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Robust Adaptive Control for Uncertain Systems withTime Delay
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Abstract—In this article, we present at the first place the function representation of a plant. Plant uncetyaiis
concept of the direct model reference adaptvcontrol represented as variations in the coefficients efrthmerator
(DMRAC) algorithm which will be applied to the sysems with  and denominator polynomials of the plant transtercfion.
time delay and with unmodeled dynamics. These unmeted  pesign conditions for a feedforward compensator are

dynamics are represented as either additive or mufblicative developed utilizing an optimization procedure fabust
incertitude in the transfer function; this algorithm will be stability

applied to the linear variable systems such as SIS(Bingle-
Input Single-Output). The Simulations show that thedeveloped We develop in this paper the DMRAC algorithm for a

algorithm leads to an asymptotically stable error ad the system with time delay in the presence of struttadalitive
validity of the algorithm is illustrated by means d examples. or multiplicative incertitude

| INTRODUCTION Il. FORMULATION OF DMRAC ALGORITHM

The DMRAC algorithm proposed by Sobel, Kaufman,
and Barkana [1] provides an attractive adaptivetrobn ) )
approach. Its control structure adopts the use irefat The problem of DMRAC will be solved for the follong
combination of feedforward model states, commamuitin ~ €quations of the process
and the error feedback between the plant outputsta

model reference outputs. One of the propertiesrtizdée the Xp (t) = Ap X, t)+B pUp (1) 1
algorithm relatively easy to be implemented is tiatnly _ )
requires the plant and reference model outputgefiedence Yo (=C pXp (t)

model states to be available for measurement. Q¢iated
works such as Landau [2], termed the approach as anWhere X, (t) is the (n*1) state vectorti ,(t) is the
adaptive model following control. Another attraetiv
characteristic of this algorithm that provides desi
convenience is that the order of the reference ncate be andAID,BID and Cpare matrices with appropriate
made lower than that of the order of the plant ® b
controlled. This complements its ability of not dawg the
identification of process parameter.[3]

(m*1) control vector,y , (t) is the (q*1) plant output vector

dimensions. The range of the plant parameterssisnasd to
be bounded as defined by

The simple adaptive control approach originated bydj; < ap (,j)<aj,i=Ll.nj=1.n
Kaufman et al [4] which is an output feedback rodtthat _
requires neither full state feedback nor adaptibseovers. bij < bp(i, j)<bj,i=1l.n,j=1.m

Asymptotic stability is guaranteed if the plant atmost

strictly positive real (ASPR), that means there haigst a o - =\ th

feedback gain K such that the resulting closed-tsapsfer Where a_(i, j)is the (l ) ) element ofA, and
function is strictly positive real (SPR). This gaieed not be o ..\ th

physically realized during implementation. b, (i, j) is the (i, J)7 element ofB, .

We present the design of feedforward compensator fo The gpjective is to find without explicit knowledge
plants with plant uncertainty and time delay, agettgped by

Ozcelic,[5]. Development of design procedures
feedforward compensators are performed using toesfer systemyp(t) follow the output of reference modg), (t),

this last is described by

P A,and B, acontrolu, (t) such that the outputs of the
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many cases dim[xp (t)] >> dim[xm (t)] .
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The adaptive control algorithm being presentedaised K. (t) = t) — r TT: K =K
upon the command generator tracker concept (CGT) ! ® Cp(ym( ) yp( ) K ) 10 (8)
developed by O'Brien and Broussard [6]. In the CGT K (t)=C_(y.(t)-y (t))rTf
method, it is assumed that there exists an ideaitpkith P prom P

) . ) . Sufficiency for asymptotic tracking is achieved if:
ideal state and control trajectories, X p(t) and

1. There exists a solution to the CGT problem, &qng4).
U p(t) respectively, which corresponds to perfect outpu?- The plant is ASPR, that is there exists a gain

tracking. It meansy  (t) = Y (t) for t = 0. By definition, matrix K , (t) , not needed for implementation, such that the

this ideal plant satisfies the same dynamics asehkplant, closed-loop transfer funct_l(;n

and the ideal plant output is identically equatkiie model G (S) = [I +Gp(S)Ke] G,(s) isSPR

OUFpUt' Hence, when perf_ect tracking OPCWS-_”“* pant general, the ASPR conditions are not satisfigdriost
trajectories become the ideal plant trajectoriese Tdeal systems. Barkana and Kaufman [6] have remettiisd
control lawl p (), generating perfect output tracking andsituation by showing that a non-ASPR plant of trerf

the ideal state trajectories is assumed to be aarin G,(s)=C,(8 —Ap)_prCan be augmented with a

combination of the model states and model input:
feedforward compensatoH (S) such that the augmented

X, (1) _ S: Sy, || X (1) 3) plant transfer matrix
u, ()| LS up, (t) G,(s) =G, (s) +H(s)is ASPR.
It was shown in [1] that, in general the resultadpptive

Where theS”- sub matrices satisfy the following conditions controller result in a model following error thatbhounded,
but not =zero, the modification incorporating the

21 S22

SnA = A Sn +B 321 supplementary feedforward into the reference modgbut,
" P P has been developed [7] where the asymptotic model
S,B,=AS,+B.S, (4) following was achieved using a strictly proper #&ab

feedforward compensator. However it is also possilsing
a proper but not strictly proper stable feedforward
compensator [8].

C,=CsS,

0=C.S, L
P The DMRAC algorithm with the augmented plant and

The adaptive control law based on this CGT apprdach the augmented reference model is summarized ares gis
given as [1] follows:

— _ The plant and the model are given by the equatlyrafd

= + +
0,0 =K, O%,0+ KO0 +KO0O-Y,0) 6 o EE e
WhereK (t), K, (t) and K, (t) are adaptive gains and The compensator is given by:

A. the compensator proposed for the plant is:
concatenated into matri (t) as follows P prop P

KO =[K. () K. K, So(t) = A, (1) + B, (1)
Defining the vectorr (t) as r (D) =Cs, (1)
Yo, (t) - Yo (t) B. the compensator proposed for the reference model is:
M0 =] Xy Sn(t) = As, (1) + B,[ U, (1) = K, (0)(2, (1) = Z,(1))]
Unn) r,(t) =Cgs,(t)

The controlU | (t) is written in a compact form as follows. The augmented outputs of the plant and the moeel ar

U, (t) = K@r () © 2=y, 1) +r,(1)

Z,(t) = Y (1) + 1, (1)

Such that the output of the systemZs, (t) and for the
model isZ, (t).

K (t) is defined according to the following adaptive rfig
K(t) = K, (1) + K, (t) @)

where
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The augmented error is given by:
€, (t) = 7,(t) —Z,(t) = y,,() —y,(O) +r,(t) —r, ()
The control law is:

u, (t) = K()r()
The convergence of the adaption gains as well asnte
studies on the DMRAC can be found in [9].

The vectorr (t) iswritten in a form as follows.

(7 (1) =[ (20 = 2, @) %, U, ]

In this paper we use the ASPR lemma [10], which is

needed for the development of the design procethrra
feedforward compensator.

Lemma [10]

Let G(s) be a strictly minimum phagsexm transfer matrix of

relative McMillan degreem or zero. LetG(s) have the

minimal realization 4, B, C) with the high frequency gain
CB>0 (positive definite), thefs(s) is ASPR.

I1I.LANALYSE OF STABILITY

The stability will be analyzed by using an approath
Lyapunov illustrated by:

V(t) =€’ (t)P(t)et)
+Tr[S(K, (1) - KE)T (K, (1) -K®)'S"
Tr: Trace of matrix.

(10)

With T and P (t) are respectively symmetrical matrixes

positive definite Sis a nonsingular matrix ank is written
the same manner &s it means

K(t) =[K (1), K, (1), K, (t)]
And it is supposed that

K =Ce®)r" T, (t)

WithT, (t) is a time matrix. After
manipulations, the derivative ®ft) is given by

V =€ (O[P1) +POA,1) - B,OK.HC,)
+(A 1) - B,OK.HC,)" PE)
~2¢ ©P®)B,(1)(S'Y B, )PLe®) " B)Tr(®)]

This expression was established by supposing that

C,=(S'S*B'H)P()

(11)

And if K; (t) and IZ)'( (t) are selected so that
K (1) = Sy (1) and K (1) = S, (1)

Then the derivative d¥ (t) is negative if
1. Tis positive definite.
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2. T, is semi positive definite
—(QTQ\lRpT
3.C, =(S'9) B (1)P(t)
4.
P)+POA D) - B,OK.0C,) +(A 1) ~B,OK.OC,) PO
is negative definite
Note that the matriX | (t) , K| (t), K (t)andP(t) as
well as the matrices S”- (t)are not necessary for
implementation of the control law.

The following theorem summarizes the stability bé t
approach DMRAC with augmented of the plant and the
model.

Theorem 1[7]

Let us consider the adaptive controller given byagigpn
(6), With the adaptive rule defined by equation, (i7)the
following designed conditions are satisfies, thtéwg error

output Y, (t) = Y, (t) tends to zero asymptotically and
all the states and the controls will be limited. [7

1. G,(s) =G, (s) + H(s)is ASPR, whereG, (S)is the

transfer function of the plant andd (S) is the transfer
function of the compensator.

2. A solution exist for the CGT problem (equatiin
3. The compensatdi (S) is stable, it mean$d (S) has all
its roots in the left half-plane.

IV. THE INCERTITUDE OF THE SYSTEM WITH TIME DELAY

The Uncertainty on the parameters of the system is
brought back to an additional dynamics in the fasfa
multiplicative or additive uncertainty. This dynami is
added to the nominal systempresumably known or
multiplied by this one [11].

The uncertainty of system modeling is generallyidéd
into two categories, structured uncertainties anot n
structured uncertainties. For structured uncegairthe
model of uncertainty and the row of variation of it
parameters are supposed to be known.

The structured uncertainty can be modeled in sévera
ways of which additive uncertainty and multiplicati
uncertainty.

Let us considered a non ASPR SISO plant of the form

G,(s) =G(9)T(9) (12)
Where
_C8"+CST +.. 4+ Gy

"+B, 8" +...+ B,

(13)

Gy(s)
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In which the Coefﬁcientan_j and Cm—j can take any frequency, it is assumed that there exists a knmtional

values within the given bounds: function W (s) O RH,, such that
Cp;<C,, <Cmj j=0L..m W(jo)| 2| pa( j0)| Dow (21)
— . Now, the following assumptions are imposed on thatp

Bn—j < Bn—j < Bn—j ] = O,l,...,n .

- Assumptionl

And T(s) is the time delay of the plant and is of;the 1) Nominal plant Gy(S) is known, minimum
form phase, and stable.

— A TgS
T(s)=e ™ (142. 2) Actual plant G,,(S) is stable.
Let GO(_S) be the nominal plant obtained fro@(.s). using 3) minp, = P, where p,and Pjare the
the nominal values of the parameters. Then, definin relative degrees of the actual plant and the nonprent,
— respectively.
A,(8) =G(s) ~Gy(9) (15) pecivey-
4. 4) A(jw) Satisfies (21).
And A(s=T(s) -1 _ _ _
16 Now consider the following augmented plant with the
(16) parallel feedforward compensator
The actual planf5,(S) can be rewritten as —
valplanGp(s) i Ga(9)=G,(9)+H(9).

Gp(s) =(Go(9) +A,(9)A+ A (9) (18) The following theorem gives the design conditions &

. parallel feedforward compensatdt (S) so that the ASPR
Defining

conditions of the augmented plant are satisfiedtha

A(S) — Am(S) + G_lo (S)Aa (S)(1+ Am(S) (19) presence of plant perturbations and time delay. [5]
Theorem 2[5]
The actual pl takes the following f
e actual planGy,(s) takes the following form If H(S) is designed according to the following conditions,

G, (5) =G, (S)L+ A(9)) (20) then the augmented plar®, (S) =G (s)+H(S) with

plant perturbations will be ASPR.
From (15) and (19), it is seen that the uncertaif¥{s) is a
function of plant parameters which vary in a rarifieus, in
the design of a feedforward compensator, the woase
uncertainty should be taken into account. To tffisce the
following optimization procedure is considered &tatmine

1. H(s) is stable with relative degree one.

2. The augmented nominal plan®,(s) + H (S) is ASPR.

the worst case uncertainty at each frequency. 3. A(S) ] RHc>° et HZ(s)H <1
Define a vector whose elements are plant parameters
o~ Go(W(s) :
V = [C C ...C. BB B] Where A(S) = ——-————— s the uncertainty of the
m m-1 0 n n-1 0 GO(S) +H (S)
Then augmented plant
maX|Amax(jw)|DW With regard to the design conditions for a feedfandv
v

compensator, the following design procedure is pseg

C <C, <Cmj j=0,1,...m Designprocedure 1

subject to:{ m-) 1. The order of a feedforward compensator can be
determined from the fact that the sufficient ordsr a
P feedforward compensator is equal to the orderpifiat.

Where A(jw)is the perturbation given by (19). IR.is compensator parameters are determined from the
important to note that this optimization is perfeanfor ~following optimization procedure:

each frequency. Given the worst case uncertaintgagh
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minimizq‘ﬁ(jw)u controller to the real system leads to an erromgsgtically
o stable. The input for the reference model is a xjsEyNals
X

of amplitude -10 and of period 10 seconds.
subject to: Real[roots(z(s))] < 0

Where Z(S) the zero polynomial of the augmented nominac

The Fig.1Fig.2 and Fig.3 represent the outputs of the
ystem and the reference model, the perfect trgcksn
isible in permanent mode, the representation efcntrol

plant andX is a vector whose elements are compensate§ given in Fig. 4 Fig.5 and Fig.6; we see that they are

parameters. All the conditions of theorem 1 willdadisfied pounded.
using the design procedure given above.

V. SMULATION RESULTS

Let the transfer function of the real system gitign

TS S -
K,,e ' E
G, (s) = 22—
r,,S+ 1
Let us note that for simulation we considered tiing
Cases: 12 5 10 15 20
TABLE |

time(sec)

The Cases Considered For Simulation. Fig. 1. The output of the plant and reference

Case K,, T, T,, model .-Case (1)-
1 -1 40 50
-50 40 50

3 -15 40 50

The transfer function of the reference model i®giby 2
1 S
G (9) =
1s+1

The Simulations with the three cases, show that a
compromise is obtained for the compensator

12 : : :
H(s) = 120 0 5 10 15 20
- A time(sec)
s+2
The modeling error or the additive uncertaintyiisg by: Fig. 2. The output of the plant and reference
A (s) = _Kzg—"'15_ model .-Case (2)-
2 4Cs+1 0
The multiplicative uncertainty is given by:
— _Tzzs — '2
A (s)=e 1
Then the combined uncertainty, using equation (£9), - 4
£6
A(s) = e[ Kz T30 :
15 8f
In this simulation, the control objective is to derthe 10+
system output to track a desired model reference.
_12 1 1 1
The augmented system with the additive 0 5 10 15 20

i H . . ti
uncertaintyG, (S) is of relative degree one and it is ime(sec)

minimal phase for the three cases of simulatioris ithen Fi9- 3- The output of the plant and reference
ASPR (Almost Strictly Positive Real) and thus theoe model .-Case (3)-
convergence is guaranteed. The application ofatiaptive
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-0.05

The control Up
<)
=

-0.15

0 5 iO 15 20
time(sec)
Fig. 4. TheControl Up.
-Case (1)-

0

-0.05

The control

-0.15¢

0 5 iO 15 20
time(sec)

Fig. 5. Theontrol Up.

-Case (2)-

The control U
<)
s

-0.15

-0.2 : : :
0 5 10 15 20

time(sec)
Fig. 6. Theontrol Up.
-Case (3)-

VI. CONCLUSION

In this paper, we have presented an extensiodirett
model reference adaptive control (DMRAIG)the Non
ASPR systems with uncertainties in both plant patans
and time delay, direct model reference adaptivetrobiis
considered when the plant-model matching conditiares
violated due to large changes in the plant or iremir
knowledge of the plant's mathematical structurecaBse of
the mismatch, the plant can no longer track thejimea

ThAB.5

reference model, but may be able to track a matlifie
reference model that still provides satisfactorsfgrenance.

A systematic design method based on an optimizatio
procedure for robust stability analysis for a fesdiard
compensator was developed. This easily implementabl
design procedure enables the augmented plantisfystite
ASPR conditions in the presence of variations ianpl
parameters and time delay elements. Hence, thé&apitity
of direct adaptive controllers has now been extdntie
systems with time delays. Simulation results derratesthe
viability of the DMRAC algorithm designed using shiew
method. Further works must be carried for nondine
systems.
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