a)da < —/ i’ (a)Hi(a) da (31)
IPF * * t—G t—o(t)
Doy U3 * we obtain the following result given in Corollary 3.1.
A = F4wT p2(AnU )T mUT Ts Corollary 3.1: System (8) is asymptotically stable, if
’ Wi w, 0 there exists some matricdd > 0, H > 0 andS > 0,
QT _g 0 any matrice®;, Y;, U and L satisfying the following set of
wi wy 0 LMIs : (9), (10) , and (11). Where
Lol T
* * * Aij = F/Q” Vs T L
T, ) . (28) ' i M2(A1i(_J)T— mUs Iy 0
0 —5-'H O oLi oLs 0 —-H
0 0 - whereT};; = Sym(A;U + BY;) + Py + S + Sym(L1)
T, = p (AU + B;Y;) + +UTAT 4 Ly— LT )
Iy = (AU + UTAT) — Sym(Ls) — (1 - B)S
wherel'y;; = Sym(A;U+ B;Y;)+ Ps, z—i—S—l—T—l—Sym(Ql) Uy = pa(AU + BiY;) — UT + PT
Doy = (AU + BiY)) + UTAL, + Q2 — QT + W T, = —p(U+UT)+6H .
Ui = 1 (AuU+UT AL = Sym(Qa)+Sym(Wa)—(1-8)S  |n the next, we propose to extend the result in theorem 3.1
Tuij = po(AU + BiY;) —UT + Pl which gives the best result to robust cased; , AB; and
[s=—p(U+UT)+cH AAy; #0).
Ie =-T Theorem 3.3: System (8) is asymptotically stable, if there
Proof: With considering the same FLKF in Theoremexists some matrice®; > 0, H > 0, and S > 0, any
3.1 and using that matrices©;, Vi, U ,X11, Xo1, Xoo, X31, Xs2, Xa3, Q1

Q2. Q3, Wi, Wa, W3, ande;. satisfying the following set
of LMIs : (9), (10), (11), (12), and (13). where

t
/ i’ (a)Hi(a) da [ Ty * %
t=o P L' k%
_/lt 7 7 (a) Hit (o) d +/t T () Hi(a) d Lyij Usij Toij  *
s # (@) HE{a)da tfcr(t)x e ga Aij = Tz p2(AuU) —mUT 0 Ty
EAU 0 0 0
EiY; 0 0 0
|0 FauU 0 0
where the following equations hold for any matrices Q and % % %
W with appropriate dimensions: * *
* * *
—e;1 * * (32)
0 —el %

[ i) da < 006" (0QH 1 Q"E(0)
t—o(t) 0 0 —e; 1

wherel'y;; = Sym(A;U + B;Y;) + P. i+ 8+ Sym
+267(1)Q - i(a) da 5X11 —l—le:DADi —|-(61DBD —l—)eZDATDAl yml@*
oW Tai; = p1(A; U+BY)+UTA +5Xo1 +Qa— QT + W
<t (QHQTe() + 26T (1)Q i(a) da P3; = p1 (A U+UTAL) —(1— ﬁ)S+onz —Sym(Qz)
t—o(t) Sym(Wg) + ulelDADT + u3e;DpDE + p2e; D a1 DY,
(29) Tyij = W + Q3+ 6Xs
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Dsij = —W4 — Qs+ Ws + 0 Xa2 [0,25]. Thus, based on the derivative of the membership
Teij = —Sym(W3) + 6 X33 + pde;DaD% + pde;DpDL 4+ functions, we choosé,= {2.15,2.15.

u3eiD a1 DY, B It appears from Table 1 that the free weighting approach
T7i; = pe(A;U + B;Y;) - Ut + P gives the best result in the case of uncertain T-S fuzzy model
s =—pu(U+UT)+6H with varying time-delay as we said in Remark 3.1.

Proof: With considering the same FLKF in Theorem 3.1 andn fact, by solving the LMIs in Theorem 3 of [9], in Theorem
by using Lemma 2.1 and the Schur complement, we obtal , in Corollary 3.1 , and Theorem 3.2, the maximum

Theorem 3.3 . value of the time delay is found in theorem 3.1. Table 1
Where the uncertain part is represented as : summarizes the results. By using theorem 3.1 with the choice
A®;;=Sym(DF(t)E) < eDDT + ¢ *ETE With of 5 = 0.15 ando (t)=3.05088+0.15 sin(fy = 3.2088, 1 =
D D D 0 p2 = 1).We can obtain the following state-feedback gain
matrices:
p— |[mPa mDp mDar 0 (33)
peDa  peDp  p2Dar 0 Ky = [11.2167 2.0460 0.1499] (38)
0 0 0 0 Ky = [11.2167 2.0460 —12.4501] (39)
[F(t) 0O 0 0 The simulation results depicted in figures (1)-(3) show:that
F(t) = 0 F(t) 0 0 34 « The evolution of the membership derivative shown in
(t) (34)
0 0 F@) 0 Figure 1 allows us to verify that the assumption (19) is
L 0 0 0 F() verified.
e The closed-loop behavior of the total system with
EaiU 0 0 0 above fuzzy controller for initial conditiongy, =
po |EmY; 0 00 (35) [ 1.4 0.3 —2.4 ] tends to zero, which is in accor-
0 EaU 00 dance with the analysis in this paper.
| 0 0 0 0
| Methods Maximum allowed
Theorem 3.1 3.2088 s
IV. NUMERICAL EXAMPLE Theorem 3.2 25s
To illustrate the designed controller law for the T-S fuzzy ?ﬁé%uz% g(l)f [9] %‘,13532
model with time-varying delay, we consider the following TABLE |

example.

. . . . Comparison of time-varying delay-dependent stabilizatioethods
Example . Consider the nonlinear systems with time-delay: P ying deray-cen

without uncertainties

&1 (t) = —x2(t) — x3(t) + az1(t — o(t))

Za(t) = z1(t) + brza(t) (36)

i5(t) = (21(t) = )wa(t) + u(?) 1~
The following fuzzy T-S model is presented: o ]

_ Z Z Rii { (A + AAy) + BiK;Ja(!)
i=1 j=1 37) ?M’

F(Ay + AA2(t — a(t))}

where :
1 -1 1 -1 ’
’ AQ ) i i L I

Ay =

o = O
=
iy
e}

a 0 0 0 Fig. 1. The dynamic of the derivative of the membership fiamct,
A =A,=10 0 0], By =B = |0},
0 00 1]
Wherey = 6.3 , a = 0.5, by = by = 0.2 , ¢ = 5.7 V. CONCLUSION
The fuzzy rules are hFW and In this paper, we have presented two new conditions
ho =1/2(1 — (¢ — Jz1(t) /7). for robust stabilization for uncertain fuzzy systems with

time varying delay. Based on the fuzzy weighting-dependent
The operating domain of the nonlinear plant are assumégapunov-Krasovskii functional method combined with the
to be x1(t) € [-10,12] , zo(t) € [-12,8] and z3(t) € introduction of free weighting matrices, the less consesua
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