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Delay-Dependent Stability of Differential Linear Repetitive
Processes with Delays Along Two Directions

Said Kririm! and Abdelaziz Hmamed?

Abstract— Repetitive processes are a distinct class
of 2D systems (i.e. information propagation in two
independent directions) of both systems theoretic and
applications interest. they cannot be controlled by
direct extension of existing techniques from either
standard (termed 1D here) or 2D systems theory.
this paper deals with the stability of differential linear
repetitive processes with delays in both directions of
information propagation. Stability criteria are devel-
oped: is delay-dependent with tow approaches based
on Lyapunov-Krasovskii functions and the resulting
conditions are expressed in terms of linear matrix
inequalities.

Keywords— Differential repetitive processes, tow-
dimensional systems, stability along the pass, delay-
dependent stability.

I. INTRODUCTION

As one of important sources of instability and os-
cillation, time delay is unavoidable in technology and
nature. It extensively exists in various engineering sys-
tems such as chemical processes, long transmission lines
in pneumatic systems [1], and can make important effects
on the properties of dynamic systems.

In this paper, the new results are one delay-dependent
stability criteria for so-called differential linear repetitive
processes which arise in the modeling of many physical
examples(-see, for example [2]). The resulting conditions
are formulated in terms of linear matrix inequalities
(LMIs).

Notation : we use standard notation throughout this
paper. The notation P > 0(< 0) is used for positive (neg-
ative) definite matrices. x stands for the symmetric term
of the diagonal elements of square symmetric matrix. I
denotes the identity matrix with appropriate dimension.
the superscript ”T” represents the transpose.

II. BACKGROUND

In this paper we consider differential linear repetitive
processes with delays in both directions of information
propagation, i.e. along the pass and form pass to pass,
delays whose dynamics are described by the following
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state space model over 0 <p < a, k>0

Tpp1(t) = Axpgi(t) + Argzpe(t — di) + Boyw(t)
+B1qYk—dz(t)
Yp+1(t) = Capp1(t) + Crazpsi1(t — di) + Doyr(t)

+D1ayx—az(t)

(1)
Here on pass k, zx(t) € R" is the state vector and
yr(t) € R™ is the pass profile vector. The positive
scalar dy and integer ds represent unknown but constant
delays in the along the pass and pass to pass directions
respectively and satisfy
0<d <dy <o0;0<dy <dy <00
Where d; and dy are delays upper bounds.
To complete the process description, it is necessary to
specify the boundary conditions. i.e. the state initial
vector on each pass and the initial pass profile. Here
these are taken to be of the form

:L‘k+1(®) = dk+1(@)7]€ >0,V0 € [—dl,O]
yp(t) = fo(t), 9 = —da,—da+1,....0;Vt : 0 <t < «
(2)

where dj41(0) are given continuously differentiable
function on [—d;,0] and fy(t) are known piece-wise
continuous functions of t.
the goals of this paper are to develop solutions to the
following questions:
v"When is a process with delays of the form considered
here stable?
v'How large can the delays be before the stability
property is lost?
The analysis in this paper will make extensive use of
the following known results.

Lemma II.1 [3] Assume that sequences a(.) € R™ and
b(.) € R™ are defined on an interval Q and N € Re>*m
is given. then for any matrices X € RMe*" Y € Rhraxne
and Z € R"*™ such that

the following holds
-2 [, a(0)T Nb(0)do

< ORE X Y -N 17T ad)
=Jo | pg) YT _NT  Z b(6)
Lemma I1.2 [/] Assume that sequences a(.) € R™ and
b(.) € R™ are defined on an interval Q and M € Re>*"

] (3)
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is given. then for any matrices R € R S € Rrraxne
and @ € R™*" such that
R S
>
X
the following holds
-2 a(m)T Mb(m)

[ ] Lo e Q1]

III. STABILITY THEORY

The stability theory for constant pass length linear
repetitive processes comnsists of tow distinct concepts
termed asymptotic stability and stability along the pass
respectively. Noting again the unique control problem
for these processes, this theory demands that bounded
sequences of inputs produce bounded sequences f pass
profiles where here bounded is defined in term of the
norm on the underlying function space. The essential
difference between them is that asymptotic stability
demands this property over the finite pass length
whereas stability along the pass is stronger in that it
demands this property uniformly, i.e. independent of the
pass length.

Consider now the case when no delays are present and
hence the process dynamics are described by

Fpr1(t) = Azppa(t) + Boyk(t) (5)
Yk+1(t) = Cxpy1(t) + Doyr(t)
Necessary and sufficient conditions for stability along the
pass of process described by this model are available in
several forms but here it is the following which is relevant.

Lemma II1.1 [2] Differential linear repetitive processes
described by (5) are stable along the pass if, and only if,
the 2D characteristic polynomial

sl — A _B()

C(s, z2) := det —2yC I — 2Dy (6)

satisfies
C(s,22) #0, V(s,22): Re(s1) >0 and | 22 |< 1

Several sets of tests for the necessary and sufficient
condition of this last result are known. However, none
of them have provided a basis on which to design
a control law for stability and/or performance. This
has led to the use of a sufficient based test which
provides this essential property and here will be the
route to developing answers to the questions posed in
the previous section. The route is to use a Lyapunov
function interpretation of stability along the pass which
leads to LMI based conditions.

The Lyapunov function of interest here is given by

Vl(kvt) = Vll(kat) + ‘/12(‘1{: t)

— ol (P () + T O Pty
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where Py > 0 and P, > 0. (This function is a
combination of tow independent function to take account
of the tow directions of information propagation). Also

Vis(k,t) = @f () Piagga () + 2f o (6 Prigga (2)
AVig(k,t) =y () Payiyr () — yi () Py (t)

and hence the associated increment for (7) is given by
AV (k,t) = Viy(k,t) + AVia(k, t) (8)

Then we have the following result.

Lemma II1.2 [5/ A differential linear repetitive
processes described by (5) is stable along the pass if

AV (k,t) < 0 9)

It is possible to write the condition of this result in
terms of an LMI see [5] for the details. Note also that
if stability along the pass holds then lim,_ocxr(p) = 0
and limy_—oyx(p) = 0.

Now we proceed to extend this last result to delay-
dependent of the questions posed in the previous section
using a Lyapunov-Krasovskii function approach which
are then refined to LMI based conditions.

Consider the delay-dependent case. Then the candidate
Lyapunov-Krasovskii function is

Vao(k,t) = Vo (k, t) + Vao(k,t) + Vas(k, t) + Vaa(k, t) (10)

where
Vai(kt) = () Pregga(t)
0 t
Vao(k,t) = / / ip 1 (0)Zig1(0)dOdY
—dy Jt+19
t
+ / Th  (0)Wagy1(0)do
t—dq
Vas(kt) = i () Payi(t)
da k—1
Vaa(kyt) = D D AGLHQAE(H)
0=1m=k—0
da
+Y Yo (OUyk—a(t)
0=1

and P, > 0,P, > 0,Q > 0,Z >0W >0 and U > 0 are
matrices to be determined. Also

(11)

Now we can define delay-dependent stability along the
pass differential linear repetitive processes described in

(1).

Lemma II1.3 6/ A differential linear repetitive
processes described by (1) is said to be delay-dependent
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stable along the pass (i.e. stable along the pass for any

delay di € (0,d1] and dg € (0, dz] provided

AVy(k,t) < 0 (12)

To proceed, first note that

t
Ehpa(t— dy) = 2 (1) — / b (0)d0 (13)
t—dq
and

do

Yk—as(t) = Uk(t) = > _(Wk—041(t) —ye—o(t)  (14)

6=1

and substituting these into (1) yields

ipp1(t) = (A+ Ara)zesa(t) + Boye(t)
+B1ayk—daz(t)
t
*Aw/ E1(0)do
t

—dy
Yrr1(t) = Capgr(t) + Cravpa(t —dy)  (15)
+(Do + D1a)yx(t)

do
Dig— Y A&4(t)

0=1

where A&, _o(t) = yr—o041(t) — yr—o(t).

IV. LMI STABILITY CONDITIONS

In this section, develop LMI based ( and hence com-
putable) conditions for the stability along the pass defi-
nitions of the previous section.

Consider again the Lyapunov function (10).then

Vor(k,t) = @iy (D P1apsa (1) + @iy () Prpesa (1)
= 2zf 1 ()P Brayk—a, (1)
+2x 4 (t) Py Boy(t)
+17£+1(t)P1 (A4 A1g)xps1(t)

t
—2x£+1(t)P1A1d/ .’i‘k+1(9)d9
t—dq

Also set a(.) = xp41(t), b(.) = &py1(t), N = Py A1q4 and
then apply result of lemma II.1 to yield

WeBB.3

Voi(k,t) <

Also

IN

‘/22(k7t)

2241 (t) PLBrayk—a, (t)
+2x£+1 (t) Py Boyk(t)
+225 () P (A + Avra)Ti41(2)
iy () X (t)

t
+ / ip,1(0)Zax11(0)do
t—dq
t

+2af ()Y — P1A1d)/ Tpy1(0)do
t—d,

27 () (PLA+ ATP + di X
+Y + Y ) (1)
+2z 1 (t) Py Boyx (t)

t
+ / ip1(0)Zdk41(0)dO
t*dl

+227 1 () (PrAvg — Y )z (t — dv)
+22{ 1 () PLB1ayn—a, (t)

= didi () 2 (t)
t
*/ d1(0) Zigy1(0)dO
t—dy
iy (Wi (t)
— Ty (t = d) W (t — di)

and for convenience of notation introduce
er(t) = [af, (t) o (t—di) yi (0]
A=[C Ciq (Do + D14g)]

Then using (15)

A‘/QS(‘ZC: t)

= Y1 (O Poyrra(t) — yic (6) Py (t)
= @i (AT Pahr(t) — wi (1) Payk(t)

da

—20f ())ATP2D1g > Adi_p(t)
=1

F(Wr(t) = Yr—ay ()" DIy P>
X D1q(yr(t) — yr—d, (t))

Now consider the term

da

—2¢£(t)ATP2D1d Z Afkfg(t)

=1

and set a(.) = Apg(t), b(.) = Alk—g(t) and M = PyD1g.
Then an obvious application of Lemma I1.2 gives

=2 (t) AT P,Dyg Zé‘il Ai—o(t)

ezt [ 329 ][5 e 5] oo
Pk

|

Ay _o(t)
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= dapy, (AT RAp (1)
—(Wk(t) — yr—a. ()T [S — M A (t)
+or ()AT[S — M (yk(t) — ye—a (1))

da
+Y A (QAG (1)
=1

Hence
da

AVas(k,t) <> ALy (HQAL—o(t) + X7 (k, )Ox(k, 1)
0=1

where

X(k,t) = [z (8) i (1) @i (t—d) ye_g, (D]

and

Tin T2 Tiz Tiy
Tor Top Yoz Yoy
T3 T3 T3z Tay
Ty Ty Tuz Ty

T = CT(P2 + ng)C

T = CT(PQ + dQR)(DQ + Dld) + CT(S — PQDld)
Tlg = CT(PQ + dQR)Cld

T14 = —CT(S — Pngd)

Yo1 = (Do + D14)T (P2 + daR)C + (S — PaD1g)TC
Yoy = (Do + D14)" (P + daR)(Do + D1a) + D3 P2D1a

+(S=PyD19)T (Do+D14)+(Do+D1g)" (S —PyaD1y) — Py

Yo3 = (Do + D14)"(Py + daR)Ciq + (S — P2D14)" Cha
You = —(Do + D14)" (S — P2D14) — DI, P2D1q

Ty = CL(Py + doR)C

T3 = Cljzi(PQ + d2R)(DO + Dld) + C’I":i(S — PQDld)
Y33 = C@(Pg + d2R)C17:1

T3y = —CTy(S — PyDyg)

Yy =—(S— P,D1g)TC

Yio = —(S — P2D1q)" (Do + D1g) — DlePQDld

Y34 = —(S — P2aD1a)"Cha

Y44 = DI,;PyD1q

Also

WeBB.3

da 0
Z Z A€g+m (t)QAgk-i-m(t)
0=1m=—0+1

-1

d2

72 Z AL (OQAE 1w (1)
6=1m=—0
da—1

+ 3yl (OU—o(t)
6=0

S oot
= dngzfl%” (HQAL(t)
- ij A& g (QAE,—4(1)
T OV — O (17

and further manipulations lead to

AVoy(k,t) =

da
AVau(kt) = dE"QE =) AL ,(HQAL_o(t)

6=1
+yi (OUyk(t) — yi 0)Uy(t)  (18)

where = = C«Tk+1) (t) + C1aTr41 (t — dl) + (Do — I)yk (t) +
D1 qyr—a, (t). Now we have the following result that gives
a condition for delay-dependent stability along the pass.
This theorem constitute the corrected results of theorem
2 in [6], which continent some mistakes.

Theorem 1 (correct theorem 2 in [6]) A differential
linear repetitive processes described by (1) is stable along
the pass for any delay 0 < dy < dy and 0 < dy < dy
if there exist matrices P, > 0, P, > 0, Q > 0, Z > 0,
U>0 W >0and R, S, X, Y such that the following
LMIs are feasible

[ A1 Az Az A Ais Ae Agr |
* Ao Aoz Aoy Nos Agg Aoy
* *  Asz Asqg Ass Azg Agy
* * * A44 A45 A46 0 <0 (19)
* * * *  Asgs O 0
* * * * 0 Agg O
L * * * 0 0 0 A77 ]
X Y
ERAEC (20)
R S
[ ST Q :| Z 0 (21)
where

Ay =ATP + PIA+d X +Y +YT + W
A12 = CT(S — PQDld) =+ P1B0

Az =PAy-Y

Ay = CT (=S + PyD1g) + PiBig

Ais =doCTQ, Aig =d1 AT Z
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A17 = CT(P2 + dQR) Proof:
Aoy = (S — PoD14)T (Do + D14) + (Do + D14)T(S —  Using a similar line as in the proof of theorem 1 in [7]

PyDyq) — P+ U + DI, P, Dy (1D). )
Aoz = (S — PyD1g)TChq First evaluate Va1 (k,t) (using (13))to yield

Aoy = =D}, PyD1q — (Do + D14)" (S — P2D14)
Ags = da(Do — )T Q,Aos = d1 BE Z

A27 = (Do + Dld)T(PQ + dQR) ‘./21(k’t) = jjz-&—l(t)Pl'rk-l-l(t) + m£+1(t)P1'jjk+1(t)
Asz = =W, A3y = —(C1q)" (S — PrD14) 22 (Y1 [2pp1 (t) — Ty (t — )]

Ass = d2C1yQ, Ass = di41,Z +22L (t —d))Th[x t) —x t—d
A37 - (Cld)T(PQ + ng), A44 = D?dPQDhi -U k+1( 1) 1[ k+1( ) k+1( 1)]

¢
Ays = doD;Q,As6 = dyBY,Z —2x£+1(t)Y1/ dpp1(01)d0y
Ass = —doQ, Aeg = —d1 Z A7 = —(P2 + doR)T t—d

t
Proof: Assume that there exist matrices P, > 0, _2$£+1(t_d1)T1/ E41(01)dor
P,>0,Q>02Z>0U>0 W >0andR, S, X, t=da

Y such that the LMIs (19), (20) and (21) are feasible. =~ Hence

Then the Lyapunov function (10) is positive definite

and the corresponding increment is given by (11). Next,

apply the Schur’s complement to the inequality (19) and Vor(k,t) = d d Z X1 (k, t)®1x1(k, t)df;  (23)
proceed as per the proof of the last result to establish 192 Jt=di g, o)

that

Where

AVs(k,t) <0
0 X = () st —d) m) vea
as required |

Epi1(01) Di-p,(t)]
Theorem 2 A differential linear repetitive processes
described by (1) is stable along the pass for any delay and

0 <di <dy and 0 < dy < dy if there exist matrices 0 =
P>0,P>0,Q>0,Z>0,U>0 W >0 and Yy,
T1, Y, Ty such that the following LMI are feasible Z1 PiAu—Y1+ TlT B PiByg —diY1 0
* —TlT — T1 O 0 —d1T1 O
0,:<0 * * 0 0 0 0
W here * * * 0 0 0
0, = * * * * 0 0
Uy U Pi3 Uy YUy 0 Wi, P13 Py * * * * * 0
* Uy 0 0 Was O Wor Wag Wy
* * P33 U3 0 Was Wap Wy Way | Z1=PA+ATP+ Y +Y]
* * * Uy O Uy Uyr Uy Wy | Also
* * * * Uss 0 0 0 0
* * * * * Uee O 0 0 ) t
* * * * * * o 0 0 Voo(k,t) = / [Zr41(t) Z g1 ()
* * * * * * * Ues 0 t'_dl )
* * * * * * * Wog —@p41(01) 11 (61)]d0
i (22) " + g1 ()W (t)
where —$k+1(t —d1)Wzpt (t — dl)

Uy =ATPL+ PLA+ Y1+ YT+ W
Uip =P A+ T — Yy, U3 = PBy

Uiy = P\ Big, V15 = —diY1, U17 = ATd Z Vaa(k,t) = ads d Z X1 (k. )AL dy ZA1x1 (K, t)
P15 =CT Py, W19 =deCTQ, Voo =T =Ty =W 172 Jimdig,

Wos = —dT1, Yoy = A{ddlZ, Wog = Cfdpg _¢k+1(91)dlzxk+1(01) + xk+1(t)ka+1(t)
Wag = daClyQ, P33 =Yy + Yo +U — Py, U3y =T — Y5 —Zpogr (t — )W g (t — dy)]db; (24)
W36 = —doYa, W37 = Bl diZ, ®33 = D{ P,

(1)39 = dQ(DO — I)TQ, \1144 = 7T2T - T2 -U Where

Wy = —doTs, W7 = BL,d1Z, P43 = DI, P, A =[A Aiqg B Bis 0 0

D9 = doDT,Q, V55 = —d1 Z, U5 = —da@Q Using a similar line as in the proof of theorem 1 in [§]
Uor = —d1Z, Ygg = — P, g9 = —d2Q (1D).
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Then using (14)

AVis(k,t) = yiy1(t)Payrsa(t)
—y, (t) Payi (1)
+2y5 () Yaly(t) — yr—a, (t)]

20 gy () T2y (1) — Yr—a, (1)]

da
2yl (1)Y2 > A_p,(t)
02=1
da
=2y}, (DT2 Y Adk—p, (1)

0>=1

da

1 t
Z [X,{(k7 t)AgP2A2X1 (k7 t)

AVas(k,t —
23( ) ) d1d2 t—d; o1

It then follows from (23)-(26) that

1 t da
AVy(k,t) = Tk, t)0x1 (k, t)]db
)= g [, 2o BT 08w ()
Where
Enn Er2 Eiz Enu —di?n 0
* oo Haz Zau —diTh 0
0, —| * Z33 a4 0 —daYs
2 k *k * 544 0 —d2T2
* * * * —d1Z 0
* * * * * —daQ)

En=PA+ATP+ Y1+ Y+ W+ ATd1 ZA+CTP,C +
CTd,QC

B = PAg - Y1+ T + ATd1 ZA1q + CTPCyq +
CTdyQC1q

—yi () Payr(t) + 2y (t)Ya[ye(t) — Yn—a, (t)]E1a = PrBra+ ATd1 ZB1g + CT PaD1g + CTdaQD1yg

+2ui g, (O T2[yr () — Yr—a, (t)]
=2y (t)da Yo Ay —p, (1)
=2y, (£)do T NG g, ()]d6,

Where
Ay =[C Cyq Dy D14 0 0]
Also

d2 0
= Y Y AT ()QAG )

Or=1m=—05+1

dy -1
=30 > AL (DQAG (D)

A‘/24(1433 t)

92:1 m:—92
do—1

+ > U0, (OUyk—0, (1)
62=0
da

- Z Yi—o, (DU Y10, (1)
Oo=1

1 &

= % > A () d2QAL (1)

0,=1

—AL g, (H)daQALk g, (1)
Y (OU () = Yi—a, () Uyk—a, (1)]

Then using (14)

1 t do
AVau(k,t) = > I (k) AT daQAsxa (K, 1)
didy J; g, £,
— ALy, (1) d2QAE g, (t) (26)
i (OU k() = yi g, (DU yk—a, (t)]d61
Where

A3 =[C Cig Do—1I D14 0 0]
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(25)

S = T — TF — W + AT,di ZAyg + CL,PyCha +
CL,d2QChq

Zog = A’{ddlzBo + CﬂPQDO + Clede(Do — I)

S04 = Al d1 ZB1g + CLyPaD1g + ClLidsQD1yg

S35 = Yo+ Yy — Po+ U+ Bl'd ZBy+ DI PyDo + (Do —
NTdyQ(Dy — 1)

E34 = BldiZB1qa + DI PyD1g + (Do — I)Td2QD1g —
Yo + T

=4 = —1y — T2T - U + dedlZBld + D’{‘dPQDld +
D?ddQQDld

A differential linear repetitive processes described by
(1) is stable along the pass for any delay 0 < d; < d;
and 0 < dy < dg if there exist matrices P; > 0, P, > 0,
Q>0,Z>0,U>0 W >0 and Yy, T1, Ys, T3 such
that the following LMI are feasible

02 <0 (27)
Using the Schur complement to (27) yields (22). This
completes the proof. [ |

V. ILLUSTRATIVE EXAMPLE

In this section, one example is provided to illustrate
the effectiveness of the results in the previous section.
Consider Differential Linear Repetitive Processes time-
Delays system (1) with the following parameters:

A BO) B (—0.6 0.6

C Dy) \035 0.7

nd

Arg Big)_ (01 0

Cha D1d>_<—0.2 —0.1>
Our purpose is to find the maximum continuous
delay d; for fixed value of discrete delay do and the
maximum discrete delay dy for fixed value of continuous
delay d; such that the Differential Linear Repetitive
Processes time-delays system is stable along the pass.
computational results are shown in table 1 and table
2, which summarizes the obtained maximum allowable
delays by wusing the previously published method
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Theorem 2 in [6](corrected in this paper: Theorem 1 )
and our method(Theorem 2 ).
Table 1

Maximum allowable continuous delay comparison
dy  di(Theorem 1) dj(Theorem 2 )

1 2.6167 3.0747

2 2.3429 2.8479

4 1.8263 2.3245

6 1.4359 1.8555

9 1.0965 1.5559

13 0.8945 1.4093
Table 2

Maximum allowable discrete delay comparison
dy  do(Theorem 1)  do(Theorem 2 )

1 10 00
2 3 5
2.5 1 3
3 infeasible 1

The results compared in Table 1,2. It can be seen
that the delay-dependent stability conditions given by
Theorem 2 are less conservative than this previously
reported in the literature (see Theorem 1)

VI. CONCLUSIONS

In this paper the stability theory for differential
linear repetitive processes has been extended to include
cases where there are delays in both directions of in-
formation propagation. The delay-dependent case have
been considered. An improved delay-dependent stability
condition has also been proposed(Theorem 2) for differ-
ential linear repetitive processes delay system. Numerical
example have demonstrated the effectiveness of the pro-
posed method.
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