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Decentralized observers for a class of large scale singular systems via
LMI

Mejda Mansouri', Latifa Boutat-Baddas?, Mohamed Darouach? and Hassani Messaoud'

Abstract— This paper deals with the problem of observers
design for large scale interconnected singular systems. A novel
decentralized observer is proposed based on a new parame-
terization of the generalized Sylvester equations solution. The
proposed approach unifies the large scale system observers
design for the full-order, the reduced-order and the minimal
order observers. Conditions for the existence and the stability
of these observers are provided in terms of linear matrix
inequalities (LMIs).

I. INTRODUCTION

It is widely known, that large-scale systems are essential
in our modern life. In general, a large scale system can be
distinguished by a large number of variables and a complex
structure where we can face with problems with many
equations and/or unknowns (see e.g. [13]).To solve these
problems, the use of some special techniques is required,
where distributed solutions are adopted for technical or prac-
tical reasons. Thanks to decomposition techniques, several
problems can be solved in a decentralized form, where large
scale systems are considered as a set of interconnected
subsystems. The problem of decentralized observer based
control, has received many attention and several approaches
have been developed to design decentralized local state
estimator or feedback controllers (see for example, [1], [2]).
The facility offered by this distributed form is to overcome
complexity which allows the feasibility of observer based
on a control implementation. However, the main difficulty
of this representation is in handling of the interconnected
terms between subsystems. For this reason, most of studies
developed about decentralized observer based on a control
assume that interconnections between subsystems are avail-
able [9], [10], This is not usually the case in practice. In
this paper, we consider the problem of a decentralized state
estimation, when the interconnections between subsystems
are not available. A new decentralized observer is proposed
based on the parameterization of the generalized Sylvester
equations solution. The organization of the paper is as
follows. The second section presents preliminary results, the
problem is stated in section 3. The decentralized observer
is developed in section 4, with discussion of the observers
stability. A numerical example is proposed in section 5 to
show the application of our results.
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II. PRELIMINARY RESULTS

In this section, we provide some basic results and notations
that will be used throughout this paper.

1) Let £ be an (n x p)-dimensional matrix, the symbol
KerT () represents the set of all matrices ® of full
row such that &€ = 0.

2) The symbol X* will be used to denote any generalized
inverse of the matrix ¥, satisfying XXt = .

Let us consider the standard system described by

ox(t) =
z(t) =

Ax(t) + Bu(t) ()
Hz(t) + Do(t) )

where A, B, H and D are constant matrices of appropriate
dimensions and where ox(t) = &(¢) for the continuous-time
system, t € R, and oz(t) = x(t + 1) for the discreet-time
system, ¢t € IN.

The H., performance index .J., for the continuous-time
case is given by

Eo= [T 00t ooy O
0
for a given . > 0 and for the discreet-time case, it is
Jh =Y (2T ()2 (t) —viv" (t) v (1)) “
t=0

for a given 4 > 0.

III. PROBLEM STATEMENT AND BASIC ASSUMPTIONS

We consider a linear descriptor large scale interconnected
system composed of N subsystems described by the follow-
ing equations:

AX(t) + Bu(t) ©)

EcX(t) =
= HX(t) (6)

Z(t)

where vectors X (t) € R", u(t) € R? and Z(t) € R™
denote the state, the known input and the known output
respectively. Matrices A, B, H and E are constant real-
valued such as : £ € R"™"™, A € R"™", B € R"*? |
H ¢ R™ ", with E singular. Let the vectors X (k) and
Z (k) be partitioned as:

£ 2
X(t)= ’ and Z(t) = 2: ,
x () v (t)

and let matrices F, A, B and H be partitioned according to
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the partition of X (¢) as follows:

E, 0 ... 0
0 FEy ... 0
E = . .
0o ... ... En
r A11 A12 AlN
A1 Az Aan
A == . . b
L An1 An2 ... AnN
B B1 H1 0 0
B 0 Hy ... 0
B = . , H= . .
L Bnx 0 Hy

The above partition provides the following model given by
system equations (7 — 8) with a global input u(t), it can
be always obtained by using similarity transformations (see
for example [3], [5], [8] and [12]), However, there exist
other decentralization methods that provide models with
local inputs u; like in hierarchical decentralization (see for
example [2] and [4]).

Now, the large scale system (5 — 6) can be rewritten as a set
of N interconnected subsystems in the following form:

Z Agjzi(t) (7
J=1,j#i
Hxi(t), i€ {1...N} ®)

EZ‘O'CL‘Z'(t) = A“Il( + B; u

Z3 (t) =

where vectors z;(t) € R™ and z;(t) € R™ are the state
and output measurement respectively of the i-th subsystem
andn=ny+...+ny and m = mq +...+my . Matrices
E; € ]Rnixni, A” S IRniXm, Aij c IRnixnj, B; € R™ %4
, Hz c IR"“’XM.

In the following, we will design a decentralized observer
for the interconnected system (7 — 8), where the intercon-
nections of ¢ — th subsystem with other subsystems are
assumed to be unknown. Let a matrix D; be defined as

Di=[ An Aigi-1 Ain |
and v;(t) is the unknown interconnection given by:
’l)i(t) = [ .’L’l(t) . $i+1(t) a:N(t) ] .
In this case system (7 — 8) can be written as

Hi:vi(t), iE{l...N} (10)

Ai(i+1)

{Bi_l(t)

Ei0'$7; (t) =
Zi (t)

Now, let a partition of the matrix D; and the vector v;
as: Dywv; = [ D Dis | Zi; such that D;; be of
full column rank, then there exist, a full row rank matrix
®;, € R of KerT(E;) N Ker”(D;;) such that
®; [ E; D |=0.

Remark 1: The partition of the matrix D; and the vector
v; is made so that we can extract full rank column part D;;
of the hole matrix D;, because for unknown interconnection
observer, the condition of existence is that necessary that
the matrix D;; representing the unknown interconnection is
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full rank column. We can always do this partition, since the
matrix D; is different to zero. If the matrix D; = 0, we have
a standard observer with a known inputs measurement u(t).

Now, for the sequel of the paper, we make the follow-
ing assumption which corresponds to the condition of the

existence of the unknown interconnections observers.
Assumption 1:

E; Dy
rank | ®;A; 0 =n; +rank Dj;.
H; 0

Remark 2: Assumption 1 is a generalization of the ex-
istence condition of unknown inputs observers for singular
system, for non singular case, i.e. E; = I,,,, we have ®; =0
and Assumption 1 becomes:

rank [ In; Dia

Jid 0 } =n; +rank D;.

or equivalently rank (H;D;1) = rank (D;1) (see [6]).

The objective is to determine a completely decentralized
state estimation for each subsystem given by (9 — 10) sat-
isfying the global performances obtained by the centralized
observers for system (5 — 6).

IV. DECENTRALIZED OBSERVER FOR LARGE SCALE
INTERCONNECTED SYSTEM

In this section, we consider the problem of the state
estimation of the i-th subsystem given by (9 — 10).

A. Observer design

Let the decentralized observer for system (9 — 10) be of
the following form:

o&i(t) =
z:(t) =

Nl&(t) + Miu(t) + Jizi (t)
P-L&(t) — Qiq)iBiu(t) + Flzl(t)

amn
(12)

where z; is the estimate of x;, &; is the state of the observer,
matrices N;, M;, J;, P;, Q; and F; are the appropriate
dimensions and must be determined such that e;(t) = &;(t)—
x;(t) is unbiased, i.e. independent of w(t) and x;(t), and
converges to zero as ¢t — oo.
The following proposition gives the conditions for the exis-
tence and the stability of the observer given by (11 — 12).
Proposition 1: For v;5(t) = 0, the system (11 — 12) is an
asymptotic observer (i.e.: tllglo Zi(t) — i (t) = 0) if :

z) oei(t) = Nye;(t) is asymptotically stable.
it) NiT,E; — TiA; + J:H; = 0
1) T;Djn =0
w) M, =T;B;
T E;
v) [ P Q; F; ] DA | =1,
H;

Proof 1: Let €;(t) = &(t) — TiE;x;(t) be the error
between &;(t) and T;F;x;(t), then its dynamic is given
by:

g€; (t) = O’&(t) — TiEiaxi(t) (13)

= Ni&i(t) + (NJTE; + J;H; — T; Aii) z4(t)
+ (M; —T;B;)u(t) — T; Dinvir (t) — T3 Digvia(t)
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The error ¢;(t) is independent of the state x;(¢). The input
u(t), the unknown interconnections ;1 (t), and the observer
is asymptotically stable for v;2(t) = 0 if

O’€i(t) = Nie,-(t)

is asymptotically stable and

N, T,E; — T; Ay + J;H; = 0
T:Dia = 0
M, = T;B;

what corresponds in condition %), ¢ii) and iv) of Proposition
1

On the other hand, the equation (12) can be written as:
i‘z(t) = Piei(t) — QﬁblBlu(t) +4 FZHZCL‘Z(t) (14)

from equation (9), since ®;F; = 0 we can deduce that:

—P; Biu(t) = ®; Az (t) + ®;Digvia(t) (15)
Then using (15), we can write the equation (14) as:
Z:i(t) = Piei(t) + QiPiDigvsia(t) (16)
+[ P Qi F ]| ®iAu |xi(t)
consequently, if v) is satisfied and v;2(t) = 0 we obtain
ei(t) = i‘i(t) — l‘i(t) = Piei(t) and tlim ei(t) = 0 since
—00

lime;(t) =0
t—o0
This completes the proof.

Remark 3: For v;5(t) # 0, and if the equations i), iii),
1v) and v) of Proposition 1 are satisfied, we obtain:

oei(t)
€; (t) =

Ni€i(t) — TiDiavia(t)
Piei(t) + Qi PiDizvia(t)

a7
(18)

B. Observer parameters determination

Now, in order to solve the equations %), i) and iv) of

Proposition 1, we define a matrix T; such that
T, =T, + 0@, (19)

where U, is an arbitrary matrix. Under Assumption 1, and by
using the fact that ®;F; = 0, we can rewrite the equations
1) and v) of Proposition 1 as:

!
[ N, v J; } glffl _ { T} Aii ]
On the other hand, since ®;D;; = 0, the equation i4i) of

Proposition 1 is equivalent to T;Dil = 0, which have the
following general solution

T; = Ti(Im

(20)

— Da D) 21

where T; is an arbitrary matrix to be determined. Then, the
equation (20) becomes:

T, B; _
N; ¥ J; } e [ 3 A }
; ' , ®;Au | = (22)
|: I Qz F; [ H; ] Ini
where
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Consequently, the design of the decentralized observer given
by (11 — 12) is reduced to finding the matrices T;, N;, U;,
Jis P;, Q;, F; and M; satisfying condition (22).

In the sequel, we give a solution for the generalized
Sylvester equation (22), but before, we can give the following
lemma which relates Assumption 1 to the rank of the matrix

E;

D; Ay

H;

Lemma 1: The following assertions are equivalent:

E; D1
1) rank | ®;A: 0 =n; +rankD;;
H; 0

E;
2) rank ‘I)ZA” = N;.

H;
I—-DyDj, 0
Proof 2: LetU; = DuDi—E 0 | be a full column
0 1
rank matrix and V; = ! 0 be a non singular
! -DfiE; 1

matrix, then we have the following equality

Ei Dz’l Ez Dil
rank ‘1%14” 0 Tank: U»; q:'—LA” 0 VZ
H; 0

H; 0

=

B';o

= rank P

11

0
Diy
0
0

=

.

H;
= n; +rankDji1

= rank | ®;A; ] + rankD;1

what proves the lemma.

Now, let R; be a full row rank matrix such that X; =

R;

H;

Then, under Assumption 1, there always exist parameter
matrices 7T; and K, such that (see [7]):

is a full column rank matrix, i.e. rank3;= n;;.

_ E’
[T: Ki|| ®:Aiu | =Ri (23)
H;
The equation (23) has a solution if and only if
;}1-- E;
rank }_I_“ =rank | ®;A; | = ni. (24)
R, H

under Assumption 1 and since rank3; = n;, this condition
is satisfied.

In this case, the matrices 7; and K are given by
B ',

;A {0}
H;

T, =R (25)
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and

(26)

Also, under Assumption 1, the general solution to (22) is
given by

{ P Q F ] —[ I, ]Q—{ 7 } (1-a0l) @

T;E; v
Where Q; = |®;4;| € R(””T*"ﬁmi)xm, and { ! ]
H; Zs

is an arbitrary matrix of appropriate dimension to be
determined.

Now, define the following matrices

I 0
Ap, = Q|0 |, Ao, =01 1],
0 0
0 I
Ar, = Q0 |, Ap=T-u0)]| 0],
I 0
0 0
Ao, = (I-u9)) Ap = -0 | 0|,
0 I
o I o 0
An, = TiAuQl | 0 | Ag, =TiAu | T |,
0 0
o 0 I
Aj, = TAQ | 0|, Ay, =T -0 | 0 |,
I 0
0 0
Ay, = (I-00N | T |, An=T-u0)| o0 |.
0 I
Then, we obtain
Ni = Ay —YiA, (28)
Ui = Aw, - YA, (29)
Ji = A, —YiA,, (30)
P = A, —ZiAg, 31)
Qi = A, —ZiA,, (32)
Fi = A, —ZiA, (33)

Now, we give the conditions for the existence of the
parameter matrices Y; and Z; such that for v;5(¢) = 0, the
system (17 — 18) is asymptotically stable, and for v;2(t) #
0, it satisfies the H,, performance index J:, < ~. for the
continuous-time case and J& < 4 for the discreet-time
case.

C. Decentralized observer: continuous-time case

Theorem 1: Under Assumption 1 and for a given 7. > 0,
there exists an observer of the form (11 — 12) such that the
error e; (t) given by (17 — 18) is asymptotically stable for
via(t) = 0 and le;(t)lly < e [[via(t)[ly for via(t) # O, if
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there exist a matrix X,, = X_ T > 0 and a matrices Qy,
and Z; such that the followmg LMI is satisfied

T
L) 12 (A, -ZAg)
(1,2)7 Ve, I (2,4)7 >0 (39
APi - ZiAp, (274) Vei L
where
(Ll) = _XCz‘Ni_NzTXCi
= XAy, + Ay, — Ay Xe, + ALy,
(1,2) = —X.TiDix=—Xo, (T - \I/i<1>i) Dy
= —X.Ti(In, — DiiD})Ds2
+ Xe;Aw;®iDiz — Qy; Ay PiDiz
(27 4) = —Qz¢1D12 = _AQi @rLDlQ =+ ZIA(‘% ¢'1Dz2

where Qy, = X..Y;.

Proof 3: From %) of Proposition 1 and using the fact that
T, =T;(I — DilD;':’l) — U, ®;, we can write

€&(t) = Niei(t) — T;Digvia(t)
= Nie(t) — (TzD_zz — U, ;D) via(t) (35)
where Dig = (I — Dlejl)Dﬂ
and by using the equation (16), we obtain
ei(t) = Piei(t) + Qi®iDigvia(t) (36)

Therefore, applying the result of [11] to the continuous-
time system given by (35) and (36) and by substituting
T;, N;,¥;, P; and @, by there values given respectively
n (25) — (28) — (29) — (31) and (32), and by taking
Qy, = X.,Y;, we obtain the LMI of the Theorem 1.

D. Decentralized observer: discret-time case

Theorem 2: Under Assumption 1 and for a given 4 > 0,
there exists an observer of the form (11 — 12) such that the
error e (t) given by (17 — 18) is asymptotically stable for
via(t) = 0 and Jlei(t)]l, < v [via(E)ll; for vin(t) # 0, if
there exist a matrix Xy, = X. > 0 and a matrix Qy,
such that the following LMI is satlsﬁed

Xa, 0 (1,3) (1,4)
0 ’Ydil Api - ZiAPi (2»4)
. ;
(1,37 (A, - ZiA,,) X4, o |7Y
(1,4)" (2,4)T 0 va, I
(37)
where:
(1,3) = Xuo,Ni = Xa,An, — Xaq,YiAw,
= XdiANi = Qv,An;
(1,4) = —X4TiDi2
= X4, Ti(In, — DilDiJE)DzQ + Xa;Av; i Ds2
= QyAy PiDi2
(2,4) = Qi®iDi2 =A, ®:Diz — ZiA, PiDi2

where Qy, = X4, Y;.

Proof 4: the proof is similar to the one given for theorem
1 and it’s omitted due to the lack of place.
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Remark 4: We can see that the observer (11 — 12) is of
dimension 3; < n;. Then, the presented approach unifies the
observers design for the full-order (3; = n;), the reduced-
order (8; = n; — m;) and the minimal order observers
(obtained for 3; = n; — ry,, —my).

The algorithm for the decentralized observer design under
Assumption 1, is given as follows:

R;
D Aui
H;

o Step 1 : Find a matrix R; such that ; = is of

full column rank.

o Step 2 : Compute the matrlx T; by using (25), then
deduce the matrix T from T T, (I — Dlell)

e Step 3 : Solve the LMI of Theorem 1 for the
continuous-time case and the LMI of Theorem 2 for the
discreet-time case, to compute the parameter matrices
Y; and Z;.

o Step 4 : Compute N;,V,,J;, P;,@Q; and F; by using
the equation (28), (29), (30), (31), (32) and (33) re-
spectively.

o Step 5 : Compute T; by using the fact that T; = Ti/ —
W, ®,, then deduce M; from M; = T;B;.

In the following section, we apply the results developed
in this paper to an illustrative example

V. NUMERICAL EXAMPLE

Consider the following interconnected descriptor system
of the form (5 — 6) with:

E - {E& 0}77{1‘111 A12]’

0 FEs Aoy Aaxo
Bi | Hi O
IS KAl

According to the considered decomposition in section III,
we have two subsystems:

B

Subsystem 1 is given by:

0 -1 0 0
B = 0|,4n=10"°%] 0 -2 o0 |,

0 0 0 -3

0

0
1
0
0.001
A12 = 0
0

oo

—0. 002 ,
—0.003
0.001 0 0
D1 = 0 , D12 = | —0.002 0 ,
0 0 —0.003
1 0 1
B1 = 0 0 1 andle[i 8 (1)}
1 1 0

For this system, matrix ®1=[0 0 1]. In this case, it is
easy to see that Assumption 1 is verified. We shall design a
reduced-order observer of dimension 8 = 1, let

Ri=[0 1 0].
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The solution of the LMI of Theorem 2 gives

0 0 0 0 0
Zy = |-22204 -040 —67.98 67.98 135.97

0 —0002 0 0 0
Yi = [0.44 0.0008 013 -0.13 0-0.27]and
Xai 1.3705.

The parameters of the observer are given by:

N1 = —0.0020,My=[0 0 1],
Jio= 100"[ —058 058 ],
0 111 111 0
P = 1|,0:9:1B,=10"2] -5 -5 0|,
0 —222 —222 0
0.66  0.33
o= {70.33 0.33]'
Subsystem 2 is given by:
1 00 -1 0 0
E, = 0 1 0],An=10" 0—40 ,
00 0
00005 0
Ay = —0.0008
0 700002
—0.0005 0
Dy = 0 , Doy = —00008 0
0 0 —0.0002
1 0 1
B, = |0 00 andH2=“8H
110

For this system, the matrix ®; = [0 0 1]. In this case it
is easy to see that Assumption 1 is verified. We shall design
a reduced-order observer of dimension £y = 1, let

Ro=[0 1 0].

The solution of the LMI of Theorem 2 gives

0 0.0005 0 0 0
Zy = —222.04 —-0.15 =157 157 O

0 —0.001 0 0 0
Y = [0.0888 0.0001 0.0628 —0.0628 O} and
Xo = 2.3705.

The parameters of the observer are given by:

No = —0.0004,M>=10"*[ -2 -2 0],
Jp = 107" —1273 —6.9 |,
0 125 125 0
P, = 1 |,Q2®2B,=10""| —0.03 —0.03 0 |,
0 -25  —25 0
1 0
F, = 0 o0 |.
-1 1

Figures 1, 2, 3 and 4 illustrate the results of the simulation
obtained with the above sub-systems 1 and 2. They show the
performances of our approach.
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VI. CONCLUSION

In this paper, we have presented a new method for
the decentralized observers design for large scale singular
systems. The method gives an unified approach to full order,
reduced order and minimal order observers design for each
discreet-time and continuous-time large scale interconnected
systems. The observers design procedure is based on a new
parametrization of decentralized Sylvester equation under
constraint. Conditions for the existence and stability of the
obtained observer are given. The sufficient conditions for the
stability are derived using an LMI formulation.
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